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Abstract

The cluster expansion theory of Mayer is rearranged to obtain
expressions for the potential of average force and the internal potential
energy of the electron gas through ordex'r\%-in the density ™ . The
order N result for the potential of average force is applied to ionic
solutions, and gives an expression for the activity coefficient through
order N\ ; the electron-gas result also enables us to extend the Fuoss-
Onsager theory of the conductivity of ionic solutions to the case of asym-
metric solutes., Some mathematical corrections are made to the Fuoss- On-
sager theory, so that results for symmetric solutes are obtained which

differ from those of Fuoss and Onsager.
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I. Introduction

The theoretical determination of the physical properties of
systems of particles, such as plasmas and electrolytes, which interact
through the Coulomb potential involves difficulties which stem from the
long range of the Coulomb force. 1In the case of particles interacting
through a short-range potential, it is possible to obtain information
about the macroscopic properties of the system by examining the behavior
of a few particles taken in isolation; in the case of the Coulomb poten-
tial, however, it becomes necessary to examine the collective behavior

of large numbers of particles.

The first successful approach to a treatment of the Coulomb
system was that of Debye and Hickel [1]. Their picture of the collective
behavior of the particles was that of 'shielding": each particle, on the
average, is surrounded with an excess number of particles of the opposite
charge, so that the full effect of the potential due to the charge on a
particle is not felt at large distances, due to the shielding effect of

the surrounding particles.

In order to make a quantitative determination of the effect of
this shielding phenomenon, Debye and Hiuckel made use of the "superposi-

tion approximation,"

in which it is assumed that the electrostatic poten-
tial at a point in the vicinity of several ions is just the sum of the
shielded potential about each. In this approximation the pair distribu-
tion function '423 (Yqj , that is, the average number density of pairs of
particles of type i and j separated by a given distance Yis , is given
by the Boltzmann factor:
- Gh_QGPKQ

il I s IS

(1.1) "y

;060 = niny

Here T{ and N{ are the number densities of particles of type L and S s

Ealis the charge on L , and \PJK) is the shielded electrostatic potential



about J H k,is Boltzmann's constant and‘1-is the temperature. Use of

(1.1) in the Poisson equation

(1.2) Akk, = “,L_"_T_X 2; ecfg_ ( D is the dielectric

. constant )
r\, ;

gives a differential equation for qﬁ ; expansion of the Boltzmann factor
in a power series in which quadratic and higher order terms are neglected
gives for electrically neutral systems

@3 Y= /Ry

where R = | /J4IT(nEt+n,e)/pil is called the Debye length. The solution
%:%ew (‘Sﬁg of (1.3), called the Debye—HGckel potential, gives together
with (1.1):

» X
Y
(1.4) -P‘-\ L\(_‘.\ = nlns E.X? (-g'{\eg %_ b)

Using (1.4) for the pair distribution function, Debye and Huckel
were able to determine the thermodynamic quantities of electrically neut-
ral ionic solutions to lowest order in the density; moreover, together
with Onsager [2], they were able to determine the conductivity and diffu-
sion coefficient to the same order in the density. In the limit of low
concentrations, they found that these macroscopic quantities varied as the
square root of the particle density; the resulting "limiting laws" are in

excellent agreement with the experimental results.

Attempts to extend the theory of Coulemb systems to higher order
in the density encounter many difficulties; for example, the superposi-
tion approximation of Debye and Huckel is not sufficiently accurate. The
pair distribution function in equilibrium may be obtained to the order
required by the cluster method developed by Mayer [3]; a particularly
simple formulation of the problem developed by Cohen and Ford [4] has made
it possible for us to extend the theory to higher orders in the density
than has previously been possible. 1In Chapter II we give a calculation
of the pair distribution function and internal energy of the electron gas

with a uniform positive background; this simple model exhibits the most



important characteristics of more complicated systems.

As we will show in Chapter II, together with Appendix B, the

pair distribution function is of the form

(1.5) _‘_\ -\E(gn)

where g\_‘_: Y\"‘/P\D and
. o ¥ 2 (#
ao T(5)= e Pleare T )rehe i)+ L6 1 e Y-

k™
where EEE/kTP\D is proportional to JA and

w

(1.7) E@\ _.e
£
o 3 ;8 1S g - |
Y () =_\_n§_3_, _(%\“3+{'\%’+‘IC'%' +’!TY_(§+3)§§ Ei(-3€)
+(-3)€° Ei(-€)
52" Ei 9]

(5) g ~-§
-——-‘ ap—
o _ ) («')
Q is equivalent to the Debye-Huckel potential; g and 92 are
’ 4
somewhat lengthy and are given in Appendix B; EB) 3 2(3) g_ )
)
represent new results, while has been given previously by a number
()
of authors [5]; some of the authors, however, leave l in the form of
rather difficult integrals, while those who evaluate the integrals often

differ as to the results.

