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ABSTRACT

We introduce several systems of nonlinear difference-differential
equations and prove oscillation and global ratio limit theorems for some
of them. These systems can be interpreted as a learning theory, or
alternatively as a nonstationary prediction theory whose goal is to discuss
the prediction of individual events, in a fixed order, and at prescribed
times. They can also be interpreted as cross-correlated flows on

networks, or as deformations of a probabilistic graph.

Each system possesses an underlying geometry characterized
by a semistochastic matrix, and we study the effect of this geometry on
the system's limiting behavior as tee»© ., We also investigate the
effects which the ratios of solutions of our systems have on the outputs
of each system. We show that the average output of each system is not
a good index of the mechanism which characterizes its interactions,
especially when this average is computed over long time intervals, In
particular, the average output is linear whereas the interactions are
nonlinear. A system is discussed whose interactions are always locally
reversible but whose global interactions are irreversible or not depending
on the inputs received by the system. We also find systems whose
entropy decreases monotonically in time and connect this phenomenon

with the process of learning in these systems.
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CHAPTER I

INTERPRETATION AND BASIC PROPERTIES

1. INTRODUCTION

The present work introduces several systems of nonlinear difference-
differential equations and studies their basic properties. These systems are
of interest from a variety of viewpoints. Some of these are sketched in the

following paragraphs.

A. Systems of Nonlinear Functional Equations

In studying a nonlinear system, it is always of interest to connect
this system in some way with a related linear system. The simplest kind of

linear system is given by the equation
©
X = AX, (11

where X= (x;, X2, .., xn) is a real n-vector and A = || aij | isa real
n x n matrix of constant coefficients. This kind of system has been
thoroughly studied ([2], [8], [13]), A natural generalization of (1. 1) is a

system of the form
X = AE)X + BW)X(k-<) + Clt), 0 2)

where X= (%1, X2, o0., xn) is again a real n-vector, A(t)= “ aij(t) H

and B(t) = “bij(t)“ are known n x n matrices of real but variable coefficients,
T is a fixed nonnegative number, and C(t)= (I;(t), ..., In(t)) is a real
n-vector of known inhomogeneous (i. e., "forcing") terms. Systems such as

(1. 2) have also been subjected to intensive study in a variety of cases ([3],

[9], [12], [15).




The systems which we shall consider can be formally written in the
form (1. 2), with the following all-important difference. The matrices A(t)
and B(t) are no longer known functions of time. Rather, they are matrices
of nonlinear functionals of the unknown vector function X(g) at past times

€ e[-7,t] . We can write A(t) and B(t) in the form
Al) = d(Xlt—t)t']) =la.; (%|¢-v, t—Dl\
and

B(t)=73 (X\E‘-c'b]\ = | B <X\E—c, Eﬁ“a

where a and B, are matrices of nonlinear functionals of the vector function
Xli-‘r, t] The systems which we shall study therefore fall under the
general heading of "systems of nonlinear functional equations", or "systems
of difference-differential equations with nonlinear feedback".
The present study amounts to a special choice of 4 and ﬁ which
assures that the system of (1. 2) has interesting properties. This choice
is very explicit, and all our results use its special properties. For

example, we shall find in a special case that

47,4’ (X/[—-c)l;j>= *“S&d'
and | ~ , _/
fﬁ/ (X/[q,—,ﬂ)“ Bd‘& (Z/w BJ‘L)
where t
Ba'5 = (/-S;;)(Xd-: t 5(06 WXJ- (v-z) x; (V‘%“’))

and the constants o, B, u, and in are positive,



B. A Prediction Theory

Our system of nonlinear difference-differential equations can be
interpreted as a prediction theory. The goal of this theory is to discuss the
prediction of individual events, in a fixed order, and at prescribed times.
The theory is not homogeneous in time. A system which produces random
predictions at time t =0 can be gradually transformed into a system whose
predictions become deterministic as t—#® ® . The converse is also true.
The factor which primarily determines if a system becomes random or
deterministic in its predictions as t—$» 1is the system's input vector
function C(t) , as in (1. 2). C(t) is the "environment" or "experience"
of the system, and we shall make precise the statement that these systems
"adapt to their environment" or "learn from experience". These properties

will be discussed in Chapter 2.

C. A Nonlinear System whose Average Output is Linear

Several of the systems which we will study have the property that the

1] _n
average output x(t) = l;kz—nl x) (t) is related to the average input I(t)= & 1%?_li'k(t)

by the linear difference-differential equation

X(E) = —ax(®) + Bx(E "U) +I(‘7>) (1. 3)

subjected to the following constraints: (1) @« and B are positive;
(2) I1(t) and =x(t) are nonnegative; and (3) T is nonnegative. Of special

interest is the case where ao>p since then lim :x(t)= 0 if I(t)Z 0 , for
t—p o0

all 7> 0

Although the averages I(t) and x(t) obey a linear equation, the
individual inputs Ii(t) and outputs Xi(t) ,i=1, 2, ..., n, obey a nonlinear

system of equations. An infinite set of nonlinear systems whose averages



obey (1. 3) will now be described. Positive coefficients o and f are needed
to describe even the average output x(t) of this system, as in (1. 3). At
least one additional positive coefficient u will be needed to scale the rate
with which the various xi(t) interact with one another. The geometrical

pathways over which these interactions occur are characterized by an

nxn matrix P = H Pij " whose entries satisfy Pi; >0 and Zk-_r-ll Pik = 1

Such a matrix P 1is called a stochastic matrix. We can define a nonlinear

system whose average output obeys the linear equation (1. 3) for any
positive constants « , B, and u ; any nonnegative constant T ; any stochastic
matrix P ; and any nonnegative and continuous input vector function

olt) = (L(t), Lft), ..., I(1)) whose average 5 3| I(t) equals I(t)

Such a system is

X )= —axz (6)+ 5Z,Q,7xkce-t)yk; () + Tz (8),

Z=/)?_},..) n
Pie Zju l€)

h
Zpa) Pim Zfm (E)

d”kz/)z')“') n

Y;alt) =

Zo' C@-‘-"CLE' £ o - ’

Z—;h(b) = 0 3 /R Pik =0

The system (*) exhibits useful properties only if its initial data are properly
chosen. The initial data of (*) are always chosen to be continuous and non-
negative. Moreover, we require ij(o) to be positive whenever Pk is
positive. The following theorem, which will be proved in the next section,
assures us that (*) is always well-defined if the initial data are chosen in

this way.



THEOREM 1.1: Let (*) be given with arbitrary continuous and non-

negative initial data such that zjk(O) > 0 whenever pjk > 0 . Then the
solution of (*) exists and is unique, continuously differentiable, and non-
negative in (0, ). Moreover, if the initial data of any variable is

positive, then this variable is positive in [0, ) ,

From Theorem 1.1 it follows readily that the average of all xi(t)

defined by (L. 4) obeys (1. 3), as the next corollary shows.

COROLLARY 1.1: Let x(t) be the average lHZk:ri xk(t) of the

solutions of the n equations given in (1. 4). Then x(t) obeys the linear

equation

X)) = —xk)+ Bx(E "CB + T(t) (1. 3)

where I(t) = IE 2

n
1

I (t)

PROOF: By the definition of (*), 0)>0 if Pik > 0 , and thus by

zjk(

Theorem 1.1, zjk(t)> 0 forall t> 0 if Pjx > 0 . Since pjk>O and

Zm;i Pjm = 1 , at least one is positive, m=1, 2, ..., n

Thus at least one zjm(O) is positive, and hence Em=ripjmzjn$t) >0 ,t>0

This means that the denominator of yjk(t) = Pix zjk(t) (Zp=q Pim ij(t))_l

in (1. 5) is always well-defined. Summing over k therefore gives the

n
identity Zy_, yjk(t): 1 forallt>0 andallj=1, 2, ..., n . This
fact shows that summing over i=1, 2, ..., n in (L. 4) and dividing by n

gives (L. 3).

It is natural to ask what new information is found by going to the



trouble of studying the complicated nonlinear system (*) instead of merely
the simple linear averages in (1. 3). The following simple corollary
shows that the individual variables xi(t) and zjk(t) themselves are

not always of exceptional interest.

COROLLARY 1.2: If lim x(t)=0 , then
t~p o0

lim x;(t) = lim zjk(t) = 0 forall i, j, and k
t—poo t—p @

PROOF: Since xi;O , 0L ¥ $ nx , where tli_r:loonx(t)= 0 .

Thus lim x;(t)= 0 . By (L 6),

t—poo !

&
z;ku:) = e"""(rzc;kz (o)+ B goe o s (o-T) X, (o) o\,d"»)

where lim x:(t -1)x, (t) = 0 and u>0 ., Hence lim z,(t)=0 .
t—poo J k t—soo JK
Corollary 1, 2 uses the nonnegativity of the solutions to show that the
average x(t) and the individual solutions xi(t) and zjk(t) sometimes
have an essentially identical behavior as t—»® , The new features
contained in (*) shall turn out to be contained in the limiting behavior of
various ratios of solutions of (*) as t—»% , rather than in the solutions
themselves. This behavior will often prove to be independent of the
initial data of (*), just so long as this data is positive. Thus we shall

consider global ratio limit theorems for our nonlinear systems.

We shall actually prove a more general theorem than Theorem L1
in the next section. Theorem 1.1 holds in the more general case where

P = " Pij n satisfies the conditions pij > 0 and Zk___rll Pik = 0 or 1 .

Such a matrix P is called semistochastic., The average output x(t) does

not always obey (L. 3) for a general semistochastic matrix, but it has

nonetheless helpful linearity properties.



D. Cross-Correlated Flows on Probabilistic Graphs

The nonlinear system (*) can be given an interpretation as a kind of

flow on a probabilistic graph or network([ll]), A finite directed graph G
is a triple (V, E, ? ) consisting of a finite set V = é v % of vertices,

a finite set E = { e % of directed edges, and a mapping ? from E to

VxV . If Qﬁ (e) = (v, v2) , then the edge e is said to have v, as its

initial vertex and v, as its terminal vertex. Labelling the vertices as

Vi, Vz, «.., V. we denote the edge e such that (F(e) = (Vi’ VJ.) by

e...
n 1]

This situation can be visualized as in

Figure 1 ([6]). We now geometrically

interpret (*) in terms of such a finite

- > ® directed graph G . The solutions
V: e.. v
I 1 J x;(t) and zjk(t) of (*) have indices
Fig. i, j, and k which vary from 1to n.
To each index i , we associate a

vertex v, and to each ordered pair of
indices (i, J) , such as appear in the
solution z;. , we associate an edge eij . To each vertex v , we assign

the solution xi(t) of (*¥), which we therefore call the ith yertex function of

(*), and to each edge ej; we assign the function yij(t) , which we therefore

.th
J

call the 1 edge function. These assignments can be geometrically

visualized as in Figure 2. x;(t) is thought of as a process going on at v. ,

xi(’r) yij('r) x: ()

®
[
< ® —

Fig.2



and Yij(t) is thought of as a process going on at the arrowhead of e
With this picture in mind, the equations of (*) can be interpreted as a kind

of flow on the graph G in the following way.

1) The Flow Along a Single Edge: At every time t - T , a quantity of

size Bxi(t - T) leaves vertex \Z} and flows along the edge eij at a finite
velocity. This quantity reaches the arrowhead of eij at time t . When
Bxi(t - T) reaches the arrowhead of €ij at time t , it activates the process
described by yij(t) . As a result of this activation, a total magnitude

Px;(t - T)yij(t) is emitted from the arrowhead and reaches vertex % at

time t

2) The Total Flow Arriving at a Fixed Vertex: The total flow

received by vertex v; from all other vertices v, attime t is the sum

of the flows received from each vertex vy o By (l), this flow is

B2.." x;(b-T)yz; (¥)

(See Figure 3.) (l.4) says that the
. contribution of all vertices to the rate
of change of the xJ(t) process at &
Vj

equals this total flow at every time t
The rate of change of xj(t) is also pro-
portional to the magnitude of the input
function Ij(t) , and xJ(t) decays spon-

taneously at an exponential rate o,

Fig. 3

3) The Total Flow Leaving a Fixed Vertex: By (1), the total flow

received by all vertices vy from a fixed vertex vj at time t is




" (e-z) g ) = Byt ©)2:., gy (8)

This flow is therefore either 0 or BXj(t -7), depending on whether

Ei:il pji = 0orl . (See Figure 4.) Thus VJ. either sends out no flow what-
soever at any time, or sends out a total
flow which is proportional to its vertex

function.

4) The Flow is Cross-Correlated:

The function Yij(t) which appears in the
flow magnitude Bxi(t - T) received by
v: from v, at time t itself depends

]
on the vertex functions, as is obvious

from (1. 5) and (1. 6). The term
Fig. 4 Bx;(t - 'r)xj(t) appearing in (1. 6) has
the following interpretation in terms
of the flow along the edges. Px,(t - T)
is the size of the flow received by the arrowhead of eij from v, at time t
This arrowhead touches on Vj , whose vertex function has the value Xj(t)

at time t . Zij(t) cross-correlates the two quantities Bxi(t - T) and
x(t) which impinge on the arrowhead at time t . That is, the rate of
change of z; (t) is proportional to Bx;(t - T)x J(t) . zij(t) also decays

spontaneously at the rate u

We form yij(t) from the cross-correlating functions Zij(t) weighted
by the coefficients Pys ; that is, from Pss zij(t) . This is done by dividing
Zij(t) by the sum of the functions Piy Zik(t)’ k=1, 2, ..., n, which belong
to any edge e, thatfaces away from v, , as in Figure 5. Yij(t) appears in t
flow Bxi(t = T)yij(t) instead of the unnormalized function Pij zij(t) to

guarantee that the average output x(t) of (*) obeys a linear equation.

By way of summary, the process (*) can be geometrically described
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as a directed flow on a graph or network.
The magnitude of the flow at any time

j depends on the magnitude of the vertex
functions at this time, on the normalized
cross-correlations of the vertex
functions at all past times, and on the

inputs created by the experimenter.

5) Deforming a Probabilistic Graph:

PikZik (1)

® A closely related geometrical interpreta-

tion of (*) can be given in terms of the

Fig. 5
. following definition. A finite directed

probabilistic graph G is a pair

U
(G, ¢) consisting of a finite directed graph G and a function ¢ : E~» [0, 1]

n
such that q;(eij)zo and Zy-) qJ(eik): 0 or 1 . Y is called the

weight function of G and LIJij = q;(eij) is called the weight of eij . At

every time t , (*) can be thought of as a probabilistic graph G(t) with
weights qilJ( le( t) . Then (*) becomes a l-parameter family of probabilistic
graphs zG(t [0, o g /& can also be thought of as a continuously

differentiable deformation of the probabilistic graph G(0)

In terms of this geometrical picture of (*) as a deformation of a graph,
we shall always have the following general question in mind. Given two
probabilistic graphs Gy and G_ , does there exist an input vector function
dt) = (L(t), ..., I (t)) which deforms G(0)= G_ into G(®)=zlim G(t) = G ?

n ¢} t—p00
That is, starting with a process having transition probabilities G at
time t= 0 , do the fluctuations in these transition probabilities eventually

converge to the stationary transition probabilities G ?

This question acquires special interest when P itself is realized
as the weight function of a probabilistic graph; i.e., let LJ‘Jij = Py - Then
/%) can be thought of as a "dynamical process" going on over the

"geometrical framework" P . From this viewpoint, P is called the
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coefficient matrix of %) , and the graph of Figure 6 is called the coefficient

graph of /%« . A natural question to ask
now is the following one. When does

the "geometry" P determine the
"dynamics" /@ in this sense: when
does G()= P ? In Chapters 2, 3,

and 5, we will treat cases in which P
has little effect on G(®) . In Chapters

3 and 4 we will also treat a case in which

P has a profound effect on G(«)

Fig. 6

E. Stability Properties are Graded in the Lag 71 and the

Number of Vertices n

In Chapter 4, we will study ratio limit theorems for the linearized

system of (*) when

. I ot 2 ] e J-_.
C A= n-g n—i
i o Ve
P = n=j © n-1 ” Y
= 0 . \
2 ,
n-i nh=1 ° * * = O “\
for any n>» 3 . We give sufficient conditions on the positive coefficients ‘

a, p, and u such that for fixed T > 0, the ratios always have limits
if their initial data satisfy a mild technical condition. For fixed T , it
becomes easier to satisfy this condition as n increases. Thus we say
stability properties of the linearized system are "graded" in n

In Chapter 5, we will study ratio limit theorems for the linearized
system of (*) when L L

(3 © 2

Y,
if
SreQSl\S
S
sk spsk
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for any n> 2 . Here, for any fixed n> 2 , it becomes easier to guarantee
the existence of ratio limits as T increases. Thus we say stability properties

are "graded" in T . The same is true for (*) itself.

2. POSITIVITY OF SOLUTIONS

In this section, we prove the following generalization of Theorem 1.1

as it was stated in Section 1C.

THEOREM L. L. Let (*) be given with positive a, B, and u 3 a
nonnegative T ; a semistochastic matrix P; and continuous and nonnegative
functions Ii(t) . Let the initial data of (*) be continuous and nonnegative,

~ and suppose ij( 0)> 0 if pjk > 0 . Then the solution of (*) exists and
is unique, continuously differentiable, and nonnegative in (0,%) . If the
initial data of a given variable x, or ij are positive, then this variable

is positive in [0, )

PROOF. (*) can be written in vector form as

UL(k) = {Z(MM, Wt ~t\§7 (*)
with (,L = (x“)cz) fy X )%”,%‘L) e )%n,n—l)‘?—?nh >)

Q= (C‘)CZ)H\)CH)Q[))'@IL) "‘)inh‘\3ghw’))
Cq: = _OLXL‘F62&:1)(&(&‘7)?&;%‘{;(.2;":: Fhmzkm\—l*— zl: )
and  €gy 2 (_“'Zék + Bx; (e-t)ka(fgk),

where I IO'F

6(p)=

F>O
@) Qe ]>$-_o .

®
Let 7= 0 . Then U(t)= g(Ut)), where g(w)= f(w,w) . By the continuity

of g , a solution U(t) exists in an interval with 0 as its left-hand endpoint.
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If, moreover, “ g(U‘l)) - g(U(Z)) “g k(t)n U(l) - U(Z) “ for some con-
tinuous function k(t) and any two solutions . and U(Z) , then this
interval is (0, ®) and the solution is unique and continuously differentiable
([7], p. 4). First we show that such a k(t) exists if all X, and Z5) are
nonnegative. The only terms for which this is not obvious are the terms

X PinZe, (5,050 20 )
§[dR T4k mzlfdm am .

We use nonnegativity to estimate Xj above by a continuous function m(t)

Qo ® =t
By nonnegativity, x> - ax; and ka Zuzj s OF xi(t) > & "x,(0) and

() > e B, 0). Th < . , -ut AP . =
Z_]k( )/ ka< ) us Zm___, }DJVP) £ m (6)>/e émz, g m a}m CO) o
h o h .. . n _ n -
a fd'm= 0)>O ';§m=; ﬁ-mv{f.Thls implies Z,_; yjm(t) = Zm:lpjm =0orl ,
from which we find that

x € (g-a)x + I,

n
where x= ;ll"Z‘k___lxk and I= '-11'1 Ek:i I, , or x(t) g —;m(t) where

mE) = e (B_"%(x(o) + gteC“‘e)"IC\r)&v’) .

(o]
By nonnegativity, (t) nx(t)< m(t) . We can now prove the required
Lipschitz condition. Obviously
x o 8 H Q) G 201 (‘7
Xt Pin¥; XE P &Z <‘Xc.) mh © f’fiﬁ_’“.__._ Pie®y
Z h a_(l) 2‘ n a m E hPf %'Cl) 5 " e a &)
m=1 f""” im m= lfam m= e g m=) FN"’ ¢m

It therefore suffices to show that

() ()
2.
J R g;k

/Jd“‘ 2— n (0 2— ?‘m, (z)

d"' ¢m

<hO S, [ 2@ |

™ d m

4

e
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n ] B
for some continuous h(t)n . When Zm=l pjm: 0 , the choice h(t)= 0
=1 . Then

suffices. Suppose 2. .- Pim

) (
[ EgR 2
fd k P 2_(;) -17’*—-;(;)‘"
£ ' Zma/ofm Jm

(am (z) " C2) () <) _ _0)
Pin )§m= ,Dmi. ey S fam(%d'm 2,

(f‘l Pd"" d”’" (5 m=) ﬁ“"’ (Z) /

6 _ )
<€ P l2/, -2 /+§_, ?m/i‘ 5.m/

\

< ; e“’b

SISy

capust 5 om0 @ ‘"
T Pt (e S [im T Sl

Letting /7((7)= ;:;P, ;:%g,")n(o) completes the proof when T = 0

except for the demonstration that x; and ij are nonnegative,

By (1. 6) and the nonnegativity of initial data, zjk(t) cannot become
negative until either x.(t) or xk(t) becomes negative. Otherwise if
zjk(t) is zero at t= Ty , then %jk(T )= BX(T )xk(T )> 0 . Let t=T,

be the first zero of any function x.(t) . Suppose in particular that = (Ty)= 0,

i
Then by (1. 4) %,(T,)=p Zk:lil Xk(Tl)Ykl(Tl) +1,(T;)> 0 . x; can therefore
never become negative, and all solutions are nonnegative. This completes

the proof when T = 0.

Suppose T > 0 . The existence of a solution of (*) follows by a
standard "step-by-step" construction in each interval of the form (ng, (ntl)T],
n=0,1, ... ([12]) . To prove the remaining assertions, it suffices to show

that [ £(§.,7) - f(gz: ” k(t 1 - gzl( for every , and this can
N N 1

be done just as in the case T = 0



CHAPTER 1I

GLOBAL RATIO LIMIT THEOREMS FOR OUTSTARS AND THEIR
PREDICTION THEORETIC INTERPRETATION

PART I

1. Outstars

In this chapter, we discuss the simplest example of our prediction

theory. This example is characterized by the coefficient matrix

O 'J-? -:L—-a ® ® ® ._L—
n=-1 h-| n=1\

=l 0

The system therefore obeys the equations

X, (€)= - ax, (&) + T, () .

X3 (6) == o x; (0)+ e, (8 “Ty.; @)+ T30

432)3)400)n)

? 5_: &)3)00-9 @) }
Zhsg.%lk(‘%>

o ®
o - " \ -T) X =2,3,"yN
where all initial data are nonnegative and continuous, and moreover

Zij(o) >0, jf 1l , and zkflxk(o) >0 , The coefficient graph for (*)

is given in Figure 7,

15

(2.1)

(2. 2)

(*)

(2. 3)

(2. 4)
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Fig. 7

(*) is therefore called an outstar. The vertex v; is called the source of

the outstar and each vertex Vj i j # 1 , is called a sink of the outstar. The

set B = ivj : jf l% of all sinks is called the border of the outstar.

In Part I of this chapter, we shall study (*) from a purely mathematical
point of view. In Part II, we give these results a prediction theoretic inter-
pretation. Our mathematical discussion will concern itself with the limiting
behavior of (*) as t—®® for special choices of the input vector function
C(t) = (1;(t]. Iz(t), P In(t)) . These choices will be interpreted in Part II
as the presentation to the machine which (*) represents of sequences of

predictions to be learned.

The choices of C(t) will be divided into three general cases. In
the first case, no inputs reach the border of the outstar at any time. In
the second case, inputs do reach this border and continue to do so for all
time. In the third case, inputs do reach the border but only for a finite

amount of time. All of these cases can be treated by a single method. The
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success of this method depends on the fact that (*) can be transformed into
a more tractable system of equations expressed in terms of new unknown
variables, These variables can be classified into two classes. The first
class consists of sums over all vertices j # 1 in the border of (*) .

These sums are x(l) = Zkg!lxk ) Z(l) = Zk;,él z) » and I(l) = Zk'-r"l I

The second class consists of three l-parameter families of probability

distributions associated with (*). These are X = Xj EE l% .
y = {Ylj 1 1% , and 6= iej R l}, where

X. = e —= , and 6.z —— We shall find that the
I () b ) J il

sums x(l) and z(1) over the border depend on time only through the

known inputs I, and I(l) . In particular, they are independent of the

unknown probabilities X and y . Moreover, (*) can be replaced by a

system of equations for the time evolution of the probability distributions
X , y , and 6 . The coefficients in these equations depend only on
I, and the known sums x(l) R z(l) , and I(U . These facts are

summarized in the following two lemmas,

LEMMA 2,1, The source function x; and the sums x(l) and

z(l) depend on time only through the known inputs I, and I(l)

PROOF, The assertion is obvious for x; by (2.1). Sum (2. 2)

over j# 1 using the fact that Zj’;‘l Vi = 1 . Then

O = -axVe) + gx, (b-T) + () > (2.5)

and so by (2.1) the assertion is obvious for x(1) Summing (2. 4) over

j# 1 we find
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. €))
2(()(e) = - u_%c‘)(t) + BX, (6-<) x (9) (2. 6)
which gives the assertion for (1) by (2.1) and (2, 5)

LEMMA 2,2. (*) can be transformed into the following system of

equations for the probability distributions y and X .
o = + - X’>
X;= A (y5- X))+ B, (6; - x;

and

where A(t) = —X(W i Byft) = m— , and C,(t) = ﬁxl(t"T)X(l)(t)/z(l)(t)°

X-
PROOF, 2.7) has the following derivation, Si X = s
( ) has the following derivation ince i ;"}'r

oA/, %60
X;g XC‘)<X - Xz 5 )

Substituting (2. 2) and (2. 5) into this equation gives

3252\53["“5 + 8%, (&-7) $h3 + IS

L Bx, (g-5)+ T
XA (v QL + XC\\
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()
B (.b‘ I — ®
= %Tﬂ(é«s'XQ“’ o (07%;)

= Ay -%)+ B, (8-X).

(2. 8) is derived in the following way. Since 1 = zlj/z(l) g
/. 20 |
‘j,d“ ZC;) (5‘3 _até ECH). ’

Substituting (2. 4) and (2. 6) into this equation gives

o |

§1 = 3] ua ¥ X oo
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2, Outstars with an Input-free Border

We use Lemmas 2.1 and 2. 2 to study the case in which no inputs
reach the border of the outstar at any time. Thus Ij(t) €0, j#1 , and

we say the border of (*) is input-free. The main fact needed to carry out our

prediction theory in this case is the following.

THEOREM 2.1, If XI# 0 , then Vi and Xj are monotone in

opposite senses and lim y, .(t)= lim X.(t) . If x, 2 0 , then yy; and X,
t~<p o0 1 t—p oo J J J

are constant,

PROOF. By (2. 7) and the hypothesis 1l (t)= 0 ,

i{(;—-—Al(‘a.;-’Xﬂ, (2.7)

B (t-7)
=W

where A,(t) is nonnegative. By (2. 8)

glgg Cﬂ(zéuélgvj (2.8)

Bx, (t-T) x(1)(t)

where C,(t) = z(l)(t)

is nonnegative., From (2.7) and (2. 8) we

draw the following conclusions., If x; = 0 then Ylj and X, are constant
since .Ylj = XJ =2 0 . Suppose that x % 0. If Xj(to) = ylj(to) , then

Xj(t) = ylj(t) = constant for allt 3> t, . By (2.1), there is a To< ®
such that x;(t - T)= 0 for telO, To] and x,(t - T)> 0 for t> T, . I
Xj(O) > ylj(O) , then Xj(t) and ylj(t) are constant for te [0, To]‘ Xj(t)

is strictly monotone decreasing and ylj(t) is strictly monotone increasing
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for all te(T,,T;) , where T, isthe smallest root, if any, of the
equation Xj(t) &= Vlj(t) . If sucha T, exists, then Xj(t) and ylj(t) are
constant for t> T; . We shall show in the next paragraph that no such

T, exists, If no such T; exists, then Xj(t) decreases monotonically
for all t> T_ and ylj(t) increases monotonically for all t > T

Since X. and y]; are bounded, the limits Q. = lim X.(t) and
J J J t=p 00 J

Plj =tli’ngo ylj(t) exist, If Xj(0)< ylj(O) , the same argument goes through

with all inequalities reversed. In all cases, therefore, Xj and y)j are
monotone in opposite senses and HXJ. - Y ﬂ is monotone nonincreasing.

We now show that T; does not exist and that Plj = Qj if x % 0 .

Subtracting (2.7) from (2. 8) gives

(%‘S'Xé).‘: - DI(‘axé“’X&>) (2.9)

1 X(l)
where D;=A; +C, = ﬂm(t -T)( =(1) + ) ) . Integrating (2.9) gives
3\5({':)" Xé(b\ = (5‘5 (Q*‘Xé(oﬂﬂl(é)) (2.9')

1, =g
=<(g) () (g)

that T, does not exist, note that 2;(t)>0 , t>0 ., Thus V1 (0) # XJ(O)

where 9,(t) = expl- B gle(g Y Ydg 1 . To show

implies ylj(t) # Xj(t) . To show that Plj = Qj , we must show that

lim 2,(t) = 0 , or that
t>o0 +

__I____ X(n(§> B
b g,,x‘(g’ﬂ(f”@ﬁ 20(e) 1 T o

b—> oo
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Since X(l)/z(l) is positive, it suffices to show that

.t
0., | 2letlage oo

L5 . xCl)Cg)

Fort> 0 ,

G
(¢ i) g _nleod
o X0 ), @GO pFx(o-m)e  Ar)

t € o
P Q (r-z)e &
_ 3¢ ,Qog (x (6)+ ﬁgax v >e, U

0
B * o
P 13
— /Q.O% ( | + )(C\)(o> X\<§-—“C>€ A\ € ).
0
. t x;(g -7) ,

By (2.1), %, 3=e¢x, . Thus W dg diverges at a
logarithmic rate as t=p % , and Plj = Qj s j# L.

Theorem 2.1 contains all the information we shall need about an
outstar with input-free border to discuss our prediction theory. It can be

tersely summarized by Figure 8.

Theorem 2.1 shows that the limits lim X:(t) and lim Yl'(t) do
t—poo J t —poo

not vary continuously as a function of the initial data x,(v), ve[-T,0]
This theorem is picturesquely called the " speck of dust" theorem because it

describes an alternative which depends on whether or not the source function X)
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Xj(o) or yij(o) \

Yij(o) or Xj (o)

e Y
xl(t—T)=O xl(t—T)>O

Fig. 8

is identically zero. Since I, is nonnegative, the positivity of x(t,) for

any t, implies the positivity of x,(t) for all t> t, . Thus if the initial
data of x; are identically zero, then x,(t) remains zero until a positive
value of Il(t) , no matter how small — that is, a "speck of dust" — reaches

the source v, . Thereafter x;(t) remains positive at all times.

By Theorem 2.1, if Xj(O) = ylj(O) then Xj(t) = ylj(t) = constant for

all t> 0 . This means in particular that arbitrary probability distributions
can arise as limits lim X:(t) = lim yl.(t) » J# 1 . The coefficient matrix
t—poo t=poo”

P of an outstar thus does not uniquely determine the limiting distributions
when the border of the outstar is input-free. This answers the question

of Section D-5 in Chapter I in the negative for an outstar.

More information is available concerning an outstar with input-free
border than is contained in Theorem 2.1, because (*) can be explicitly
integrated in this case to give precise information about the relative rates
at which the probability distributions associated with different vertices and
edges approach their limits as t—»% . It can be shown that xj(t) and

zlj(t) obey equations of the form
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x; (k) = X (o)a,(t’)-l—‘ o) X. (o\)b(*b)

and

2, (&) = Xé(o)c_(t)%- (gls(os" Xé(o\j 4 (%) ,

where a , b , ¢ , and d are nonnegative and continuous functions that
depend on I, and the initial data x,(0) , x(l)(O) , and z(l)(O) . Moreover,
a= x(l) and c = z(l) , so that
( b(t)
° - . = 4 - e 035 2.., 10
X, (6) - X; (0) = (43 Lo)= X; @) (@0

and
3 (%)
%\J (b)’X5<03= (%\A(OB“”X()(O»Z@ (2,11)
forall j=1, 2, ..., n . Since also x,(-T)# 0 implies b and d are

positive, (2.10) and (2. 11) show that if x,(-7)# 0 , Yli(o) # Xi(O) , and’
Ylj(o) # X;(0) , then

9l (6) - X2 (o) - XLCJC)-’XL(O) _ :31{,<O>°X‘(o)
93 E-X500) X 0)-%;(0) g4 () ~X;(0)

forall t >0 ,
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Thus the probability distributions at different vertices approach their limits

at the same rate, except for a multiplicative factor that depends on their

initial data.