We have also evaluated the internal energy U(E) of the elect-

ron gas; the result is:

(1.8) U(E) - -€ —El\hg -
NKT 2 “+

(Fe +h3 -1 )e>=3 lhe
. 3 3 3

+(0.2528+0.0004) €+



where Xs is Euler's constant.

viously been given by Abe [6].

kS
Up to order c , this result has pre-
We have also resummed [7] the series

(n)
(1.6) to deal with the fact that the EE.

fall off more slowly at large g

. )
for higher n , so that for any fixed € there is a S such that l( is

not the dominant term;

-Q
(1.9) SEL ?;::, E:C: 63 g
Cn

C..,_‘:

g
with = I+ (3‘7\“3*-‘36 +
I+ \n3 g+
g

We have also examined the suggestion that
mn

and have found that some of the E}E are not finite.

The results (1.6) and (1.8) are

calculations of Brush, Sahlin, and Teller

In Chapter III we apply some of
the case of ionic solutions, and obtain a
of the activity coefficient

per particle g(E)- 3(0) :

gle)-gl) =

In y(e) =
VT
2\ E .

V=2t

2
XL = Zazl (2."(" Zi.)
6

, that is,

(1.10)

the result of the resummation is of the form

n (2] mN
© is of the form Z.E“nE) .‘:?:.,

™,n

compared with the Monte Carlo

[8].

the results of Chapter II to
simple formula for the logarithm

for the excess Gibbs free energy

Y ETYu € nE+pa €

M-k 0
X'l. — "‘1\%1. [(21’1'21. ( KE+\ +2% 2,2;\:3
n- n— 2y
f (-b) ) (2'1 7.1) (n+4)
T ni(n-2) (n+1)

. 2
where Zi. is the charge number of ionic species Ll and ‘)E Q/D\:\—Q.



(1.10) is based on a model in which the ions are represented by
charged hard spheres of diameter G and the solvent is represented by an
idealized medium characterized in the equilibrium case only by a dielectric
constant D . X1 depends on the hard core diameter QA ; fitting (1.10) to
the experimental results tabulated by Shedlovsky [9] yields a value for

o) ;  for NaCl at 25°C we find QA = 5.2 ) and for CaClz at 25°C we find

o
8.0 A. Poirier [10] has made a similar calculation, and obtained some-

what different results; he, however, retained some of the terms of order

2
higher than El in his calculations and fitted his expression to the experi-
mental data at higher concentrations than we have used; moreover, in some
parts of his calculation he departed from the model outlined above and
used a more refined picture of the solvent. Haga and Friedman [11],
working along similar lines, give results which include still more effects
of order EB. In the present work, however, we wish to retain the simple
model throughout, and retain only those terms which are of order Ez

as these restrictions will be necessary in the non-equilibrium case and

we wish to compare the non-equilibrium results with those of equilibrium.

In Chapter IV we use the non-equilibrium theory developed by
Fuoss and Onsager [12], based on the same model as the equilibrium théory
of Chapter III, to obtain an expression for the conductivity A per unit

concentration of an ionic solution; the expression is of the form

(1.11) A=A°+1\.E.'+A,_:E'2-‘Y\E'+A,_€ll
where A‘.. -— 1'[\ +F ‘Z\+\'Z-;_t) D\&T

3(1+q) 2.2, emme
I~
= q- * (1z4+lzal) DT q, (\1.\—!%0]
N\ %Z\.+% e e T

I

G- .-::'- —'Z|21€-



F is Faraday's constant, N Avogadro's number, and 1] the viscosity.
[\Flf\j-/\?'is the Onsager limiting law; lh;z_is quite lengthy and is
given in (4.49). (1.11) is not derived on such a firm basis as the re-
sults of Chapters II and III, which are based on equilibrium statistical
mechanics. We repeat the derivation of the differential equation ( 4.13)
for the pair distribution function given by Fuoss and Onsager, and modify
this derivation only by using the results of Chapter II to extend the
applicability of the equation to asymmetric electrolytes such as CaClz.
We solve this differential equation, however, in a more straightforward
manner than did Fuoss and Onsager, and obtain different results. Fitting
our express1on to the 1934 results of Shedlovsky et al [13] gives Q =
4.0 A for NaCl at 25°C with [\ = 126.49 cn” int. 'equiv'!, and @=
6.2 A fo? CaClz at 25°C with [\: = 135.85. Theie results are to be com-
pared with the results @& = 5.2 A and QA =8.0 A from Chapter III; the
difference, which in this context should not be considered large, may be
attributed to the fact that the deviations of the real solution from the
idealized model do not necessarily affect the results in the same way in

the equilibrium case as they do in the non-equilibrium case.



II. The Electron Gas

Introduction

The system we wish to consider consists of negatively charged
classical point particles in thermal equilibrium, together with a uniform
positive background for overall charge neutrality. We will compute the
internal potential energy of this system by finding an expression for the
pair distribution function, which will be given in terms of another quan-
tity, the potential of average force. The potential of average force
will be given for a general pair potential in section 1l,in terms of a
power series in the number density N . 1In section 2 it will be shown
that in the case of the Coulomb potential the power series in N is not
suitable, and the series is rearranged into a power series in the plasma
parametéx' € . In section 3 explicit expressions for the first two co-
efficients of the power series are obtained. 1In section 4 we compute the
internal potential energy from the expression for the pair distribution
function derived in the preceding sections, and in section 5 we compare

our results with some numerical computations.

1. The Potential of Average Force

The equilibrium behavior of the system may be described in.terms
of the pair distribution function P,_(‘?'.,‘?:-,n,'\") which is the number of
pairs of particles such that one is located in a unit volume element about
?f and the other in a unit volume element about ?ﬁl ;  the overall number
density is N and the absolute temperature is‘T— . According to the clus-

ter expansion theoryq;f Mayer [14],
(2.1) ‘P,_ =N e AT

where k is Boltzmann's constant and where the potential of average
—3
force §(Y‘.)Y—";_ ‘)h,T) is given by
. k
(2.2) ® - -4 +5 Ckh
kKT \ti k=l

—
Here \3(16) is the potential energy of interaction of a pair of par-

i —_— b
ticles at Y{ and ?_) , and Ck(‘(‘. )Yz ,T) is given as a sum of products



of "Mayer f-functions" {X)

z.3) o _ S %\o\?’a" A?kn_ Qv "?)
N S

Qy

where

2.4 “@_"-)_
T p=e Y

o cm—

L)
In order to explain the notation used in (2.3) we introduce some simple
notions of graph theory. Each product of {;3 can be represented as a

3 %
linear graph, called a "Mayer graph," such as |, . Here the points
RN

represent the position vectors ¥Yi of the particles; the points 1 and
2 will be called "root points" and the others "field points." Each term

in the sum Ck_correSponds to a graph which has k field points. The 1lines

represent the 4%1 that appear in the product, thus:
“

-F\CS P‘i‘@ﬂl{\az =3 N

t 2

n

A graph is called "connected" if one can move over lines from

any one point to any other; thus I—_I is connected but I’. I is
not, The sum in (2.3) runs over ali éznnected graphs with k: fié?d
points satisfying the following criteria:

1) The graph is "simple"; that is, it would remain con-

nected even if all lines terminating in the root points 1 and 2 were

severed and the points 1 and 2 removed. ESZI satisfies this cri-
2

1
terion; I><1 does not.

[} 2
2) There is no line connecting 1 and 2.

3) If a line connecting 1 and 2 were added, the graph
would be "irreducible," that is, it would remain connected even if all
lines terminating in one particular point were severed and the point re-
moved; in the terminology of Uhlenbeck and Ford [14], it would contain no

"articulation points." 4/\\ satisfies this; ] :: does not.
v 2 ' 2

SQ‘ is the symmetry number of the graph Q) , that is, the
number of different ways the labels on the field points may be rearranged

without changing the connections; thus, if 2 is connected to 3 in one



arrangement, it must be so in the other.

Writing out the first few terms of (2.2), using the graphical

notation for (2.3),

. v 3 4
a
e o= ~da wnf{an A+ [ a7, 82 M+N
kT kT ' L [
a3 4 3 M
AR el s [ e
2.

=7 ;T;% * hg& A—\?ﬁ'?rs‘?:'al“_ﬁ - A:(As Aﬁ R'!P:Hﬁi" +

2, The Case of Coulomb Forces

For the case of Coulomb forces where #-\" -"-'et/‘ﬁj , many of the
integrals in (2.5) diverge for large distances. This is most easily seen
in the case of II-A‘?}.'RA psz. 3 s‘iincé for large distances Y= \{31_‘ and
f'f&‘;ﬁs&-'z—:“ 4T Y&Y vk (e—%_n‘z- , which diverges at large Y .
Therefore the Coulomb’potential, due to its long-range nature, must be
treated in a special manner. Since the coefficients of the powers of the
density in (2.5) are not finite, we seek a rearrangement of the expansion
in terms of some other parameter. The work of Debye and Huckel [1] sug-
gests the use of the dimensionless parameter £ , called the "plasma para-

meter":

(2.6) €= P‘h/RD

|8
R= ek, = /fHmnend

Here € is the ratio of the two lengths which characterize the system:

N
P‘L , the "Landau length, is given by e/k—\— , the distance at which the



thermal kinetic energy of one particle approaching another equals the
potential energy of the pair; and RD , the "Debye Length," is given by
| m: and characterizes the collective behavior of the particles.
Then, by substitution in (2.6), E=\/"§“T\(€1/kT)3 so that an expansion

in € can be regarded as an expansion in the square root of the density.