3. Outstars Whose Border Never Becomes Input-Free

In the preceding section, we found that any probability distribution

'y‘lj(t) = Xj(t) . 41 , remains constant for all t > 0 when the outstar's

border is input-free. This fact provides an affirmative answer to the fol-
lowing question. Given any probability distribution Qj , j:;f 1 , does there

J
1 . = ] S = 8. ? 1 1 . = 1
and tll'féo XJ(t) tl.l-g;'o le(t) 6, ? Any nonnegative I with I, 50 , j# 1,

exist an input vector function C= (I, ..., I,) for which Xj(O) — ylj(O) = 09,

accomplishes this goal. A natural generalization of this question is the

() 2

following question. Given any three probability distributions ej j

%

3
and G(j ) , j# 1 , does there exist an input vector function C for which

2 3
X.(0) = 9(-1) , Yl°(o) = eg ) , and lim X:(t) = lim y,.(t) = 9( ) ? We now

answer this question in the affirmative and provide a considerable amount of
supplementary information concerning the manner in which the probability
distributions Xj and Ylj approach their limits. We do this in the following

theorem.,

THEOREM 2. 2. Suppose the inputs to the border of an outstar have
the form Ij(t) = GjI(t) ., j# 1 , where iej s & l§ is a fixed, but arbitrary,

probability distribution, and I,(t) and I{t) are arbitrary nonnegative and

continuous functions, Then the functions fj(t) = ylj(t) - Xj(t) , gj(t) = XJ(t) - ej .

and ;’lj(t) change sign at most once, and not at all if fj(O)gj(O) >0 . More-
over, fj(O)gj(O) > 0 implies fj(t) gj(t) >0 forall t>0 , Suppose furthermore
that I, (t) and I(t) are bounded functions such that I(t)7L=>O as t—»° and

also that there exist two positive constants C and TO for which
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© ale-g)
e ke T,(8)ds 2> C  for £2T,.

o
Th lim X: = i . = 0. 3
en tifgo XJ(t) tliréoyl.](t) GJ , j 71

PROOF, The proof is divided into three steps. In step (I) we
prove that fj 8 and ;rlj change sign at most once and thus, that
tlL%ylj(t) exists, j# 1 . In step (II) , the existence of these limits along
with estimates of C,(t) and él(t) for large t are used to show that the
limits tE’rr&O Xj(t) exist and equal the limits tlil;%oylj(t) . In step (III), the
common value of these limits is shown to be Oj by estimating Al(t) s
B,(t) , Al(t) , and ]él(t) for large t

(I). Subtracting (2.7) from (2. 8) gives

()
f.= - D,f. + B;g. . 2,12
j 1 ng ( )
CJ ®
Since (XJ Gj)z Xj , (2.7) may be written as
®
.= - Byg. + Af. . 2,13
8J 1gJ 15 ( )

Equations (2.12) and (2.13) are special cases of the following simple but

basic lemma,

LEMMA 2, 3. Let the functions f and g satisfy the differential

equations

®
f=af+ bg
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and

®
g=cf+dg
where a , b, ¢ , and d are continuous functions and the off-diagonal
coefficients b and c are nonnegative. Then f and g change sign at most

once and not at all if (fg)(0) > 0 . Moreover, (fg)(0)> 0 implies
(fg)(t) > 0 for all t> 0

Lemma 2. 3 can be geometrically visualized by Figure 9,

iy

PAAbd AL
R

0 O O

Fig.9

which shows the (f,g) plane. The direction of the arrows indicates the path
of the (f, g) point through time.

PROOF. Clearly (fg) = (a + d)fg + bg?+ cf?3 (a + d)fg by the

nonnegativity of b and ¢ Thus for any to 2 0 , (fg)(t,) > 0 implies



(fg)(t) > 0 for all t >t, . More can be said. Let (fg)(ty) > 0 , where

f(ts) > 0 (say), and let t=t; > t, be the first zeroof f , or g , or both

o
(of £ , say). Then f and g are both nonnegative in [ty,t,] , so £ af
; -t
in [t,,t;] ,  and 0= £(t,) > ez“(tl o) ft,) > 0, which

is a contradiction., Thus (fg)(to)>0 implies (fg)(t) >0 forall t> tj

Only the case (fg)(0)< 0 remains, where f(0)< 0 (say). Then
either f(t)< 0< g(t) for all t> 0 , or there is a first t, > 0 when f ,
or g , or both have a zero. If sucha t;, exists, we are in a previous

case, so that f and g change sign at most once.

Lemma 2. 3 can be directly applied to (2.12) and (2. 13) by letting
fzfj,gzgj,a:-Dl,b:Bl, c=A, ,and d= - B, . We
conclude that fj and g; change sign at most once and not at all if

(fjgj)(0)>/0 . Moreover, (fjgj)(0)> 0 implies (fjgj)(t)> 0 for all

t>0 .

By (2. 8),

[
. ==C,f. .
YlJ G j

Since C, 1is nonnegative, §lj also changes sign at most once and not at

all if (fjgj)(O) >0 . In particular, there exists a T; such that ylj(t)

is a monotonic function for t2> T, . Ylj is also bounded and continuous.

Thus lim yl-(t) exists for all j# 1
T R

(11). Using the facts proved in (I), we now show that the limits

liij(t) exist. The first step in this proof is to establish various
t—o0

estimates for the coefficients

By, (£-<)
AR 56w

28
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)
B\ (-t) = XC\\U:\ X(\\({;} D

and

B X, (k<) x ()
C | ("{:} = Z(\\ ({ﬂ

which appear in (2. 7) and (2. 8). The purpose of these estimates is to show

that ;rolj(t) is bounded for sufficiently large t . This fact, in turn,

will be needed to prove that lim j'}lj(t) = 0 , from which it will follow with
tp 00

the help of the estimates that 1imX.(t) exists and equals lim ylw(t)
t—poo J t—poo” -

The estimates needed for A; , B; , and C, are the following.
We shall find positive constants ?\i , i=1, 2, 3, 4, 5 and a time T, ,
such that for t> T, , the inequalities A; & Ci(t)< A2 , A () A5
B (t)< Ay , and lél(t)l £ A5 hold. To establish these estimates,
we make comparable estimates on the functions x; , x(l) , and z(l)
from which A; , B, , and C; are constructed. Firstly we establish

lower bounds for these functions for large t

By hypothesis, there exist positive constants C and T such

that

T (g)&% > C  for T2T,.

Thus by integrating (2.1), we find



x, (&) 2 e_oLb (o) + C

>/C.) 't'>/-ro'

Substituting this inequality into the integrated form of (2.5) gives for
t> Z(To + =) ,

ﬁ:-)-t g ()
xO) 2 e~ (xO(o) + % e (bx,(s-o)+ T («z))oQg

+ gcgb e%c&%)

T,+T

- E;%:" (l“ e»o{(’r‘o—ft))

d > O.

i

Substituting these inequalities into the integrated form of (2. 6) gives for
t 3(To +7T) , 2(‘!“0-5-"(;’)
S v we Q)
20K 2 e W (zc“(o)+ B\ e ,x\(g-"c)x : (@)cﬂg
(@)

+ BCASJG ewg"\g>

Q.(T‘ o+°::>

sC 4 o —ulmr t\)
T<‘ &

e > O.

WV

i

30
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Upper bounds for x; , x(l) , and z(l) follow by the boundedness

of I} and I(l) . Letting M, = sup ill(t) ct> O}and M(1)= sup Y I(t) : t > 0(,

we readily find that
X, ) = %, (o) F “{.ZM\ = M < =)

xM (k) = xW(o) + ‘&‘(M-PMC')) = N < >,

and
BMN —
SO € 200+ —m— = R < :

Let T,= 3(T,+ 7) . Then the following definitions of the

i» i=1 2, 3, 4, obviously suffice for t> T, . A =E§§— R

8 g (1)
Az = MN Az = M and Ay = —5

- e ) 3= d 9 d

% }.};(l) , and E(l) can also be shown to be bounded by simple
estimates of the above kind. Using these estimates along with those derived
above readily shows that there exists a Ag< ®© such that lél(t)\ < N
for all t > T, .

These various estimates on the functions A, , B, , C; , and

él suffice to show that nglj(t) is bounded for t > T, , since by (2.7)

and (2. 8),
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for t 2 T, .

To show that li’m ;lj(t) = 0 , we need the following lemma.
t=yoo

o

LEMMA 2,3, Suppose f(t)=pa < © as t=»© and f is

bounded. Then E(t)w%,o as t=pxo ,

PROOF Suppese not, Then for some e > 0 , there exists a

sequence g with lim t, = % such that f(tn)i > e forall n . We
n=y o ' oo
can suppose f( ) > e forall n without loss of generality. Since f is

¢}
bounded, there exists a Q such that f ,>,-§* on infinitely many nonoverlap-

ping intervals I_= [U

n b +g] of length S , where lim U, =

n=»o
c§

> for all n , and»f~7é>oz< ® asg t=p |

n?

Thus (U, +S)~f U,) >

which is a contradiction,

Replacing f by Y1 in Lemma 2, 3 immediately shows that
L[]
lim Vlj(t) =0
t=% 0
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We can now show the existence of tlirr%oXj(t) . By (I) we can
af
assume that {rlj(t) > 0 and thus that (Xj = ylj)(t) >0 for t> T, without

loss of generality. Also C,(t)> A, > 0 for t>» T, Thus by (2. 8)

8= Ci(=g-g0)
2/\|(Xé‘%\é\

2 O
for t>max (T , T,) . Since lim y;(t)= 0 , it follows immediately
o tpoo”
that 1lim (X.(t) - y1:(t)) = 0 . We also know that lim y1i(t) exists, by
t—poo J J t=poo’

(I). Thus Q.= lim X.(t) exists and equals lim y,.(t)
J t=po0 J f-poo’ 1j

(III). The existence and equality of the limits lim Y1 and
t3o00 )

lim X. can now be used to show that this common limit Q. equals 6;
to00 J J J

Proceeding as in (II), it is easy to show that Xj is bounded. Since

limX.:(t)< © exists, Lemma 2,3 implies that lim X.(t)=0 . Also
t—poo J t=poo J

by (II), lim (yln(t) -X.(t))= 0 and A, is bounded. Thus by (2. 7),

lim B, (t)(0: - X.(t)) = 0. Since Q= lim X.(t) , we find (0: - Q:)e
t<p o0 ] J ] J J

t=poo J
lim By(t) = 0 , and either Q.= 0, or lim B,(t)= 0 . Since B, = I/x{) ,
t—poo J J t—p 00

the inequality x(l)§ N from (I) gives B, 2’%1 1> 0 . By hypothesis,

I(t)/0 as t—»© . Thus B;(t)7#*0 as t—> % , and we conclude that

Qj = ej , which completes the proof,

The following corollary to Theorem 2., 2 will have a useful inter-
pretation. An input pulse J(t) is a nonnegative and continuous function
which is positive in a finite interval (A,, A;) , where 0g A; < A, .
The corollary describes what happens when I,(t) and I{t) are chosen to

be periodic successions of input pulses,
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COROLLARY 2. 1. Let the functions IL(t) and I(t) of

Theorem 2. 2 be defined as follows.

I 6)= Sy T (£- k(wsW))

and

I(‘H: k T (‘t W = h(w+ )39

(o)

where Ji(t) is an arbitrary input pulse which is positive in the interval
(O,?\i) s ~7\i> 0, i=1, 2, and w and W are nonnegative numbers whose

sum is positive. Then all the conclusions of Theorem 2., 2 hold.

PROOF., It is obvious that I}, and I are nonnegative, continuous,
and bounded functions. It is also obvious that 1 does not converge to
zero as t—# ®© ., It remains only to find positive constants C and T

such that

Bt)

(i

T B}
56— «(t %) (%3&?, > C  Qor ‘hZTO.

0

Writing p=w + W , let
t
- (E-
F(E) = S e ! gjl,(s)o\g , ©=p
up

Then for any n> 1 and te[np, (n+l)p))

Pk) > Flt)+ e PFG-p) 4+ + “‘(“")FF(JC-(“-.SFB-



Clearly F(t)» F(t - p) for allt 2p , since I(t) 2 L(t - p) . Thus
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@(‘h} 2 (|+e %P4 - e tp) F(JC-(M—QQ

> FlE- (-0 P>?

for any te[np, (nt+l)p) . Since fn(t) =z F(t-(n-1)p) is a positive and con-
tinuous function of te[p, 2p] , letting C = inf ifn(t): t elp, 2p] 5 (>0)

and T, =p completes the proof.

4, Outstars whose Border Eventually Becomes Input-free

In the previous section, we considered outstars subjected to inputs

of the form

T (6)= Zpoo T, (- k(weW))

=0

and

IS(‘“Q:. 95 §ki ja (&;, w-k(ue \/\)\D) J# 1.

Since each vertex of such an outstar receives infinitely many input pulses,

we denote the outstar by G(*) and affix the superscript "(%)" to each of
o e

its functions. For example, we write I, as Ii( ) X. as xg ) , and

’

SO On.

o
The border of G( ) never becomes input-free. In the present
section, we consider outstars whose border does eventually become input

free. Given any outstar of type G(~°°) , we shall construct an infinite
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sequence of outstars G(l) , G(Z) 5 s e G(N) , ee. , each

with the same initial data as G(w) , and each with a border which eventually
becomes input-free. We shall then study the limiting behavior of the
functions of G(N) as N and t are permitted to become large by
comparing these functions with those of G(oc) and of outstars with input-
free borders. To simplify our discussion, we shall assume that

Jy=J,=7J , where J(t) is positive in (0, A) , A> 0 . The same

method can be applied when the input pulses J, and J, are not the

same,

)

Given an outstar of type G( and a positive integer N , the

cutstar G ig defined by the following prescriptions: (1) cM) nas
the same initial data as G(*%) , and (2) the input functions of G(N)

are

T = S T (kG WY)

and

I(g“ ) = ©; S T w-klws WYy 341,

N)

That is, the first N input pulses received by the vertices of G( are

the same as the first N input pulses received by the vertices of G(w>
Thereafter no input pulses occur in G(N) , so that the border of a(N)
is eventually input-free. G(N) is called the N-truncation of @ik

e}

because its functions agree with those of G( in the interval

N

[0,N(w + W)] . Denote the X. and vy,. functions of ) by X( )
j Y1 j
and YS\I) , respectively. The following theorem holds for these

functions.
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4A) The Probability Distributions of an Outstar G(N) Remain Essentially

Fixed for Large Times

THEOREM 2, 3, Let G(l) 5 G(Z) i e s d G(N), ... Dbe the sequence

%)

of N-truncations of any outstar of type G( with arbitrary nonnegative

and continuous initial data such that zlj(O) >0 , j#1. Then

N
(1) For every N=1, 2, ..., the limits lim Xj )(t) and
t—p 00

N
tl—i’rrgoy§j )(t) exist and are equal.

(2) For every N=1, 2, ..., and j# 1, the functions

fJ(N) = yg\r) - X§N> , g(N) = X§N) - Gj, and j"g?) change sign at most once

J
and not at all if ng)(O)ggN)(O) >0 . Moreover, ng)(O)gJ(N)(O) >0
implies ng)(t)g§N)(t) >0 forall t30

(3) For every N=1, 2, ..., andall t>w+ A + (N - 1)(w + W),

XSN)(t) and yﬁ\r)(t) are contained in an interval [m§N), MJ(N)]C(O, 1),
where
im m™ - m M™oe. foran j# 1
N=p ¢ J N+ J J
In particular,
(N). (N)
1i 1 . = 1 1 = 6. " 1 1
NFe 5 KW= Mg fim oy T0= 0 0o

Before proving the theorem, we illustrate its claim pictorially
for the special case ej = ng in two outstars G(M) and G(N) with
M << N in Figure 10,
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l e e e e s (e i e — — — — — i ks i Rl i e —— ! i e
x St)
G(M) :
3
M
M(w+W) .

1
G(N)
M <<N

Fig.10

PROOE We shall carry out the proof in the case GJ. = SjZ
The same method goes through in general, but it is more tedious. The
idea of the procf is to try to divide the time interval [0, ®©) of each G(N)

into two parts [o, XN) and [XN’ ©) , where ﬁyi?sz: © ., In [O, D,N) :

the functions of G(N) agree with those of G(OC) and we can apply Theorem
2. 2 to them. In [3 N ) G(N) has an input-free border and we can
apply Theorem 2.1 to its functions within this interval. This goal can be
accomplished with but one technical reservation which appears in Case 2

below.

Clearly XJ(N)(‘C) = X§°C)(t) and yﬁ\r)(t) = yﬁo)(t) for te[0,N(w + W)]
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In particular, X§N)(N(w +W)-v)= X(joo)(N(W + W) - v) and

(

(N + W) - v) = YSC)(N(W S W) - v) for any fixed ve[0, N(w + W)] .

‘00 oo
By Corollary 2.1, lim X( )(t) = lim yg« )(t) = S’Z . Hence

5‘-;*;0 X<§“<N(w+\~>-ﬂ= 83;; %C»NQ (NGort) =) = S (2

for any fixed v > 0

In every G(N) , no input pulses occur during the time interval

[M(N), ©) , where X\X(N)=w+ (N -1)}{(w+ W)+ \. Inparticular, G(N)

has an input-free border in [ A\ (N), ©) , and we can therefore apply the

results of Section 3 in this time interval.

By Theorem 2.1, (N) t) and X(N) t) are monotonic in opposite
y Yl] j pp

senses and lyﬁ\)(t) EXJ(N)(’C)\ decreases monotonically to zero for
t > \(N) . Letting

MM~ o iy%“)(xm», xﬁN)mN»g and m{M = minf M), X(N)mm»fg

J YlJ j

N).
we conclude in particular that yg\m(t) and X§ )(t) are contained in the

(™, MO

interval , M
J J

for allt > \(N) . We must now distinguish two

cases,

Case L, AMN) L N(w + W)s

Letting v=N(w+ W) -x(N) >0 in (2.14), we conclude that
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(N)

Since yg )(t) and X(N)(t) are contained in [mj M§N)] for all t >\ (N) ,
J

we can,by taking N sufficiently large, bring yﬁ\I)(t) and XJ(N)(t) as close

to SjZ as we please. Moreover, these functions will remain there for

all large t , even though no input pulses occur for t > \(N) . In

particular, by Theorem 2.1, we conclude

fim 30 = Lo =@ e TmP) MYT,

& >oo £ o0
so that

Rime O s WO o 2w 2D S,
N—soo t—co N—=>o00 o9 0

Case 2. A(N) > N(w + W):

In this case, the conclusion of Case 1 still holds, but we need more

information to reach it. By (2.7) and (2. 8)

$ M (N\( CN)_ XCM) 4 B(“O (“3> (2.7)

&

and
cN) - AN () (W) (2. 8)
'3 :\2 = C | ( X a& ra
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(N) (N) (N) . o(N)

where A; , B , and C, are nonnegative, If Y1z < 0

L
L]
then by (2. 8), YI(IZ\I) - ng) > 0 and so, by (2.7), XgN) > 0 . If

z
N
}’1(2 )'> 0 , then by (2. 8) X(ZN) Y1(z ) . In either case, it is clear that

(N)

yiz (t) and XgN)(t) exceed min(XgN)(to), yi(lz\I)(to) for any t and t

in [N(w + W), A(N)] with t >t, . Letting t=A(N) and t, = N(w + W)

we find that y o/ (\(N)) and XTV(\(N)) exceed min (X N(w + W) vy (mw + W))).

By (2, 14),

lo x© CN(w+w\\ e 56“‘)(\% F W) = 4.

N— 0 N-—=>ee

Since XgN) and yflz\r) are bounded above by 1, this implies

Qi x[N\(xCNW Qe C\N,,} (n(n)) =

N —=> o0 N-—=> o9

(N

Since G has an input-free border in [)\(N), ©) , it now follows just
as in Case 1 that XEN)(t) and yl(lg)(t) can be brought as close to 1 as we

desire by taking N sufficiently large, and will thereafter remain there.

The conclusions of (2) follow simply by pasting together the results
from Theorems 2,1 and 2, 2, That is, we consider G(N) to be a G(oo)

for small times and an outstar with input-free border for large times.

We can summary Theorem 2. 3 in the following way. As N is

N
taken increasingly large, the probability distributions XgN) and ng )
N : .
of G( ) approximate the 8 distribution (or more generally any fixed

J2
probability distribution Gj ) with increasingly good accuracy for all

large t



42

4B) The Outputs of Each G(N) Decay Exponentially for Large Times.

We shall now show that in each G(N)

functions ng)(t) differs radically from the behavior of the ratios
x N

, the behavior of the output

t)as t— © , In Theorem 2, 3 we showed that the ratios X(JN)(t)

remain essentially fixed for large times t in each G(N) Now we show

. N ;
that the output functions X_‘E )(t) decay to zero at an exponential rate as

t—$ o . This contrast between ratios X§N) and outputs X§N) will

have an important prediction theoretic meaning.

PROPOSITION 2, 1. In each G(N)

N
, the outputs X§ ) decay
exponentially to zero as t—p © ,

PROOF. Since G(N) is input free in [ \(N), ©) , (2.1) implies that

§<1(N)(t) = OlXi(N)(t) for t >\(N)

Thus xi(N) converges exponentially to zero as t— % ., Similarly for

j#1 and t S NN)+ T ,

$0) = - ax§ @+ px V- 40P )

< - oaxcém (‘b) + B¥% C(\*)Oc—"c>)

(N)

N
where x;” '(t - T) converges exponentially to zero. Thus X§ ) converges

exponentially to zero as well,
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4C The Effect of Fixed Ratios on Outputs.

(N)

In (4B) we showed that even though the ratios X, ‘(t) remain
essentially fixed for large t , the outputs ng)(t) decay exponentially
to zero as t—%® ., It therefore seems that the absolute magnitudes of
the ratios and the outputs are completely unrelated as t—» % , This is
not always true, but we must change our outstars G(N) slightly to see
this, We do this only in the case "ej = sz for simplicity.

(N)

The input functions of G are in this case

TN - S0 T -k

and

j_‘és(m(ic) = %’51 ':2‘:}:;‘ J (k- w- k(w+N\\ .

N)

In particular, G has an input-free border in [\(N), ®) . Let
fN(t) be any nonnegative and continuous function which is positive only

in the interval [A(N), ®©) . Such an fN is called admissible. Given any

sequence f = (fl, fr, ooos fN, oo ) of admissible fN's , we shall now
construct a sequence Gl f), G(2, f), ..., G(N, f), ... of outstars that
is closely related to the sequence G(l), G(Z), c e s G(N), ... of outstars.

For each N=1, 2, ..., G(N’ f) is defined in terms of G(N) by the following

prescriptions: (1) The initial data of G(N’ £) are the same as that of

G(N) (and hence that of G(oo) ); (2) The input functions of G(N’f) are

(N 1) (N, £
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and

(N0 (N j# 1
] ]

2
We say that the sequence G(l’f), G< ,f), .o

()

is derived from f and

Any derived sequence of this kind obeys the following theorem.,

THEOREM 2, 3f. Let G(

1 2
’f), G( ’f), be the

G(N’ ﬂ, o

© 0 0 9

sequence of outstars derived from any admissible f and any G(oc) with
arbitrary nonnegative and continuous initial data such that le(o) > 0,
j# 1 . Then all the conclusions of Theorem 2. 3 hold for this sequence

with superscripts "(N, f)" replacing superscripts "(N)®

s 4 .
PROOF. Since I(N ): I§N) + fN , the functions of G(N )
agree with those of G(N) in [0, N(w + W)] . Since I§N’ £) = I(;N) ’ J?l T
J
(N, £) . :
G has an input-free border in [\(N), ©) . The rest of the proof

is now just as in Theorem 2. 3,

We now consider special choices of f which show some of the
effects which the fixed ratios X§N’ f) (t) can have on the outputs x(jN’ f)(t)

for large t

(1) _f_N(t) = J(t -A(N)) , where A (N)>> N\N). For this choice

of fN, G(N’f‘) differs from G(N) only in the occurrence of an input pulse

J(t - A(N)) at the source of GIN-£) ot time t= A(N) . In particular,
G(N,f) is the same as G(N) in [0, _/L(N)] , and so Gr(N’f> is input-
free in [ (), _/L(N)] . By Proposition 2.1, the outputs X(N’ f)(‘c) decay
exponentially towards zero for te[» (N), AL (N)] . Since A(N)>> A(N) ,

we can assume that all the outputs X(N’ f)(t are very small at time

)
t=_A(N) , and we write X§N’f)(A(N)) ~0, j=1, 2, ..., n . This
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is true for every N> 1 ,

By Theorem 2. 3f, we can, by taking N sufficiently large,
guarantee that y%\I’ f)(‘c) approximates sz as closely as we wish for

t > \N) . In particular, we can write yﬁn\u f)(t) ~ §. for

J2
t> A(N) . We are now ready to discuss the effects which the input
pulse fN(t) = J(t -_/L(N)) has on the outputs of G(N’ )

The first fact of interest is that fN(t) has essentially no effect
whatsoever on the outputs x(N’ ) , j#1, 2 . By (2.2), we have
foir t?,_/\_(N) and j# 1, 2 that

. Cye) N, ¢)
O S T R PR

~o_ Mm,m g X(\\A)P) (k-<)- O

&XC.N‘(’-)
3

Thus
- (k- A
xc“é»“m Loe XEN’H (ACNY)

e

Q.
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(N, £)

By contrast, f, (t) has a substantial effect on the output x;

N
By (2. 2), we have for t >_A (N

(N Q)(_h) _ "O(XC;L) >('t>+ ” ‘CN)Q)C‘&;-‘C) é(ﬁig)(“b)

E - ax 62’@) k) + gx CNI)C) (6-7)

and thus
~2E-A W)
x O gy @ x ”(./Lc e
% = = VU~
+ 8| e S (":’P)(V-BM\;—

AW

o yt -ol(,'b—\r') (N g)

= ﬁ c x, ! <V“-‘c>&u—= (215 )

AN)

But by (2.1) we have for t = A (N) that
o (N.E (N
x ) (6) = -~ ax \’M t) + TC‘t*_AfN\BJ

and thus

R ST PR

+ g : e: dt‘c‘u’) IS'C\V-_/\,(N“OQ\:“
AR
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L
e*‘d (t"‘U"\ S(U“_jl_(t\)\\ &,u—“

172

AN

€-A(N)

- (t- _/L(N\\g e A" T dom.

Il

e

(2. 16)

Substituting (2. 16) into (2. 15) gives for te[A (N), AL (N)+ t] that

ng“f)(t) =~ 0

and for t >_L(N) + 1 that

.E
u@mg S e-wc-v-) (NF(\r— 4o
A+t

t-AN)-T
- (t"—j\_( \— \ N O(u)
= pe 0w e Tl

o

,
Thus ng )(t) grows substantially in the interval (.JL (N) + 7 ,A (N) +7+ )

and then decays once again at an exponential rate to zero.

We summarize these statements in Figure 1l. These facts can be
stated heuristically as follows. If the vertices v, and v, are each
perturbed periodically by N input pulses, where N is ’a large number,
then a later test input pulse to v, creates a large output only from v, .
The periodic input pulses to the vertices v, and v, channel most of the

N,
mass Zk—z Yik )(t) of the edges e, intothe edge ey, , and then e;,



I(N,f)
|
A(N) .
>((|N,f)
A(N)
(N,f)
j
P #£1,2
AN -
(N, f)
Xo
L7,,,, T 2222227 7Trrr >

A'(N)+ T
Fig. Il

48
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channels a later test input pulse to v; along e;; and thence to v; .

Suppose that the probability distribution gjz is replaced by an
arbitrary probability distribution Oj in the inputs I(jN’ ) . Then the

outputs from each ¥ with Gj > 0 are affected by the input pulse fN

no matter how large N is taken., Clearly, for N taken sufficiently large,
0:
the output from v, is approximately 6‘1“- times as large as the output

from v, .

(o0}

(2) i) = By 3t - AL (N), A(N)<< . (N)<< A (N)<< ...

In this case, infinitely many input pulses occur at the source at large time
separations t= A, (N), /L AN), ... . For this choice of fy o we again
readily conclude that the output functions X§N’ f) , j# 1, 2, are not affected

by fy if N 1is taken sufficiently large. Again the interest centers in
XQN’:E) for large N

(N, £)

We can treat x3, just as we did in Case (1) for times
telO, _/LZ(N)] . Treating JLI(N) as the JL (N) of Case (1), we conclude
that ngv f) grows substantially in the interval (4 (N)+ T, AL (N)+7+ )\)
)\,,JL 2(N)]
Since .J\,,Z(N) >>_/L1(N) , We can suppose XSN’ ) (_AZ(N)) =~ 0 . Now we
iterate this process. We treat AL ,(N) as the_/L (N) of Case (1) and A 1 (N)

+

and then decays exponentially towards zero in [JLI(N) +T

as the X\(N) of Case (1) . We conclude that ng’ f) grows substantially

in the interval (A N) + 7, A ,(N)+ T +%) and then decays exponentially
towards zero in [A,(N) + 7 + ), _/1,,3(N)] . This process is iterated
infinitely often, and we arrive at Figure 12, The heuristic point of this
example is that we can perturb the source as often as we wish with

input pulses without distorting the output, just so long as the rate with

which the pulses occur is sufficiently slow.



1(N:f)

x(N,f)

(N,f)

j#£1,2

><(N,f)

A A
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A(N) A(N) A4(N) AL(N)
% %}7\ %L___; t
A, (N) A,(N) A5 (N) A 4(N)
-t
A(N)+T A(N+T A NI+ T A N+ T

Fig.l12
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4D) The Nonlinear Trend in the Individual Outputs is Not Seen in the

Linear Average Output

In sections (4A) - (4C), we have shown that there exists a distinctive
trend in the outputs of a sequence G(l’ ) . G(Z’f), ooy G(N’ f), «.. of
outstars if, for example, we let fN(t) = J(t -__/L (N)) , Where,_/L(N) >> A(N).
This trend is particularly evident if we let G(oc) have initial data of the
form zlj(0)> 0 and Xj(0)= Y , forallj# 1 , and choose 6. = g‘

j j2
(N, £)

Then in every G , the output from each vertex of the border is

the same at time t= 0 , and we say that the output is uniformly distributed

attime t=0 ., In G(l’ f) , the distribution of outputs from the border
never deviates too far from this uniform distribution since only one input

2
pulse reaches v; and v, . In G( )

, the distribution of outputs from
the border is slightly more peaked at v, for times t ;_A, (1) . By the
time we reach a G, f) for which N is very large, practically all the
output from the border comes from vertex v, for times t }_/L(N)

We diagram this trend in an idealized way in Figure 13, We have set w= 7

for simplicity.

We now ask how much of this striking trend is visible in the average

output

(N, )

(N ?’\) A "
x = " Zhs\ X

(N, £)

of each outstar G , N=1, 2, ... . We shall show that this trend

need not appear at all in these averages for large times.

PROPOSITION 2.2. For any fy(t) = zizl;r(t - A k(N)) , where

A k(M) - A k(N)=A k+l(M)""‘/Lk(M) >> 0 , and R is any nonnegative

integer, including ®© |

M f)(t + L ,M) = x(N’f)(t + A ()



G(I’f) <

G(2,f)<

h_D
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fl\(|)+’t'
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for all t> 0 andall M, N=1, 2, ...

PROOF. We prove the proposition only for the case R=1 .
The generalization to other values of R will then be obvious. The proof

(N, £)

relies on the fact that the average x obeys a linear equation which

) £ .
is independent of the probability distribution X(N ) . This can readily

be seen from (2, 1) and (2. 2). We omit the subscript "1" in ./\.‘I(N) for

simplicity.

For t >_A(N) , summing over j# lin (2,2) gives

X CNSIF) >‘: -a (2 XCE‘)@\ >+ ﬁxc?)p) Cb'?> )

(2 3|

3%\

Adding this equation to (2. 1) and dividing by n gives

)ZCN)F') = —a XCN)G)_‘_ —E" x‘(N’® Ct -—'z;) -+ —I;} E(t-,/\-(\\\») (2.17)

since by (2. 1)

>2\CN\?—) == o(XCN:G-) + j Ct’_A,(N)\ R (2.18)

Integrating (2.17) gives for t >4 (N) ,

x (08 (o) = x “B (AmNe” aatll

© al-o) )
+ 5 Se—d o [5 XG\?’@ k-s)+ :)_(\r-_/\,(!\m] d
AN
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(1

L
ra ge-&((:—v’) (,8) )2
4 b e v
AN | 6= A(N)

+ —‘—=e‘°‘<J°’J“N“§ e " v,

% (2.19)

Similarly, integrating (2. 18) gives for t > _/L (N)

=l _A(N)
(N ®< » = OLGC —/L(N“S’ OWSD-CU*)&U— (2. 20)

Substituting (2, 20) into (2. 21) gives

+-AW)-T

M) & —%/%MN } (ﬂg 8 g L) e

e _/L(N)
- a(t-AlN)
+ ";‘: ) ) e A

(0]

where

) - O e “i:%-M
%M u’ e +te M

Thus for any t >0

v v
x MOt e H L, 5 (-t>e‘°‘(€""’>§o ar {5736

b
+ %\"e'“%goe 3D
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e

08 (5« Almd) .