We now proceed to express (2.2) explicitly as a power series

ek
in € . To accomplish this, we express Y in terms of the dimensionless
-
variable §=YV/Ry, so that
2
2.7 (le =_e__ . RD = € and
KT KV Ryvy S'\‘)
- &

;=€ Si_ |,

To obtain E/I&T as a power series in € we must:*
1) substitute (2.7) in (2.2);
2) wuse (2.6) to show that

(2.8) “HJ-"L = “Ri “J‘i = lFr\'E K Kdg

3) expand all the .,-.e?“_.l in powers of E :

J
—)
)

[V
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>
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P
ﬂ—
m
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e
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This procedure gives immediately the formal result

J(§,,5¢€) = % =-§ +2 C,g"

\'\

(2.9) |

L 2 T A [LL
Ch(gu) = ; (Um‘)"‘ P SP‘\:’ Y&Agz Ag\m_ P(:) mﬂl §ij

The graphs P‘:’ , called "Coulomb graphs," satisfy the same rules as the

graphs Qk , except that they have not not just one but any number \'NS

lines joining the points i and _] , and have exactly h-i-k lines altogether,

Each line in a Coulomb graph represents a function -I/g.l:‘ and is repre-
sented by a dotted line. For example, we have for the simplest Mayer
graph in (2.2):

3

l\ \ -
A =R e A (D A)ver ()
\3'3%

. ‘_ S N

Here a given Coulomb graph appears in the coefficient of € if it has N

more lines than field points.*

*In the case of electrically neutral mixtures of two different species

of ions, only two minor changes need be made in the above derivation:

1) R“is re-defined as \/ﬁWh(eﬁ'/kT)(Cni:L"' C.27)

where C; is defined as the number density of ions of charge Zi& , divided

by the total number density. This change modifies the derivation only in

that now

Y\Ri = ‘/‘+Tr€ (Ci2T+Ca22))

so that each graph with k field points must be multiplied by an additional

factor \/(C 25 +Czi,_)

2) | - .s—-ZLZJ/g in the case of mixtures. This has as its
consequence tltlat each graph must be multiplied by the following factors:

1) Z; ‘23 * , Where t and J are the species of ions at
the root points 1 and 2 ;

2) C,Z, + C;z;_,\'for each field point n, ( Cy is the
probability that a field point has charge Z€ .) Here M“ is the number
of lines that terminate in the point W.

Thus the overall change in (2.9) in going from the case of the
electron gas to the case of a binary mixture, taking into account the
charge neutrality condition C V2, ="C3%,, is to multiply each graph by

Zj , where t and ) are the species of ions at the root points 1

Mw
and 2 , and by 2, - Ea for each field point h at which M,, lines

terminate. 2. — Eaq

mlj
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The factors |/ﬂ\9:n1(2.9) can be considered as part of the sym-
metry number, if the definition of the symmetry number is extended to
include permutations of the lines which connect two given points. If we

q
call this more general symmetry number E; , (2.9) becomes

P (5,38 = —% -+ ilchg“

"2

(2.9")
E R A
C“(gn (qm“ p g",:\ g:, gkn 9‘;‘ g

4

3. Summation Over '"Chains"

Each coefficient (:‘\in (2.9) is represented by an infinite
number of Coulomb graphs. In order to obtain a more tractable expression
for the C:h, we will now perform a partial evaluation of the infinite

sums involved.

We first remark that each Coulomb graph in (2.9) may be regarded
as a product of "chains"; that is, a product of connected subgraphs whose
"endpoints" are the points at which the subgraphs join to make up the ori-

ginal graph, and whose remaining field points, called "points of order

A
. ) SN}
two," have exactly two lines attached. Thus, for example, the graph d .
may be regarded as a product of three '"chains"
1‘ “a - -
L NN 3 e Sy \
R, ST GO S
4 =
K3 “1 ¢ ")_ ‘L
We note that two graphs that differ only in the length of one of their
."‘ '4
"chains," such as g ! and i’ , are of the same order in & , as the

difference between the number of lines and the number of field points in
the two graphs is the same. We therefore proceed to sum over the chains
of various lengths, thereby reducing the infinite set of Coulomb graphs
in each coefficient C:hin (2.9) to a finite set of '"Debye graphs," whose
lines represent functions ])Lj defined as follows:

i ; :’ § o

(2.10) Dtj(g / 1’, -H'A +(L‘tﬁ‘“ AESAEL:;_‘_

P

1-0—-1
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The function Dg(glj\' will be explicitly evaluated below. Substitution

of (2.10) in (2. 9) gives the following formal power series in & :*

B (5,6 =2 Che"
C (g"' Z‘ (“““‘ %U‘) SON "' Ai " Agkkl—‘g\tﬂ DL)

where the graphs Ok satisfy the same rules as the P , except that

(2.11)