The heuristic point of Proposition 2. 2 can be stated for the case
in which R = ®© in the following way. Suppose that an experimentalist
wants to find out how outstars work by collecting data from them. A
standard rule of prudence when confronted with an unknown system is to
first study the long time average output of the system. Given the outstar

G(N’f) , this average is

L
(N, ¢
-_E' x M) )(\r»&o—)

)

where t>> 0 ., The experimentalist will readily observe that each

(N, 1)

average output x obeys a simple linear equation. He will also

&

6
3%5 x M - & 3{ x MO (4

note that

o

for t sufficiently large and all M, N=1, 2, ..., since
( A
X N, ) (‘6+A(M\\ = xCM’HGC—kJL(M\)

and an infinite amount of mass fN reaches the source vertex for times

it >/,_/\_ (N) in every G(N’f) . A plausible inference from these data
is that all the outstars G(l’ f), oo s G(N’ f), ... Obey a linear equation

and that these outstars are essentially copies of one another. Both of

these conclusions are totally wrong!



5. The Entropy of an Outstar

Given any probability distribution p =(p;, Pzs «- -« pn-l) , let
the entropy H(p) of p be defined by

n-1
H(p) = - Z | pk lnzpy »
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where it is understood that 0 1n,0 =0 . This concept of entropy is familiar

from information theory, and it provides a rigorous measure of the amount

of information in a scheme of events ([10], [14], [17]). Using this familiar

notion of entropy, we can define two kinds of entropy in any outstar

cN), N=1, 2, ..., ©. Let

(N)
X

(N)

HY/(t) = H(X; " (t), ..., Xn

be the vertex (or state) entropy of the border of G(N) at time t . Let

In

H‘YN)m: N, ...,y &)

be the edge (or interaction) entropy of the border G(N) at time t

(e

PROPOSITION 2. 3. Let G ) be any outstar with an initially

uniform border and input functions

J(t - k(w +W))

and

I(J'OC) ) g\J'z 21::00 It -w-kiw+W)), j#1

{2}

oC
Then the state entropy Hg? and the interaction entropy Hif ) of G
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attain the maximum entropy lny(n - 1) at time t= 0 and approach the
.. o0
minimum entropy 0 as t—%»® . Moreover, HY( )(t) decreases mono-

tonically from maximal entropy to minimal entropy as t—$ ® , and

N
lim lim H( )(t) = lim lim H(N)(t)
Ny t—po X N+® tpoc ¥

PROOF, The maximum entropy of H(p) is Iny(n - 1) and is

1
n-1 """ n-1

attained when p =( ) . By hypothesis,

{(0) -

Y1 o) -

J n -

l,J#l

Thus
) )
100 = 507(0) = tngtn - 1)
The entropy H(p) is also a continuous function of p whose
minimum value 0 1is attained when p = (1, o, O, ..., 0) (say). By

Corollary 2.1, lim X(oc)(t) = lirn ygoc)(t) =% Thus
] J je
t—0 t—»0

lim H( )(t) = lim H( )(t)' o .
t—p0 t—»oo Y

By Theorem 2. 3, we also know that lim lim X(N)(t) = lim lim yﬁ\r)(t) = S5

N-»o t>o J N—>C t=3 0

Thus

: . N
lim lim H§< )(t) = lim lim H(N)(t) = U
N=oc t—poo N-poo t—c0 ¥
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(+9 | )
To show that H' ’(t) decreases monotonically, note that
y

0 P
) - 225D

< O iR id = T,,lfT (2. 21)

£ 4l 55 0, B0

paNe e \>1<“;\,‘_T

Since G(oc) has a uniformly distributed border at t= 0 and Ij =0 , ] 41, 2
YI(:C)- YI(ZO)z cee = y&? and Yl(ZO): nl_ 5 (1 - YI(ZC))’ j#1, 2 . Thus
(c0) (00) (o) (e0) >
H \a (A{:\: H(élz 0) V\ZC 5\7’ 9090 ([ 6 » =

Differentiating ngoo) therefore gives

0 a 0o co A ‘. (o) o ()
1Py L1y (g ) § s

3\7, \ n-2
(2. 22)
To calculate the sign of Yl:o) , consider Theorem 2. 2 in the light of
the following facts:
o0 oc 2 1 . 0
W 20 -xF0)=0 ., @ yFo)- =L ana (3) tim D=1
n - t—p 00

[
Thus yiot) 20 and yio(t) 3 —3

By (2. 21) and (2. 22), we therefore

[ J
find that Hy(t) < 0 , or that HY is monotone decreasing.
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6. A Recursively Defined Linear Comparison System

() outstar for which 0. = :
J J2
and whose border is uniform at t= 0 with the following linear system.

In this section, we compare a G

W= - aw + ] (2. 23)
(o0}
[]
o SN s T o - . 1 = 2
WJ OZWJ ﬁ k:O)\Jk%[n(k), n(k+l))(t) Wl(t T) + Slez(t), J 2, 3, . o0 s T (2., 4)
(:}:)
and
Dlj = uDlj + Bw, (t-7) Wj(t) , j=2, 3, ..., n (2. 25)
where
L(t)= = K(w + W))
1 (t) = EkzoJ(t- (w
and

Ij(t) = SJZ Zk:o J(t - w - k(w + W))

w and W are, as usual, nonnegative numbers whose sum is positive,
and we write n(k)= k(w + W) for simplicity. The numerical coefficients

of (*) are defined by letting
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where Dj(k) = Dlj(n(k)) k20, Iy saus 12 8 8, s, B o (%) is lineasr
because w,(t - T) in (2. 24) and (2. 25) is a known function of time by

(2. 23).

The initial data of (*) are chosen to agree with that of the outstar
to which it is compared. In particular, we let wl(v) = xl(v) =0, ve [ -7, 0] s
% (0) = x;(0) = 0, and Dyj(0) = 2,(0) = §$>0,341 . Itisthen
readily shown by an iterative procedure that Wz(t)s x,(t) and Dj,(t) < vy 2(t)

forall t >0 , whereas wj(t) ;Xj(t) and Dlj(t);ylj(t) for all t> 0

and j#1, 2 . In particular, Aok S vi2(n(k)) € 1) forall k=1, 2, ... ,
and ’

w(t) x5(t)

£ -
n n
Xz'(t)
forall t 20 . In Corollary 2.1, we showed that lim y(t)= lim ——F——=1
tp© t— © Zk:Z Xk(t)

in the outstar. In the present section, we show that

wo(t)
lim )\, = lim Q. - 1

which provides an alternative proof of Theorem 2. 2 for outstars whose

initial data are chosen as above. This alternative proof will emphasize

the importance of the discrete time scale n(k), k=1, 2, ... in determining
the limiting behavior of (*). Indeed, it reduces the question of finding

the limiting behavior of the nonlinear outstar to deciding the divergence of

a series in the linear comparison system (*).

THEOREM 2.4 Let (*) be given with initial data
wi(v) = w,(0)= 0, ve[-7,0] , and Dy;(0) = S>0,34 1, 2. Then
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w; (6)
Y Qm To®) T Bga
lew‘., >\6"°- Z’Q =z Tk
R o0
w,(t)
PROOF. Once lim Ajkzésjz is proved, lim _LB_— =5, is
k>0 t->00 Zk=2wk(t)
easily established. The strategy for proving lim /\jk = 6j2 is given below.

k=00
The details are in Appendix A. First we show how a series enters the proof.

By (2. 24),(2.25}, and the uniform distribution of initial data, it is

n
i S = Yo i =1,
readily seen that (t) D14( = D (t Since also Zm:Z/\mk 1, we
conclude that A :l—(an)A . Thus hm A iff Iim )\ //\ -0 Since
2k 3k 2k
k>0 k>
>‘2k/>‘3k D (k)/D (k), it suffices to show that 1lim D (k)/D (k)=c0 to prove
k>0

the theorem. The main step in doing this is to show that Dz(k)/D3(k) has

the following series representation

k k S-S (Mot € :
Da() l QSLR X;\ Vit R7G) Ps

(2.26)

c=(n-1)D._{o),

12(
n(1)
3,- PS e (o g o) -

[Nz(n(k—l>+g 2 du‘Iaﬁwﬂ— n(kﬂ\\&ul OQ\I""‘ ?

(2.27)
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™ o () (u—oﬂv—’
Pw= © go e Wy -5 + n(le-\ﬂ’
g’“—eduv&\ (u.-'C*x—lan.-\“&u. &u—-)

(2.28)

k_1-j
and sz Zj*l R J(é’j +§j). Once this is shown it will remain to show only that the
series

C

v, .+
_ o -(i-1) ig j-1
1= §1R Wj:l\vj = c+tRrR-(-1 )_g )
- ]

diverges.

(2.26) is derived by finding sufficiently many recursions involving
the quantities D2 k), D3(k), and know functions of Il and initial data. The
proof of these recursions depends on the fact that only the coefficient )\jk
appears in (2.24) when te[n(k),n(kt+1)). This is the first appearance of the

discrete time scale n(k),k=1,2,... First we find a recursion expressing
DZ'(‘k‘) Dz(k= 1)

D, (k) ~ D,(k-1)

in terms of Dg(kml), Dz(k-1)+(((nm2)D3(k-l), and known

functions. Next we show that Dz(kwl)'F(an)Dg((km]l) obeys a recursion which

can be solved in terms of known functions. It is not surprising that this is
(1) n
==
k=2"1k
in an outstar, and this sum obeys equation (2. 6), which is independent of the

possible, because Dz(k-1)+(n—2)D3(k=l) is the analog of the sum z

unknown probabilities X, and Vi D3(k=1) can then be disposed of in a
) D, (k) Dj(k-1)

D,(k} Dy(k-1)

of I1 and initial data. A simple recursion on k then gives the desired

series representation (2.26).
D,(k) D, (k-1)

D3<(k)) B D3(k=1)

similar way. This allows us to write as a known function

The expression for

is given by
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D, (k) _D,(k-1) §R(Dz(k-\\+<h-z\bs(k—)\>
DS UQ") D3(k_‘) DB (k—\\(@ék-\- DL(:\Q-\)+CV\‘L3‘D3(\Q“\\ ’

_e— Dz(k)+(n-2)D3(k)=Rk(V )

and ;k) = i ( J ]'
D, 12()

)
(See Appendix A.) Thus

D, ) p,Ge) R

Ve + C
le=1 §"’~ a7 .
D, () Dsle) D, (o) I TR

which when iterated gives the series (2.27) for Dz(k)/D3(k)o This completes

the first part of the proof.

The second part of the proof is to establish that the series T diverges.
Here the discrete time scale n(k),k=1,2,... makes a second, and crucial,
appearance. Namely, it allows us to conclude that the sequences § §
and E fk are monotone increasing. These sequences are also
bounded because the inputs I. and I, are bounded. From these two facts

1 2
follows immediately the existence of the finite limits § =lim éi

gﬂim § .« Once we know that the limits § and jf exist, we can apply
i
i->00
the ratio test to the series T to test for its divergence.
In the course of proving that the sequence §1 952, 5 o6 is monotonic,
we need to know that all the terms in the series (2.27) are nonnegative, since

A2k , . , .
then —— (= ') and hence ) 2k 18 monotone increasing in k. In the

2
Ay D3R

analogous outstar, nonnegativity guarantees that ylz(t) is monotone increasing.
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Nonnegativity also guarantees that § and g are positive.

Given the existence of the positive limits § and E , the ratio test
implies that T will diverge if

B, S Vit e

b1
L — > |
T
L =00 &L-\ VL—|+ c+§;8 )
where S=R™ =MW1 Gatis, if

. +~ C \

Qe v >

) -SL—‘ g o
L o0 Voo F C+§°

Once this is established, lim X, =56,  is immediate. (See Appendix A.)
k~>00 N
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PREDICTION THEORETIC INTERPRETATION

PART II

1. Introduction

We now give the results of Part I a prediction theoretic interpretation.
Our goal is to construct laws for a machine % which can be taught to pre-
dict the event B whenever the event A occurs. This goal can be stated
in several related ways. We can say that we wish to teach the machine
that the transition A--B is correct, or that we wish to teach the machine
the list AB. Phrased in this way, our task can be described by analogy
with the task of teaching lists of letter to an idealized human subject, who
shall henceforth be denoted by/d . Suppose that we wish to ’teéch/&
the list of letters AB. A standard way of doing this is to repeat the list
AB to/£ several times. To find out if /<£ has learned the list as a
result of these list interpretations, the letter A alone is then said tq/g .
If/<£ responds by saying the letter B in return, and/<g does this whenever
A alone is said, then we have good evidence that/({ has indeed learned
the list AB. Thus/Qf learns to predict the event B whenever the event A

occurs as a result of repeated presentations of the list AB.

In this section, we suggest one way of translating this intuitive idea
of learning into formal terms. We can easily think of several desirable proper-
ties which a machine that learns a list of events in this way might profitably
have. We state these properties here in a somewhat colorful language to aid
the reader in comparing and contrasting his intuitive concepts of learning with
the particular formal translation table that we shall set down for these properties.

The translation table that we shall provide is a very special one, to be sure,
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since it is intended to deal with the particularly simple case of an outstar.

1) Practice Makes Perfect.

The more often the list AB of events is repeated to the machine 77() )
the better becomes 77(_/ 's prediction of B given A. Moreover, if the
list AB is repeated indefinitely often, then 77’(_/ 's prediction of B given A

comes as close as we wish to a perfect prediction.

2) An Isolated System Suffers No Memory Loss.

If we succeed in teaching the list AB to % to a given degree of
accuracy, then € remembers the list with approximately this accuracy

just so long as no new teaching occurs.

3) An Isolated System Remembers without Continually Practicing.

In everyday life, it is a commonplace experience that facts can be
remembered for a substantial time in the absence of continual overt practice.
We shall construct a machine that also has a good memory even when it does
not practice. Indeed, its memory sometimes spontaneously improves even

without practice (i. e. "reminiscence" occurs; [16],p. 509).

4) The Act of Making a Correct Prediction Can Reoccur Indefinitely Often without

Retraining.

Suppose that 77(_, knows the list AB of events.. It would be most un-
pleasant if the very act of predicting B, given A, erased the record within
77(_/ that B is indeed the correct reply to A. If this were true, we would
have to reteach the list AB every time a correct prediction occurred. In
the present system, the act of recall can occur as many times as we please

without requiring the retraining of % s

Properties (1)-(4) show that once a list AB of events is taught to
the machine 7 , retention of the list is quite stable. The next property

shows that this stability does not prevent (4% from adapting to new experiences.
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5) All Errors Can Be Corrected.

Suppose after 77(/ learns the list AB it is found that really the event
C should follow the event A. Then B is , by fiat, an error whenever it follows

A. We shall see that this error can always be corrected if % then practices
the list AC sufficiently often.

We now make properties (1)-(5) rigorous by translating them into

theorems of Part I about outstars.

2. The Machine.

The machine % which we construct here obeys the equations (2.1)-
(2.4) of an outstar. Once this machine is understood, the same basic concepts
can be applied toasystem given by any semistochastic matrix P, as in Chapter 1I.
% consists of n states, namely the n vertices \/‘,1 of the outstar, and
these states interact with one another along the directed edges e The
machine 771/ is manipulated by an experimenter Cg whose goal is to teach
/},U to predict the event B given the event A. The experimental manipulations
created by @ are represented by the input vector function Cz(I1 ) Izy ooy In).
The outputs which these manipulations produce are represented by the output

vector function < :(XIl XK pe o ,,xn)., In particular, the input function Ij

Z
represents the total history of experimental manipulations performed on

state v..
Suppose for example that

5

oo
= i
Zk:o Jl(t k(wtW)

and

a0
T = -w=k s i£l.
L= 0F T, (t-w-k(wa W), jf

(c0)

Then % is an outstar of type G , as treated in Corollary 2.1. Each function
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Jl(t—k(w+W)) and Jz(t-w—k(w+W)) signifies the occurrence of an experimentally
created event. Jl(t—uk(w+W)) is an event which begins at the source vertex v
at time t=k(wt+W) and lasts until time ’c:k(w+W)+)\1. The function

Qo

Il=Zk:0 Jl (t-k(wtW)) signifies the occurrence at the source V. of a periodic

1
succession of identical events with the waveform Jl(t) at the times
t=0, wtW, 2(wtW),... These events each last )\1 time units. Similarly,

the function IJ.=OJ_Z) Jz(t-w-k(w+W)) signifies the occurrence at the

0o
k=0
border vertex Vj of a periodic succession of identical events with waveform

OjJZ at the times t=W,2wtW,3w+2W,... . These events each last /\2 time
units. Every vertex Vj of the border receives a periodic succession of events
whose waveform is identical except for the weights Qj. That is, the experimenter
distributes a fraction QJ. of the waveform Jz to each vertex V, of the border

at periodic intervals. Corollary 2.1 assures the experimenter that his unceasing
labors do not go unnoticed by the outstar. Indeed the normalized vertex functions
Xj and the normalized edge functions ylj are both responsive to the experi- . 1
menters's choice of weights Qj and gradually adopt these weights as their own

no matter what their weights were initially.

3. Repeating the List AB N Times.

Now that we know what an event means in an outstar, it is simple to
translate into formal terms the intuitive idea of presenting a list AB of
events to the outstar N times. Firstly we must assign a state of the outstar
to each symbol of an event. If for example we are given twenty-six symbols
to A, v, to B, v, to C, and so on

1 2 3
down to Vo6 and Z. Given this assignment of symbols to states, suppose

A,B,C,...,Z, then we assign v

that an experimenter wishes to teach an outstar to predict B given A. He
must indicate to the outstar in some way that B is the "correct" successor.
of A. He does this by repeating the desired sequence AB several times.

The only way to say a sequence AB to an outstar is to create perturbations

at the vertices Vl and VZ which stand for A and B, respectively. Thus
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one occurrence of the sequence AB is translated into an outstar's mechanism

by the arrival of an input pulse J(t-k(wtW)) at V. and of an input pulse

1
J(t-w-k(wtW)) at Vv w time units later. N periodic representations of

2
the sequence AB, starting at time zero, is translated into an outstar's

mechanism as an input function IiN)(t) = J(t k(wtW)) for vertex V
(N) N-1

an input function I (t)= Z J(t -W- k(w+W)) for vertex V

(N)_
J(N)

» and input functions

2
G(N) -

=0 for all other vertlces J?é]. 2 ; that is, as an N-truncation
is thus the outstar which results when AB is repeated N times at a
fixed rate by the experimenter.

To test whether or not G(N) has learned to predict B given A, the

(N)

experimenter presents A to G at a later time and sees whether or not

N
G( ) knows that B is the correct prediction. That is, the experimenter
creates an input pulse at V1 and waits to see if the output created in this

way comes only from V _. As soonas A occurs, however, the outstar

oy

Suppose, for example, that A occurs in G

is no longer of type G

(&) at time t=A(N).
(t)=J(t-A (N)) occurs at the sourcav
N-1
k=0
An outstar of type G

This means that the input pulse f 1
J(t-k(wtW))+f (t) . This is
» f)

N
The total input to the source is therefore =

the input of an outstar of type CSN’ ' » where
fN(t)=J'(t—JL(N)), is thus a machine subjected to N presentations of the list

AB followed by a single presentation of A on a test trial.

4, "Practice Makes Perfect”.

N, f) . . .
Suppose now that a machine of type G( ) is given. That is, the

experimenter has presented AB to the machine N times and then presents
A alone. The experimenter wants the machine to predict B after A occurs.

This means that the output from the border created by f _ ought to come only

N
from v, if the machine knows the list AB. Theorem 2.3f shows that the
output comes increasingly from v, as N increases. This means that the

2
machine learns to predict B given A with ever greater precision as it
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receives ever more trials on which to practice the sequence AB. In this

(1,1) (Z,f),“. ,G(N’f)

sense, the outputs at large times from the sequence G » G

of outstars, where fN(t):J(t-_A_(N)), exemplify the proverb "practice makes

perfect" in our formal translation table.

This proverb is the first property stated in Section 1. The second
property is that "an isolated system suffers no memory loss". An "isolated

system" is manifestly one that is input-free. Property 2 can thus be stated

formally as follows. The probability distributions X:%(N’ & ang yl(JN’f) of

(N, £)

an outstar of type G remain essentially fixed for all large t. This is
proved in Theorem 2. 3f. The third property is that "an isolated system

remembers without continually practicing”. This is the statement of Section

5 that the probability distributions X(I;I)and y(lj\I)
outputs X(l.\T)decay exponentially to zero. A similar remark holds in an outstar

(N, f)

remain fixed even as the
of type G(IJ\T' f) . Consider an experimenter who is studying G for times
te[)\(N),_A_(N)]; that is, after AB has occurred N times and before A alone
occurs. He will certainly observe the rapid exponential decay of all the outputs
X(N.’ f) and might well therefore be led to conclude that the effects of saying
AB to the outstar N times wear off rapidly. The outstar provides no overt
evidence (e. g., no "overt practice") to the experimenter during this time that
any record whatever of his having presented AB endures. Nonetheless, by
Theorem 2. 3f, shortly after A is presented to the outstar at time t=A(N),
the output is produced by B alone if AB has been said sufficiently often in
the past. Memory sometimes spontaneously improves without practice

0(N9 f)

because vy > (t)>0 for N>>1 and all sufficiently large t.

The fifth property of Section 1 is that "all errors can be corrected".

This property is discussed in the next section.

5. Error Correction and Global Theorems.

Suppose that an experimenter has taught an outstar the list AB by

presenting this list N times to the outstar at a fixed rate. If N is taken

9 o 0 o
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sufficiently large, Theorem 2. 3 guarantees that the list can be learned to an
arbitrary degree of accuracy. After accomplishing this goal, suppose that another
experimenter comes upon the outstar. This experimenter wishes to teach the
outstar the list AC. He tests whether the outstar already knows this list by

~
presenting the test pulse Ji(t-‘A'l) to vertex v. at time t:_/Ll. The output

1
created in this way comes almost exclusively from B. Because this experi-
menter wants C to be the output instead of B, he interprets the output from
B as an error. To correct this error, he begins at time t=,/1.2 to present
the list AC to the outstar M times at a fixed rate of speed, where M is

chosen sufficiently large to offset the previous N occurrences of the "incorrect”

list AB.

The input history of this outstar can be written as

T, = 50 T, (kg W) + T, G-
+ Zk”;‘ %)\Gc-_/\,,_-\g(wz N w,\\)

(o]

T, &)

1

Tire Ty (ouy- ke WY

o

3-3 ({:’—A—z_wz’— \Q(W’;“" wl\\)

}]

MN\-1\
1--"3 (‘t\ 2\\cﬁo

aa Ie &)= ° 3t L, 3,

~J ~J
where Ji and Ji are input pulses that are positive in (0, Ai) and (0, %i),
respectively, i=1,2, and w, and Wi are positive numbers, i=1,2. The
basic question is: by repeating AC a sufficiently large numbers of times M,
can the record of previous occurrences of AB N times be erased from within

the outstar? The answer is yes. This is because of two facts: (1) the outstar
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~ ~
has positive data at time 1::.11,1+)¢1 and in the interval M_1+/\1, o) the inputs are

6= ST (- Akl wz\y)

15 (JCB = ZS‘—'—O\ 3-;’ (:t"-/\.z— W, k(\"rz"' \’Jz\\)

and

I () = O, &F L3

(2) Theorem 2.3 is true for any outstar with positive data and inputs of

the form given in (1).

Thus the possibility of correcting all errors in an outstar depends

on two facts: (1) invariance of the set of all initial data under inputs: no matter

what inputs occur in a finite time interval, just so long as they are nonnegative

the functions of the outstar will remain positive; and (2) the limit of ratios of

solutions is independent of the initial data: Theorem 2. 3f is true no matter

what the initial data is, just so long as it is positive.

This discussion completes our formal translation table of the heuristic
properties (1)-(5) of Section 1 in the case of an outstar. We remark in passing
that properties (1)-(5) do not hold for systems characterized by arbitrary
semistochastic matrices P. The way in which a system learns to predict
depends in an essential way on the matrix P that characterizes it; i.e,,
on its "geometry". For example, in Chapter 3 we shall study a system
which forgets everything it has ever learned if it does not practice. This

system has the matrix

£ L

o Z z

= L -

P t o &
i -

z 2 O



and the coefficient graph of Figure 14

Fig. 14

By contrast, the system characterized by the closely related coefficient matrix

1 A
2 2
P‘ L
2~ 2

and the coefficient graph of Figure 15

N|—

n|—

Fig.I15

does not forget if it does not practice.

73
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6. Linear and Statistical Prediction.

The deterministic predictions of an outstar are described in terms of
a nonlinear system with a continuous time scale in which events last throughout
a whole time interval. A more familiar kind of prediction is statistical pre-
diction using a linear system with a discrete time scale in which events are
instantaneous. Such systems occur in contemporary mathematical learning

theory ([1], [5]). A typical variable in learning theory is, for example, the

probability P

AB(k) that B follows A after k prior repetitions of AB.

The linear system of Section 6, Part I, can also be interpreted as a
statistical learning theory. Simply let PAB(k) =A2k’ PAC(K) =A 35’ and so on,
and think of these discrete probabilities as being embedded in the continuous

system of Section 6. Then lim >‘2k=1 reads "the probability of B given A
k=00
increases to 1 if AB is practiced sufficiently often". Every outstar gives

rise to a linear comparison system in an obvious way. The analog of

lim Vi .(t)=0. in Theorem 2.2 should be 1lim PA.(k)ZQ, , which is the statement
t>o0 . ] k>
of "probability matching".



CHAPTER III

GLOBAL RATIO LIMIT THEOREMS FOR COMPLETE GRAPHS

1. AN INPUT-FREE GRAPH WITHOUT LOOPS

In this section, we consider a system which exhibits far more non-
linear feedback than did the outstars of Chapter II

. This system has the
coefficient matrix
i A
O o 18 2
—_ A 1
\: - z O 2
i J
z 2 o

and a zero lag time (1 =0). It therefore obeys the equations

Ko (6) = —axele) # B2, Xelb) fac (6) + To (), i-4,2,3,

(k) = 2kzu:) R . =123
el TSm0 M

(%)

2, )= - w2 () + 8% (6)x; (¢)

Z:e (£) =

/«#27

The coefficient graph for (*) is given in Figure 14. (*) is called a complete
graph because every vertex is connected

by a pair of directed edges to every other

vertex, Since no edges of the form shown

in Figure 16 occur, (*) is called a complete

graph without loops.
Fig.16
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We shall study global ratio limit theorems for (*) just as we did in

the previous chapter for outstars. The results for the complete graph are

quite different from the results for outstars in at least one important respect.

In the case of outstars, the coefficient matrix P = “pij " does not uniquely

determine the limits of ratios when the outstar is input-free. Indeed, when-
ever Ylj( 0) = Xj(O) in an input-free outstar, we concluded in Theorem 2,1
that ylj(t) = XJ(t) = constant. Arbitrary probability distributions can there-

fore occur as limits lim ylj(t) in an input-free outstar. In the case of
t=00
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complete graphs such as (*), the coefficient matrix P exerts a much stronger

grip on the possible limits lim vy, J( t). Indeed, we now consider a case of
t$o00

special interest for which the coefficient matrix uniquely determines these

limits and, moreover, lim y (t) = pP..= -l-(l - 6..). This fact can be inter-
t=>00 ij 2 1

preted, in the manner of Chapter I, Part II, by saying that the system "for-

gets" if it does not "practice". In Section 4, we shall find that the complete

graph with loops does not forget if it does not practice.

In order to discuss the complete graph without loops, we cannot work
directly with (*), Just as in the case of outstars, we must work instead with
various probab1l1ty distributions which are assoc1ated with (*). These distri-

*i Zik 3
butions are Xi =5 ij = —j—J‘) , and x T) where x= kzzl Xy o
z(j) = z + z ik ( )= xi + Xk , and the indices are chosen so that {i,j, k}:
{l 2, 3} (*) can be expressed in terms of these distributions as follows in

the input-free case.

LEMMA 3.1, Let (*) be input-free with arbitrary positive initial data.

Then the probability distributions Xi and Vi satisfy the equations
J

BUXot X 950+ X, guc)y ShikE=10m38,

and

X

j;g,‘ G -x; Jik |y 47 R (3. 2)



where +
()
BX, X d . A N
GJ' ZCI) o ﬂoj <~b:} +J;e Xd(l ZJ)O,U“))
and ‘Z(‘;) O)
AN NN

where
X.Z: R A B(Xa' gai T %« 5”‘“’5
and
X = (8-4)x.
Thus
K= 6(- X+ T ype + X, yai)
The equation for y, has the following derivation. By hypothesis,
éd.h= Uz + BXi Xe
= = L(,%d-k + BXZZO; X:-k_.
Since

(§) — .. .
z'd = 25t Y 2k )

2@ = - yatd)y Bx” X; (x.+x,)

= - yzt) o, Bx* 2_”5(\-1?,53,

7

(3. 3)

(3.1)
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In integral form this equation is

.t
20 )< e-“t(zc@ (o) + @gewxzxéﬁ—zéw\r> , t>o0.

o)

Using the fact that

°
%= (B-a)x
7
which in integral form can be expressed as

(B_OL}JC {.>/ o

X(t)= x(o) e | 5

this equation becomes

C
A= () + 1Y e X (1) v )
o Y

(3. 4)

where o= u + 2@ - ).

;)
=

Since yjk= 2

é(p

L= e (s _______>
gék“ 'Z(";) %d'.k— %Sk £C¢\

1 BX*X: (1-X-
= _Zcp['uajh-\-sxlXé X, - Eék(—(“ 4 C\)

z ¢



79
- 6x XZ
B [ik %ak\ X\i\

-k
Bxlfo)ez(B = o (\—XQ Xy

=) - %, Féw 0

1}

Letting ?—(ﬁ" eLM‘;
_ Bxo)e x;(-% )
8 24 p

we find

L
S :G—. ’35‘&) (3.2)
3 dle 4 \ =X e .
(3.4) can be used to express G, in a convenient form as follows.

G- 8 x* () e x; (1- x)

§ 2W(o) + ,@x?‘(o\)Y‘:ecr x; (1-X; )
(o)
EXS (\-Xg\
- 3’54—8}”"-}:; (-xg) dv-
g
- oa; QO% (7 +g "=, (1- X\J\r\> (3.3)
_ gcé\Co\
where 1& = %XZCO\) 20 °

Equations (3.1), (3.2), and (3. 3) are used as the starting point for

proving the following theorem, This theorem provides three kinds of infor-
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mation about (*): its limiting behavior as t —» 00, a summary of its possible
oscillations in [0, o), and conditions on the coefficients @, B, and u wunder

which the limits are unique for a large set of initial data.

THEOREM 3.1. Let (*) be input-free and suppose the numerical co-

efficients o, f, and u are arbitrary positive numbers. Then for any pos-
itive initial data satisfying zij(O) = zji(O), i, j=1, 2, 3, the following conclusions

hold:

(1) (limiting behavior) All the ratios Xi and e have limits
J
Q.= limX (t) and P_ = limy_(t) as t=>o00 , which satisfy the system
1t jk  tooo jk

of equations

1
= > -
7 2Q,=QP, +QP ., §1J,§{123§

In particular,

(@-B)t

3
lim x.(t) e = Q) %, (0)
P i %=l

(2) (oscillations) For all indices ii, s kg ={l, 2, 3}, the functions

= = = = = - o h i
fij x, Xj’ gijk zij Z hijk Xizjk Xiji’ and Yij change sign

at most once. fi' and g i do not change sign at all if f,, ,(O
J kij

while hk" and §rij do not change sign at all if f (0 (0) >0 and
1]

0 f .(t
hkij(o) > 0. Moreover, f_,(O) gk,,( ) > 0 implies ij( )
t > 0, while fi_(O) i (O)> 0 and h

k (t) > 0 for all

Kij (0 )gk (0)> 0 imply fij(t)gkij(t)> 0

and th( )gk (t)> 0 for all t> 0,

(3) (uniqueness) If, moreover, the coefficients satisfy the inequality

1 1
_ _ _L =p. =21 -38,),
c=u+ 2@ - @ > 0, then Qi 3 1 1,2,3 and ij pjk 2( Jk)

k=123

The following remarks help to visualize the geometrical meaning of
this theorem, say for the case o> 0 in which uniqueness of limits holds,

0)> z, .(0),

(a) (2) shows, for example, that if x,(0) > xj(O) and z_(

kj(
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then Xi(t) > x . (t) and zk'(t) > Zk'(t) for all t> 0. Thus if a common order-
J 1 J
ing occurs in corresponding edges and vertices at t = 0, then this ordering
propagates through time (i.e., it is a "geometrical" property of the graph).
1
t) > i i == i i
zki( ) ij(t) is equivalent to Yki(t) > > Since grki changes sign at most

once, y,. has a graph of either the form (A) or (B) given in Figure 17.