0——-0 is allowed and the graphs may not contain points of order two,

Wr1t1ng out the first few terms, Jﬂ

Here the heavy lines represent the functlons D) P and the 1ntegrat10n
ggag over each field point is understood. We now evaluate the

sum of integrals in (2.10). Since each integral is of the convolution

type, we use the Fourier transform of l/g i

(2.1%) Jg—J = z.rr “AJ %};(_%'g"p

<t
By the convolution theorem, the (\’s"'\) term in (2.10) is given by

*In performing the transition from (2.9) to (2.11), we must make certain
that each Coulomb graph in (2.11), with D‘j given by (2.10), has the same
numerical factor as in (2.9). To check this we divide each Coulomb graph
into subgraphs, each of which consists of the ™ chains connecting t&
points t and } , where L and ) are not points of order two; e.g., L .
If \'t"\,~ is the number of chains of length X in such a subgraph, each graph
in (2.9) containing that subgraph will appear in (2.11) M!/‘IM’_‘. times,
as the —D‘) are expanded separately without regard to the fact that some
Coulomb graphs are thus duplicated. On the other hand, the symmetry
number of the Coulomb subgraph is -];le! while that of the Debye sub-

graph is ™! | so that (2.11) is indeed correct.
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: Af ‘g‘ -t
(2.14) 3:" = T—-h""- E"[ .,l -
T\
{ R T T Sk-\»k g\g

(3 5) = |y k-
(2.15) D‘_) (g'q) = z‘?ﬁggaq&l é 4 g) Q{:L (—7‘—?)
. | mn_'—k-l-— ©0 _l_k_-:__\ =___L_
v BT ROk g

So

= - (e - -e
e Dylgy) = - 3w g ‘\?:’"\ i —%_ o
3

Thus we can write out explicitly the graphs in (2.12); for example

3 '€§3g_

o (=5
A - - iEE ] &

*The resummation procedure remains exactly the same in the case of mix-
tures discussed in the footnote on page 11, since at all the points

over which we integrate Mh= 1 , SO

M“-“ Mn‘\
(Zu —21_ ) (Z."Zg.)— ' 3
It follows that the rules for the transition from the electron gas to

mixtures are the same for Debye graphs in (2.17) as for the Coulomb

graphs in (2.9).
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and (2.11) becomes
0

(2.17) SE (gm.;&): nzﬂ C:‘ En
C;(gn):i_o'{%ﬁu‘z -—‘g—, S.. A'g‘o\“‘ U [-¢>

™ 3 k+z O .
@) Kk O(: Ok ‘)

1) have m"j lines connecting the points { and )

where the graphs

2) have no lines connecting 1 and 2, with the single

exception of the graph ’——‘z.;

3) are simple, contain no points of order two, and would

be irreducible if there were a line connecting 1 and 2.
a

A A ! l
The integrals A - and
\ ' + x

2 \
are evaluated in Appendix A; (2.12) becomes

' 5§ L3 65 (3ln3+l)e
(2.18) ?LE(g,({) = = E%.+ £ ‘-?l——-e' -(-i " Q,)-g—-
- 2§

_,_46_8 +__{(g+3)€ Eil-23€)+( (S- 3)e, Fif E}ﬂ-fe

where ( Xg) is the exponentlal 1ntegral"
AX o 3}
(-2§) = ‘5“*% = g In(A§)+ Y X5

« The first term in (2.17) is just the Debye-Hﬁ'ckel potential
-2_ ?__“’ (see 2.,6)., The higher order terms, representing deviations
from the Debye-Hiickel potential, include deviations from the "superposition

principle" mentioned in Chapter 1I.

We would now like to evaluate the term CB in (2,17). Unfortun-
ately, C includes terms containing the subgraph e so that the in-
tegration over field points diverges logarlthmlcally at §-§O It is
necessary, therefore, to perform a further resummation [7]. This we accom-
plish by summing all graphs identical except for the number mlj of lines

connecting l and _\ , where m 2. E..g-‘.t.) g
2.19) € =3 +€3$@3 € ‘@+~---—e%" l+E€ i E
‘- ET §. 0

|
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(2,17) becomes

= Y —_ "gl'
(2,20 PI(§,4€) = Zk (:nre\“ R ‘S “ASSAE T \‘E?. j)

W+l R " §4 mn

where the graphs Rkwith—\kfield points have two types of lines; the

first type is drawn as a solid line and represents a factor =€ Q_ “‘, and

the other is drawn as a wavy line and represents a factor %h,.. “The rules
for constructing the graphs Rkare as follows: only. one line may connect
any two points, and there may be no points of order two such that two
_s_o_l_g lines join at a point; the graphs must be simple, must become irre-
ducible if a line is added between the root points 1 and 2, and must
contain no line between 1 and 2, with the exception of the graph e—w—s,

1 2
The first few terms are

(2.21) §(§,t',s)= i ‘ KXJ§3(A+/\+‘;"\)

e
e (16,8, (PRI

The expression (2.20) is not ordered in powers of € ; we will,
however, be able to extract the € behavior of m by finding the Fourier
transform F(C\..,.‘ of dem. and using the convolution method to evaluate the
integrals. The Fourier transform of G""‘ was evaluated to the order re-
quired [17] by breaking up the integral into a long-distance and a short-
distance part, expanding the exponential in the long-distance part, and

using the substitution U=i/§"m in the short-distance part. The result is

s 't.-‘ “_. \ ) 2 ~1 ‘{_,5_.:._3
can i = i [ S (G- £ T )

+g_~_3€\,ne +€7 | 2y +n3 -1F 43Tl (35%)

Amn

p

+ L a (H&%’\] +.&____q2“5 e e
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Use of (2.22) in (2.20) gives

T(€ie) = € B+e T, €1+ €lne Tyle)
ver [Ty (604, W8+ nE Byl§)t--

where Q.(g\ and g,_(@ agree with (2.18); the higher order terms are

(2.23)

3
quite complex and are given in Appendix B. The coefficient of & is
divided into two parts; the term @3\(§) can be evaluated explicitly,
while Q'ang\ must be found by numerical integration.

We will now make two remarks about (2 20). First: for fixed
€ and increasing g the © \_!1_ eg term in (2 18) dominates the Debye—
Huckel term -c€%; H furthermore, the term n in the coefficient of E
behaves as gef a‘.\tzla;rge g , and it can be seen that the coefficient of
£’ beheven as g & To tame the long-distance behavior, therefore,

we resum those terms in (2.20) which are chains of both types of lines

[7]:
.2y V1 (§,€) = —e +;’\ +;“\+ /\+M+...

A graph with m solid lines and W wavy lines appears (n-\-nl,/M! (Y\
~—vw#l)l times in (2.24), provided M&EN+l ; the graph ®wwwa is excluded.

Using this fact, the binomial theorem, (2.22), (2.16), and the convolution

theorem, we obtain

3 ~€e -S
)= 3¢ eq-¢F _[e% e’ |

ez T (§se) A [ €

We extract the long-distance behavior of 1 by a method described

I—-——\

o\c\) sm{% <)

in Appendix B; the result is
-c1§

T w00 - E‘ C'
(2.26) §

C.= \+E(BIn2+g)+
Co= 1+E N3+

Here we have evaluated C\ and Cz only to order E R
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The second remark concerns the possibility of expressing (2.20)
in terms of a double power series in € and \hE, (2.23) shows that this
is the case up to order E‘."\h E; however, examination of (2.20), (2,22),
and (2.16) shows that the coefficient of E 5"(\“8) would consist of three
finite terms plus a term proportional to &\A%e_ ; the coefficient
of EsL’\Econtains a term proportional to X&J\Eﬁ'flh(“’}) , and
higher terms contain still more strongly divergent integrals. Thus, we
have not yet removed all divergences and still further resummation is
necessary. Whether this means that Q is not given by a series of the

n
form Q. E,M(lhﬁ) an is an open question.
™

4, The Internal Potential Energy

We now wish to calculate the internal potential energy of the
electron gas. The potential energy associated with a single pair of par-
ticles, one at ?-: and one at -\_’.:_ , is just é-../'f‘,_ ; moreover, we now
know the pair distribution function 'P,_ , so that we can compute the total
potential energy ’

>

f2 _n
.2y U= 1 ggcﬁ Yl Yo Y.

-y esLhL - | d A
Here the term T d\’. cl\'z is the energy associated with the volume ele-
X"

il -
ments d‘(.,A‘C,_ of the uniform positive background, and the factor Ha is

—
due to the redundancy in Y, and Y, . Since from (2.1) and (2.9)

€. (E‘,_, sf-) ex?(i‘gu\ﬂ) and N= N , we obtain
)
U=Bne W“‘ (ere () -
(TSN —|
NKT S"\gg exg )

(2.28)

I

using (2.6).

A partial expansion of the exponential in (2.28),taking into
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3
account the behavior of 1!— at g-#O, gives to order &

(2.29) N\{T go\ﬁﬁ [ Ep" ]-1- € XAgg “f_ \nei()g §'§23.
3§A§ g [Q:sx*-QBN + Esgéé E Q\E'Y("-'-—-+-“ '

o The first 1ntegral in (2.29) is evaluated by breaking it up into
Sq—S H 11; evaluatlng S we expand € = and make the approx1mat10n

° _i‘:e el‘ and the substltutlon Us !/§ , and in evaluating S- we use
the expansion e 2 = 1+ey, +€2:§ /2_| e = . All terms which di-

verge as Q-0 are seen to cancel, and ® is set equal to zero; the re-

sult 1s>‘° X )
oy Des[e™ = me-ghe et o3]
3 -€3lnE g B +\h3,§_]+

where the \h € behavior stems from the non-analytic nature of e*? ( E% )
at § 0.