T (A)
N
X
2
> t

1-_

(B)

yij(f)

% ___________________________

Fig. 17

(B) is guaranteed if, moreover, Xk(o)zi'(O) > X'(O)Zik(0>' Thus after at
J J
most one start in the wrong direction due to an unfortunate choice of initial
1
Vies settles monotonically to its limit > but does not reach this
limit in finite time s.1ce fij(o)gkij(o) > 0 implies fij(t)gkij(t) > 0. This

data,

strong control on (*)'s oscillations is important to our prediction theory,

since (*) can be called upon at any time to reproduce the ordering induced

by prior inputs.
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(b) The hypothesis «>p is not essential to the proof. Because

3
X = E:I x,  obeys the equation % = (B -a)x, (1) 1mp11es that l;rééx (t)y=0

if o>, that l1mx (t) = oo if a< B, and that E x (t) = constant if
t-»00 i 1 k

=B, In all these cases, the ratios
X (t)
X (07 X0+ O+ x5 ()

1
approach 3 as t*oo if >0 and B> 0.

(c) The hypothesis Zij(o) = Zji(o) is obviously equivalent to the
hypothesis Zij(t) = zji(t) » t> 0, even when (*) is not input-free, That is,
the "reversibility" of the weights zij is a "geometrical" property of the

graph.

(d) The condition o> 0 is not superfluous in proving, as stated in

1 1
(3), that Q and P P 2(1 - 5J_k).

prove as a corolla.ry to Theorem 3.1 that

Indeed, when o< 0 we shall

Qo

o\i = 4 QOé <\+ .%:d— g ("‘XSAU’

(0]

[ k %&k
£ = 2 (o)

o sz(o) ¢ . Since X,(l - X) < 1, this implies

‘ FCTAG) \&Q°%<l+ 7"“"‘)

and thus the deviation of Pi' from yi,(O) can be made as small as we please

where

by taking o< 0 and \O‘l sufficiently large. In particular, if
L S
(%“‘1 0) - \>Q”QM§ <|+ silal/)

1
then ij 7! >

>



PROOF: Theorem 3.1 is proved in three major steps. In step (1)

below, we prove all the assertions of (2) and the existence of all limits

b
400 ij - % oY

a direct method that makes use of special properties of (*). In (II) we use

ij = lim ij(t) for arbitrary positive initial data satisfying z,. =

the existence of all P, to prove the existence of all limits Q. = lim X (t)
jk i tooo i
by treating (3.1) as a system of linear equations in the unknown variables
X, with the almost constant coefficients V. Andin (III) we use the exis-
J
tence of all ij and Qi to compute the possible values of these limits
using various algebraic properties of (3. 1)-(3. 3). Then we apply some

special facts found in (I) to show that these values are unique if ¢> 0 and

are as stated in the Theorem.

(I) Toprove that all limits Pi' exist, we exhibit new unknown vari-
ables which obey equations that have i, surprisingly linear form., Instead
of treating directly the vector function X(t)= (xl(t), xz(t), x3(t)) and the
matrix function Z (t) = u zij(t) II of unknowns, we shall use Lemma 1 to
find two matrix functions || Xij(t) | and | Yij(t)” of new unknowns such
that each triple (Xij’ Yij’ Yij) will have the properties of the triple
(X,Y,y) in the following basic lemma,

LEMMA 3, 2, Let the real-valued functions X(t), Y(t), and y(t)

satisfy the following system of differential equations.

X = aX + by (3.5
Y=cxX+dy (3.6
(Y -X) =e(Y - X)+£Y (3.7
v =gy -X), (3.8

where the functions a,b,c,d,e,f,and g are continuous, and in addition the
functions b, c,f, g are positive. Then the functions X, Y, Y - X, and vy
change sign at most once. X and Y do not change sign at all if X(0)Y(0)»0,
while Y - X and y do not change sign at all if X(0)Y(0)> 0 and

(Y - X)(0)Y(0) > 0. Moreover, X(0)Y(0)> 0 implies X(t)Y(t)> 0 for all



t> 0, while X(0)Y(0)> 0 and (Y - X)(0)Y(0)> 0 imply (Y - X)(t) Y(t)> 0

for all t> 0, If in addition y is bounded, then %Ep%y(t) exists.

The conclusions of the lemma concerning the sign changes of the
functions X, Y, and Y - X can be conveniently pictured in the (X,Y)
plane as in Figure 18, where the arrows indicate the direction of the (X, Y)

point through time,

<

(+)

FYYyyvy

TYYyvyy

—
—~

& Aatidts

If the (X, Y) point starts in the region (+), then y(t) is always monotone
increasing, while if it starts in the region (-), then y(t) is always mono-

tone decreasing.

PROOF: The vector field is non-trivial on the indicated critical
lines. Also by uniqueness, the trajectory cannot arrive at 0 from another

point. The conclusion is therefore clear for X, Y, and X - Y. It can also

84
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easily be seen by integrating (3.5) - (3. 7) using an exponential change of
variable and then invoking nonnegativity of solutions; positivity is in-

essential,

Consider y in (3.8). Since g is positive, (B) implies that y
changes sign at most once and not at all if X(0)Y(0) > 0 and (Y-X)(0)Y(0)>0,
We can therefore find a T such that t> T implies y(t) is a monotonic
function, Thus if y(t) is also bounded, then %}.)ngoy(t) exists, This

completes the proof of Lemma 3, 2,

Lemma 3, 2 will prove the existence of all limits ij if we can find

matrix functions || Xjk(t)” and || ij(t) " with the properties of (3. 5)-(3. 8).

We define these matrix functions in terms of the probability distributions

xjk and ij by letting XJ;k = -;: - xjk and ij = % - yjk' It is easily

seen that if these matrix functions satisfy the equations of Lemmas 3, 2,

then all the assertions of (2) in the statement of Theorem 3.1 are proved.

We now proceed to show that these matrix functions do indeed have the
desired properties, In the following discussion, only the triple (x21' Y, yZl)
will be considered. Our conclusions will carry over immediately to all

triples (xij' Yij' yij) with i# j by simply permuting indices.

(Ia) We seek an equation like (3, 5) for X, and Y,. This equation

is
o1 = =A% T By¥y

where .

Aa=—Z2— + a(1+ 5——3—}}‘”>

"’x:_

and 2(2\
A\ BY_\_X& + 413 2 (3 l> @)

oL




86

Letting i= 3 and then 1 in (3. 1) and subtracting the two equations

gives

<X3"X,Y= &["(X‘;‘X‘}\' X,_(.gzz,“azl +X|‘3\3'X3‘;}3]
= B[ (2 x ) Ta (s )+ (2,-35) s
+ X3(‘8t3"‘330} 5

CAE MEIRCTINCEESS APUSHINGS JOWN|

The left hand side of (3.9) is an antisymmetric function of the indices 3 and
l. We now seek an expression for the right hand side of (3. 9) which is also

antisymmetric in these indices. Permuting the indices 3 and 1 in (3. 9) gives

X., X‘,D B[ (H"éz\\ & Xg)'i‘.Xy_ 31\ 32_3>+.X %31 8|3)] (3. 10)

Subtract (3.10) from (3.9) and divide the resulting equation by 2, Then
\-
<X3 Xw H3\(X X}‘-BX 23 ri e FS( (‘6‘3 530 (3. 11)

where

HB\: $<\+ Yz ¥ Q3 >= H\3 )

H

The right hand side of (3 11) is clearly antisymmetric in the indices 1 and 3.

Using (3. 11) we seek an equation for the derivative of XZl in terms of



XZl and YZl' Since

- L -
Xa.|“ *24

[

2

.. K
P x|+ X3
X

]

e

ga(x\'\')(g)
XB“ Xl
&(X‘ Xz)
= XB‘_X\

a(i-x,) ?
X =[X3“X| ‘

.Xz e

- = X-—

(-X Z Q(l X.g)l ) 7> 3 X}B

i

X,

i—x, Zal ““zﬁ; [‘Hsi (2,x,) + 22 (42421 )
+ B(I;X‘ID Catls““(}&):{)

or

87

- o2. X, _ - _
Ay = Uy ) Bt (s e) £ 1 (g

£X ) i e S
Consider the term 2("’X3 gzs 374 in this equation. Since

l-YZl and Y =;1"

237 21 2 Y21

_BX:
(l Xz) (1323 ‘aZI> /_XZ 7;,’21 ®
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X
Lettin A = -
8 A= Hy -TTx B

= -Ag Xa, + 222

, we therefore find

+21_§"(3\3’3-3D. (3. 12)

Consider the term -E(YB - Y31> of (3.12) in the light of the hypothesis
Z..= Z,. .
1] J2 23 _ 23
%‘3_ ‘6’3\= -&\.2_"\“2"3 '53‘"’%32.
= =13 - =213
= Z2(25-25)
(azt*‘ 27’"13}(2'\3"\' &2-3)
.Z 2_(7-)
and (3.13)

‘:—(‘3\3" ‘33\) Y %\3—557 7;_]

Substituting (3. 13) into (3. 12) gives

*X..Q.\ = - Aal X&\ AN BQ—\Y:M

Cz)
where Xl 13
B&t= ﬁ}:l“Xg_ 8 < (3'))1.

(Ib) We now seek an equation like (3. 6) for YZl and X‘21 . This

(3. 14)

equation is

Yo% -G,Y, + G X,

where

)
G, = £25—> 0.



89

It is derived as follows. By (3. 2) and (3. 3),

. G& (—"\—Cx_xa_ - 59-\3

Qs
. -
]

where
oex xY
G_&. - —f%Cl) [ ]
Since Y, = &
mee T2 T Yo
° X \
- - =+ - \>

Since

| =X 2
Y&\ = & ( a1~ Yay ) . (3.15)
(Ic) We now seek an equation like (3. 7) for X, - Y, and Y,

This equation is

(Y, -X_ ) = -E_ (Y

+
21 21 21 +X21) Fal¥

21 21721

where

E_ = + i
21~ G, A21+P(V31 v13) Yo

and

F_ = +
21 P31y )5 V23)+V21V13]‘



The strategy for deriving this equation is simple. We compute equa-

tions for XZl and Y‘21 by factoring out as many expressions Y21 = X21

as possible, Then we combine these equations by subtraction. Since the
equation for YZl , namely (3.15) is already in the desired form, we need

only compute an equation for X We already have equation (3. 14) for

21 °
XZl’ and the new equation is obtained by merely rearranging terms in

(3.14). By (3.14),

Xa= ~HaXat By¥a
Using the normalization conditions X + X2 + X and Yij + Vi = Ly
{1 J,k% il 2, 3% , we shall be able to rewr1te (3. 14) as
Xo1= " DuXy - Yy) - F, Yy (3. 16)

where FZl is positive. Subtracting (3.16) from (3. 15) and setting

EZl = G‘2 + DZl then gives

(Y,.-X_ ) = -E‘ZI(Y21 X

3.
o Xgy )+ F_ Y (3.17)

21 21 21

It therefore remains only to show that (3.16) can be found.

: _ ) 4 :
Letting H,, B21 AZl , (3.14) can be written as

X, = A, (X, -Y,)+

3.18
21 21( 21 ( )

Ha¥o1

Consider HZl' Since

(=)
_ X 2
Bél\’ ﬁ[\jx + ;_3 (263)>

fo
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and

3\3‘\"33\ >
Aéz\:: T, +B< e y

+ X

where XZ = ﬁ(—XZ + X 3Y32) :

1712
it follows readily that

H,, = 3( 21T 5’2”(2(;))»9

(3.19)
where
T - ZigatrEsyse ~(\+ 13+33\>
| \ — X, e .
We apply the normalization conditions to JZl .
J - X'(\—3(3}+X3(\-~63\) _ <l + 5\3+%3\>
al |-X, -
X+ X X (.L
= S - < ___\s -+
=X, 17 Qs * " g3 \~X3_>

_L, Xl o4 &3
:-3\3 + > (3-3\<‘ \‘XQ_>

s x, -1 2 d v, == find
Bt T, wmd Y57 -vy s wefin

,_|_+ X | = + X) s

27 Tox, at da —x, O
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nd - —_
) Ly Es + 1T Za

3—9.\= (313— ‘33\»(279.1‘?9_0" 313(% +‘32\>" "éBI <%— 3?—I>. (3. 20)

Substituting (3.19) and (3. 20) into (3. 18) and rearrangingterms gives

X = =i
2%

21 Y,)-F_Y (3. 21)

21~ 21 217 21"

where

> = + -
Doy = 85 §<Y3l 13Y5)

and

(=)
(3)

P Bl (E+ ga)r g (274 ) 22 (2

We now show that F is positive and thus that the identifications f%l =D

21
and iél = F21 can be made to give (3.16). For this computation, both the

21

normalization conditions and the constraints z. = z, are needed.
ij ji )
o 1= :

The terms in —FZl can be rearranged to read

P

] = 3
“F =K, + 2
B 21T Bar T Yzt s (5 - vy



where

A
13
N

3 o= ﬁ)
- 2
o3 (23~ 2=
2 2(3)
(‘33\ %(3\>

<%\3‘33\ i_f%_>

ZCI)

]

]

.L< - 2,2 23]\

2\ 3413 43y 22
.;1 %31 913~ %)\Q

Thus %3‘ ( “ 3‘23

| '“331 (JE“gtz T Azt Y13 T ‘33\ <§.”‘a>-1
= Y3 (2“3\2“ ‘37—\> t 421913
= %3\( Yz ¥ %23> T 3211

FZl is manifestly positive when it is written in this way, and we have there-

fore derived an equation of the form given in (3.16). This completes the

derivation of an equation such as (3.17), for which

E =G + D =i + T =
21 2 217 G, ¥ D, =G, + Ay +B(y; -y 3)Y,)

and

F = ﬁ‘ =
21 "2l ﬂ}’m(yn *Ya3) V21Y13]'

95



94

(Id) It remains only to produce an equation like (3. 8) for 3'-21 e

terms of Y21 - X_. . This equation is (3.15). Since

-Y_ .,
21

1
Ya17 2 21

. = - 3,22
Vo7 G(¥p - %5) ( )

where GZ > 0. Equations (3.14), (3.15),(3,17), and (3. 22) correspond
to equations (3.5) - (3. 8). By merely permuting indices, we can in the
same way derive equations for all indices {i, i k§= {l, 2, 3%. Thus all the
assertions of (2) in Theorem 3.1 are immediate. Moreover, since yjk
is a bounded function, ij = %;rgoyjk(t) exists for all j 74 k.

(II) We now use the existence of all P, to prove the existence of
all Q. = %i,ng.oxi(t) by treating (3.1) as a linear system of equations in the
unknown variables Xi with the almost constant coefficients ij' The first
step in this treatment is to reduce (3. 1) from a 3-by-3 system of equations
to a 2-by-2 system by utilizing the normalization condition X1+X +X,=1

2 3
After doing this, the proof becomes straightforward.

By (3.1),

By =Ry 3 Xy L= <X i)

= - - + .
Bty )X * (v -y3))%; T vy
Letting m., =vy.. - P.,, this becomes
1) 1] 1]

Zz - - - + .
X = -p(1+P;) +my )X +B(P, -Py +m,y m )X, By,

Similarly,
X = - + + = - .
Xy = PPy 4 my, )X, $8(B, - Pyptmy, -myy)X) By,
X
Letting X = ( X > , these equations can be written in matrix form as
2

X =(A+B(t)X + C(t), (3. 23)
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where
-(1+P5)) Pa Py
A= B
P_-P
127732 -(14P, )
-, (t) m, (£) =, (8)
B(t) =B :
m, ,(t)-m,(t) -m,(t)
and
¥4, (t)
C(t) = p
¥ 5,(t)
Pa
. . _ . G et
Since tl-lrro%yij(t) Pij’ ltl-l;nooB(t) and %%C(t) B ,
32

Since X(t) is bounded, 1%irn B(t)X(t) = 0 and (3. 23) can be written in the

form
X = AX + £(t) (3. 24)
where f(t) = B(t)X(t) + C(t)
and
P
lim f(t) = B .
t-$00 P
32

We now show that the eigenvalues of the matrix A have negative
real parts. From this and the existence of the limit %im f(t), it follows

from (3. 24) by elementary arguments ([8])that the limits Qi = tl—irro% Xi(t)
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exist for all i=1,2,3. To show that the eigenvalues 7\1 and 7\2 of A

have negative real parts, we need only the elementary formulas

7\1}\2 = det A and 7\1 +A_=tr A. det A is positive since

2
2

det A =B [(1+P3l)(l+P32) - (PZl-P3l)(PlZ-P32)]
2

=P 1+P; +P 4P, (Py,-P )+ P, Pyl

2
=pg[2 + P21(P Plz) + P

32° 31P12]

2
2B > 0.