Evaluation of fég £ [El@f" € §3‘l] makes use of tﬁe
-ST (-T) = r(@,) F(\ P {3 s+|

e
(2.31) §C\T 3(\+S\F

formula

) [18]

where F(P\ is the usual gamma function and F the hypergeometric function;

in this special case

z.32) ¥ (\,m-i—l imeL;2) = — (m+l)!(—\)m A'" (I—Z)m\h(t-z]]
Um!)’“ dz"" Z
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We obtain the results

efagg T, = e [lox - L]

(2.33)
o
3 *lne
e2lnefa EE r s —E 0
Jag§ By= -] .
c - o3 X \ 3___ hl.“"__
elage Oo = e~ Brim-2 7S
0
To evaluate j‘Ag g l%,_ we must make use of the for-
mula [19] o
2 -TX
(2.34) Ei (-x) = ~\dt € \hT
R '
We obtain n o ‘
ln242\dT inT
\n3~ h3+l+§"ctl+-c)

o 3 L
(2.35) e’§A§§y‘|i}21=E3[%t %\n3__2_:_ L

where SA'C "“T must be evaluated numerically,
<~ (24T
1

Finally, we find by numerical integration that .193'4 gives

a contribution (—.0526 * ,0008 )€3 to .U ; our final result for the
internal energy is then Nk—r
3
U _ -€ -t [Yesln2-t]er -3¢ lne
(2.36) —— = — 0 2 % ?
NkT L

3
+ ( 0.2528 * ,000H)E ™ + . . .

5, Comparison with "Experiment"

Brush, Sahlin, and Teller [8] have made for the electron gas

computations of the pair distribution function and the internal energy
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as a function of © , using a Monte Carlo method.* Figs. 1 and 2 compare
the pair distribution function calculated from (2.23) with the Monte Carlo
results; O (1), 0 (2), and 0 (3) retain the terms in U/NKT of order €,
EL, and 63 respectively in the potential of average force. Fig. 3 com-
pares the internal energy given by the Monte Carlo results with the inter-
nal energy calculated numerically from (2.28), with Q given by (2.23)
through order 83 . Up to & = 0.7 we have also plotted the function
given by (2.36); the curves 0 (1), 0 (2), and O (3) retain only the terms
in U/NkT through order €, e* , and g3 respectively.

*The deviation of the Monte Carlo points from the expected results at

small E and small distances is probably due to inaccuracy in the Monte

Carlo calculations.
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III. Ionic Solutions In Equilibrium

Introduction

In this chapter we present a computation, based on a simplified
model, of some of the thermodynamic properties of an ionic solution in
thermal equilibrium. In particular we compute the activity coefficient
X(“\ of a solution of ions as a function of the number density W , ob-

taining the formula
@.1) In)) =¥, n+Yr planh+ Y, Nt

with explicit expressions for ¥, ’Yz' , and Y, . This formula will be

compared with experimental measurements on some simple electrolytes.
1. The Model

We represent an ionic solution by a system of charged hard
spheres of diameter @ immersed in a medium characterized only by a di-
electric constant D). We consider only the "binary" case of two types of
ions with number densities ¢,h,C,N, and charges %& ,%,€ , satisfying

the charge neutrality condition C,E,=-C,Z&E, .

The ionic solution is characterized by three lengths, as opposed
to the two characteristic lengths in the case of the electron gas, which
ﬁ;‘_‘:— , the
Debye length Ry = \/./'-l-T\'n(e"IDkT)(C.‘tI‘+c,?:), and the hard-core diameter @,

We will assume that @ is of the same order of magnitude as P\L, and will

has no hard core. The three lengths are the Landau length R,_‘:’

describe the equilibrium properties of the system in terms of the charge
numbers Z, and Z, , the plasma parameter ESF\L/P\],, and the "Bjerrum
parameter" L,g R,_ Ia , a number of order one, The assumption that the
two species of ions have the same diameter can be justified by the fact
that collisions between ions of opposite charge will occur more fre-

quently than collisions between those of like charge, so that the effective
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hard core diameter is the sum of the radii of two ions of different

species,
2, Theory

As in the case of the electron gas, we will obtain the thermo-
dynamic quantities by computing the pair distribution function. The most
important thermodynamic quantity for the purpose of comparison with ex-

periment is the activity coefficient, defined as
— th\-9(°‘]
(3.2) ¥ (n) = exXp ‘; 3-—-T':-’\—-'——’

where 3(“5 is the Gibbs free energy per ion and ﬁ(o) is the Gibbs free
energy per ion in the limit of low density. (1(0\ is just the kinetic
part of the Gibbs free energy, and is the same as the Gibbs free energy

of an ideal gas.)

g(rﬂ°-3(°) is computed in two parts [15]: One is the con-
tribution to the Gibbs free energy of the hard-sphere potential, which
is the same as in the case of the electrically neutral hard-sphere gas;
and the other is the additional contribution due to the charge on the
spheres, which will be found from the pair distribution function. Each

part of ﬂ(h)"3(°) will be computed to order N .,

The contribution {qlh)"j(ﬂ]‘x of the hard-sphere potential
can be obtained from the density expansion (2.5); to first order in the
density N it is given by ‘2B.J\ where B,_ is the well-known second

virial coefficient of the hard sphere gas:

[3(0\)-—3(0)J° - lilT a'&n
kT 3

Using the charge neutrality condition and the definitions of El,b, and

(3.3)

R", we rewrite (3.3) as

2,
(3.4) [3n)-9)], — _E

T 3R (-2.2,)




ERRATA

Equation (3. 6) is not correct for our model due to the

existence of the hard core potential. pCV can be calculated

Ac 2 . dg! Uc
from the corresponding Helmholtz free energy == 1! )
a(A /Nk]Fs(T i kA
Pe V_pA ¢ e
- = ; as a con-

by the formula: -N_kTI‘:_NkT VT 5—5'{"_"’

sequence the final result (3. 24) should be modified to read:

YA
(z,%2,)
1 2 b 1 1 1
= (- L2 e+ fn2-)t— h—
Y, = (72 Vg 1“3 D" % 2.3
3(z,z.) b
172
~ b»)n-Z zln-z;,h2
vy B (——LF) (.24)
n=3 (nt+1)i(n-2) z)-2,

The quoted values of a change a few % only.
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Due to the results of Chapter II, we already have the pair dis-
tribution function of the system at our disposal; therefore, the contri-
bution [3(“\— 3(°\3cof the Coulomb potential to the Gibbs free energy
can readily be computed by first expressing it in terms of the internal
potential energy U,_ of the system, and then computing U¢ from the pair

distribution function. We begin with the thermodynamic relation
o N Lam-q@] = U -TS +RV

where . and ﬁ are the contributions of the Coulomb potential to the
entropy and pressure, and will be obtained in terms of Uc ;N is the total

number of ions andV is the volume of the system.

Pc.V is given in terms of Uc by the virial theorem, which, in

the special case of the Coulomb potential, gives

(3.6) PV =3U

The contribution Sc_ of the Coulomb potential to the entropy
is found in terms of Uc_ by calculating the increase in entropy when the

unit of charge € is increased from zero to its actual value at constant

an S, (T.V,e) = g‘)\e' [%_%

temperature and volume:

TV
2
Sc_ depends on € only through the plasma parameter Ei‘-‘e \‘TRD’ so
€ ‘
= [ o —
DE v

where, although T is a function of E , the derivative affects only the
explicit € dependence of Sc . At constant volume bS‘= BIJC/T , So

€ AVL
(3.9) Sc = SAE'TL By v

(3.8)
c
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As in the case of the electron gas, we will be able to obtain an expres-
sion for Ug/r in terms of € , SO we use the substitution
U _‘__
d(E) _ 13U LU )
SE T Qe JQE

(3.10)
|
and calculate b(?\ € from the definition of € .

Making these substitutions in (3.9) gives
€ Ue
WE) _a (ye (%)
= SAE' —_— - = A__E: ("
(3.11) Sc_ J 3 E 3 3 € ‘T
€

U - {ae (5)

:T 3

(3.5), (3.6), and (3.11) together give

€
m-qlefe — 1+ Ue 2 (de \J_J__.
G L ﬂﬂ 3N 3 )7 WNKT

Ue
It now remains only to calculate
NKT

of the electron gas, Ue is given by the potential energy of interaction

in terms of € . As in the case

of a pair of particles and the pair distribution function; in the case of

the ionic solution, however, the pair distribution function 'ﬂ,‘)l’fn)

. N —
depends on the species L and ) of the ions at Y and Y, , so that

G.an  U. = ~ X& <, ¥, i (2{)2;}161)]0{) (%)

PN L=t

Here ‘Ri (Yn.\ is given by

£y = €S n* EX?(ﬁi](Y.J/kT) , Y70

(3.14) )
— O b Y\'L<O‘

where §"$ is the potential of average force, which is given for Y.;)Q

by (2.12) together with the modifications given in the footnote on page 11:%

%It can be shown that, to order EL, the hard core potential does not

affect §L_\(Ynz\ for YVy+d ,
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3
(3.152) E.‘.) _ @13 - ?:;E +—\ng Ez.+ ces
"3}
- g!‘L

(3.15b) E ,‘L',; (gn) = -2 &) %,_

*)

where ﬂ\ and [ [ are given by (A.8) and (A.1l1).

Substituting (3.14) into (3.13) and using the charge neutrality

2L
Gasey Do (§.) = z.‘zj[(;_nl+zi)(,=_.+zt)_/_\__+(2‘+ZJ _@]
2! .

condition and the definition of Rb , we obtain

3 &" -lgll Q-m.]
oo U= T 22 |t ae e

€/
where € = & and g‘ X2 |
L Ry Ro

2
We will now evaluate (3.16) to order £, Taking into account
the short-range behavior of E\.) , we find that to order €* we can

write: )

. e ¥y )
QLJ = e . i o Elgll

(3.17) e
(O]
e &y
Moreover, we can rewrite € in (3.17) as .
W o - .
e © P :
(3.18) e = \+ £ EI] + € i) + h;_<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>