Tr A 1is negative since

tr A = -'3(1+P3l+l+P32)= -3< 0,

The eigenvalues }\l and 7\2 are either conjugate complex numbers or they

are both real. In the former case, Re 7\1 = Re AZ = El tr A< 0, In the latter
case, }\l and 7\2 have the same sign since ?\lhz > 0. This sign is negative

since 7\1 +A,< 0. This completes the proof of the existence of the limits

2
Q. .
i
(III) Having established the existence of all limits Qi and ij, we
1 1
= = = =(1 - if o= u+2B-a)> 0. The first
now show that Qi 3 and ij 2(l Sjk) if o= u+t2B-0) e firs
step in this proof is to show that the following relations hold.

Q, < 13 , (3. 25)
- 3.2
Qi ijji + Qkpki , (3. 26)
Qi
and ij= Toa ¢ ik, if Qj>0. (3. 27)

]

(3. 25) and (3. 26) shall be seen not to depend on the hypothesis o> 0.
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The inequality (3. 25) follows from two facts: Xi(O) < 1 because all

initial data is positive, and X < 0 whenever X, K > B because
i i

X, = B(-X, + + X
; = B(-X, ijji ki)

< ﬁ(-Xi + Xj + Xk)
(5 - X))

The equations (3. 26) follow directly by letting t—soo in (3.1) and
using the existence of all limits Q, and P_ to conclude that lim X(t) exists
i jk t+o0 i
Q. +QP. . + . Si i
and equals B( Qi Qj i Qkpki) Since Xi is bounded,

0 o = O . . . . . ..
%%Xi(t) (3.2) is now immediate since p# 0

Equation (3. 27) can be derived as follows. By (3, 25) and the hypo-
thesis Q, >0, 0< Q,(l—Qi) . Thus by (3. 3)

AR Lo x5 (1-x5)

£ —>co Lo (530764 g;ce- U‘Cb-s)xé (i-x;) As)

. @:0-az)
Q;(\-&;)/a

=qT > O

Letting t-—®oo in (3. 2) therefore shows that l1m y ( ) exists and equals
Rk
9 - P
\ - Qé

Since ij is bounded, t]_.}’% ij(t) = 0. Since o> 0, (3. 27) follows immediately.

Using (3.25), (3.26 ), and (3. 27), we now show that the possible values

of Q. and ij can be grouped into two cases if o > 0,
i

1
Case 1. Ifall Q >0, then Q = = and P_ = 5(1-5', ). This is proved
Lase *. i i3 k- 2V %k
by substituting (3. 27) into (3. 26). Then



98

Qs Rk
o = [ +
Re = R - - Qu /-

Since Q >0,
i

| = QL Rk )
= R |~ Qe
This is true for all jf k. Thus

l—Q\ | - Qo I - Q3 )

3 1
= = 3 Z = = == 3. 2
Ql QZ Q3 , and since Z, Qk 1, Q1 3 By ( 7)
4
o= 7o = &

s 173

if jf k
1
’ 2- :Oy = =35 .:P.: ’ P..:
Case If one Qi then Qj Qk > PJk Kj 1 and it
Pki: 0. (No more than one Q.= 0 since then some ka 1 which
i

i~ 5§ Tk kiC

Since Q. >0 and Q >0, 0=P =P  and 1=P_=P . By (3.26)
] k i Tk kK

Q.=QP . +Q P = P = .
j i ij k kj Qk kj Qk

3
1 = 2 = + = =
Since 1 1 Q Qj Qk . Q. =Q =
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1 1 .
To complete the proof that Q.1 = - and P = E(l—éjk) if ¢ >0, we

3 jk
now show that Case 2 cannot arise by employing special facts from (I) con-
cerning the manner in which the functions le and Yiei approach their lim-
its. Suppose Case 2 holds. By (I) y.. and Yki are monotonic functions
ji

for t> T. in and Y are also nonnegative functions and their limits
- L

Pji and P . are zero by hypothesis. Thus Vi and Y are monotonically
J

ki
decreasing functions for t > T; that is vy., <0 and yk <0 for t>T. By
— s Xy —
(3. 2) this means yJ A Xj and y . > l_-}‘L{; for t>T. We use these in-

equalities to estimate )'(,l for large t. In particular, we shall be able to

finda T3 > T such that }’{i > %Xi >0 for t>T. Since X, £ is positive,
= = = i

Xi can therefore never achieve a zero limit. But Q,1 = 0, by hypothesis,

This contradiction shows that only Case 1 can arise.

To establish the desired estimate for X_L, consider (3.1) for t> T,
X, = B(-Xe + Xy + Xy %x«:)

[

L

‘-X' l—XK ﬁ
X
>4 (2 + B
\ =X \"X,&
By the hypothesis Qj = Qk: %, it follows that
X
X s
. s - - = .
/Qum, T:-—X‘: - /Q*"”" l"XlL _ \
E = o0 d E —=> o2

Thus there exists a T1 such that

° >E
X, >EX for t>T.

This completes the proof of Theorem 3. 1.

5[ .5 S (N \>X-+X-(‘a;\z"f ,>+Xh(g "\%

)
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In Remark (a)to Theorem 3.1, we saw that each function Vi approaches
TR |
the limit 3 ™monotonically except possibly for one peak in its graph. We
X,

now discuss how the analogous functions x, , = —L s Where{i, 05 k§= zl, 2, 3%
1J x. +Xk

approach the limit -lé- in a time interval [TZ’ ) after all the functions
X..: Y..) and Y..'X..
i

ij’ Tij i have made their single sign change. We shall

find that there are only two possible avenues of approach.

For example, suppose that y, (T 2) > -Zl Then one of two graphs in
Figure 19 holds. 4
1 =
vi
l+r— T __
2
Xij
>t
T2
1 -
Yij
i
2
T. -t
2 Fig.19

1
That is, either x.(T,)< = and x_.
ij- 2 .

. . 1
increases monotonically to > or

1]
1
x..(T,)> = and the oscillations of x.., if any, are squeezed between vy,
ij 2" —2 1] 1)
. 1 1
and > as yi. —> > -
If yij(T2)< > the symmetric situation prevails and is diagrammed

in Figure 20.
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1+
X|J
o TTr—e
s ——————— e
Yij
— t
T,
1--
X
2 xij
Yij
T >t
2
Fig. 20

We prove these alternatives in the following corollary.

COROLLARY .3l.There exists a T2 such that exactly one of the following

alternatives holds for all t >T, ifec > 0

2

1) y..>x,, > 2
ij—7ij— 2
1

2 = > >

) 32 TR Y

3) y.. > 0 > x,. and x, ., is monotone increasing.,
ij — 2 — 71ij ij

4) x,. > L y.. and x,, is monotone decreasing.
ij — 2 — 7ij ij

PROOF. By (I), X,, Y., and X, -Y. do notchange sign for

1) 1) 1 1
t>T if T is chosen sufficiently large. For example, we can have XijZO
for t> T. This is the same as x. > 12- for t> T. Similarly Yi' > 0 for
- . ij = =
t>T gives y..2 5 for t> T. And X -Y, >0 for t> T gives x, V.
- ij - ij  ij— - 171

for t> T. By examining all possible inequalities in this way, it follows

that the relative magnitudes of x,., y, ., and =
: i

are fixed for t> T.
1j 2 ==



We also know that y.. is a monotonic function for t> T and that
i

1
Pij: 5>+ Thus if (say) y,  (T)> E then yij decreases monotonically
1 v
to 5 for t> T. i 7..< 0 > T . Si .. = G.(x..-v..)s
> for > T. This means Yij < 0 for t> T Since ylj 1(X1J le)
i3 ZXi. for t> T . This situation admits two possible subcases. Either

y
1
y..2%x..2 5 for t>T, or y..> l-> x.., for t> T. These are cases (l)
ij—ij— 2 - ij— 2—"71ij -

and (3) in the statement of the corollary. Cases (2) and (4) arise if

1
yij(T)f_ >+ Obviously cases (1)-(4) exhause all the possibilities.

1
In cases (1) and (2), % is bounded by < and by Vs for t> T
1
while Yij converges monotonically to R Thus x,, is forced into an
i

ever smaller interval as t increases and its oscillations, if any, become
smaller and smaller. We shall now show that in cases (3) and (4), no oscil-

lations whatsoever occur in x,. if t is taken sufficiently large. Since
1] . ‘
Xij = -Xi, , it suffices to show that for all large t, X, is either nonposi-
J 1j
tive or nonnegative.

Consider case (3) for specificity. By (3.14),

- .
XZl AZlXZl BZlYZl
where B21> 0 and
(4
A - "‘.X?, +ﬁ<l+ 313_“331
Q] |- X, o
Suppose we can show that there is a T2 > T such that AZl is positive for
1 1

1 1 = — - = < 0,
t>T,. Since we are in casoe (3), X.Zl 5 - Xy 2 0 and YZl 5 ~ ¥y <
for t _>_T2. lThus X5 = —XZlZO for tZ_T2 and x, increases mono-
tonically to = . An identical argument shows that x decreases mono-

2 21

1 .
tonically to > in case (4). We now show that such a T‘2 exists.

102
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YSZ(t) = IE » we can obviously choose a T_ such

Since lim ylZ( t) =ehm 2

09 >
that e

Theorem 3.1 shows that the limits of the ratios Xi(t) and yjk(t)
can be made unique by choosing ¢ > 0. We now show that this choice of o

is not a superfluous condition by proving the following corollary.

COROLLARY 3. 2. For all choices of ¢ and arbitrary nonnegative

initial data,



104

P aslo) 2 2oy (1+ 5 Soe WXS("%MQ ’

3

This corollary exerts a constraint on P,

K only if ¢ <0, since then,
J

as shown in Remark (D) above,

We can thus make the deviation of P, from vy

\?ék- ‘ag&xo)\ = D\.Qo% <\+ ‘X\é\q\w .

ik jk(O) as small as we please

by choosing ¢ <0 and [o-l sufficiently large.

where

PROOF. By (3.2) and (3. 3),
o Xy
o = G\ EAT - an |

G (;\:-XR+%S\°“>
< AG;

IN

9
<
G (Tt): % Q%<b’ +g eG'V‘Xé- C\‘Xé\&\f‘>)

/l\

gta&w Loy (754 gongé Q‘&”"‘)

t
< q Qo%<l+ b—’?goeq—V—XéQ—Xé\AW)-



In particular, letting t—poo gives
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‘ P&k‘ ‘33;\(07\ s 2 QOB <\+3l”z§0eq~u~z<; (\*Xé\&\r

Theorem 3.1 and Corollary 3. 2 have the following heuristic conseq-
uences. If ¢ >0, then the complete 3-graph without loops "forgets" its
initial data. If ¢ <0 and ,o-\ is sufficiently large, then the graph "remem-
bers" its initial data to an arbitrary degree of accuracy. Even when o <0

and lcr\ >> 0, the "equilibrium" equations /

1
- > = i, =
5> Q ijji +QP {1,3, k} {1, 2, 3§,
hold. This means that although the ratios yjk(t) move very little, the

ratios Xi(t) adjust themselves as much as is required to reach an

"equilibrium" state.

Consider the case o <0. Then u < 2(a-f). Only the case
a-B >0 is of prediction theoretic interest, since then the outputs x.l(t)
approach zero as t$o.  gives the rate at which X, is "excited" by an
input from another vertex, and o gives the rate of X, decay as the effects
of this input wear off. u gives the rate at which the "cross-correlation"
ij(t-'c) xk(t) of pulses ﬁxj(t-r) and Xk( t) in edge ejk wears off,
Suppose that we have constructed a system in which both the excitation rate
and the decay rate of the states x, are rapid and of the same order of mag-
nitude (i.e., @B >>0). Such a system has the virtue thatts response to
external perturbations I.1 is rapid and does not introduce large "inertial"
effects. Then o <0 implies u < 2(a-B) 0. Thus the rate of decay of
the cross-correlations must be very slow if the excitation and decay rates
of the states are large and approximately symmetric. Otherwise, the sys-

tem will forget everything that it is taught.



2. A RELATIONSHIP BETWEEN MEASUREMENT,

LINEARITY, AND REVERSIBILITY.

A special case of Theorem 3.1 is considered below along with a heur-

istic interpretation. (*) is given at t= 0 with ¢ >0 and uniform initial
data (i.e., zij(o) =8 >0, 1#j, and x(0)=y >0, i=1,2,3). v, is per-
1

turbed by inputs within the finite time interval (T, T where

1 Z]’
0 < T, <T, <o, and (*) is input-free in (TZ, ).

Clearly, Xi(t) = -—l-x(t) for te [0, Tl]’ where x = 5 3 Thus

3 k=1 ke
i,l( t) = (g-o()x_l(t) for tel0, Tl]’ so that the output from each ¥ is linear.

1], so

1
y..(t) = = =y.(t). Thatis, the flow from v, to v, and from v, to v,
ij 2 ji i j J i

Moreover, Zij(t) is independent of i and j, i#j, for te[0,T

is globally reversible ("globally" because yij depends on all indices i, j, k).

In (T,,T.], the output from (*) is obviously nonlinear. Moreover

1" =2
YlZ( t) # YZl( t), so that the flow between vy and v, is gdlobally irreversible.
By contrast, zij =z, so that the flow is still locally reversible ("locally"
ji

because z _ depends only on indices i and j).

N

In (TZ, ;)0), (*) is input-free and zij(TZ) = zji(TZ)' By Theorem

xi(t

3.1, lim il = 1, where —lx obeys a linear equation. That is, the
t-o0 1 3

5x(t)

3
output of each v, is eventually linear once again. Moreover, lim Yi'(t) =

L t oo in

)2 ; L . ;
A = 1. Thatis, the flows within (*) are eventually globally reversible

once again.

] for te (TI’TZ]

performed by an experimenter studying (*). This example therefore illus-

The input to v is interpreted as a measurement
trates that a measurement can transform a linear and globally reversible
system into a nonlinear and globally irreversible system, but that linear-
ity and global reversibility are gradually restored as the effect of the meas-

urement wears off. The measurement does not affect local reversibility.

106
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3. THE OQUTPUT OF AN INPUT-FREE GRAPH

IS NOT A GOOD INDEX OF ITS MEMORY.

In a complete 3-graph without loops, o >0 implies that the ratios
ij( t) approach the same limits ij = _Zl“—gjk) no matter what positive
and locally reversible initial values they originally possessed. On the
other hand, when ¢ < 0 and )o|>> 0, the ratios yjk(t) deviate very lit-
tle from their initial values. These remarks have a prediction theoretic
interpretation in the case o> B, since then the outputs x, approach zeroas
t=0 if thegraph is input-free for all large times. In this case, we can say
that a graph with o> 0 "forgets" its past as t—»o in the sense that a
test input pulse occurring at vertex \f at a large time T will produce

approximately equal outputs x.(t) and x (t) from the vertices Vj and

1l
Ve for t> T and all {i, 7 k§= il, 2, 3%. In a similar fashion, we can say
that the graph at least partially "remembers" its past when ¢ < 0, In both
these cases, the outputs converge exponentially to zero as t—soo if the

graph is not perturbed at large times.

An experimentalist passively measuring from a graph with o> 0
and one with ¢< 0 and |o|>> 0 will be inclined to think that both graphs
are forgetting his prior perturbations as the outputs which he measures
approach zero. In the case of the graph with o> 0, he is correct. In the
case of the graph with ¢< 0 and [¢| >>0, he is wrong. In Chapter II, we
also saw that an input-free outstar never forgets its initial data no matter
how its positive coefficients a, f, and u are chosen. Nonetheless, the
outputs of an input-free outstar always converge exponentially to zero.
These three cases amply illustrate that the absolute size of the outputs
from an input-free graph in no way indicates the way in which the graph

will later respond to a test input pulse.

A qualitative conclusion can be drawn from the contrasts of the
previous paragraph. The "dynamical mechanism" of an outstar and of a

complete 3-graph without loops is the same. The two systems differ only
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in the choice of their coefficient matrix P and possibly in the choice of
their coefficients o, B, and u. That is, these systems differ only in the
choice of their underlying "geometry". We therefore see that changing
the geometry of a graph can qualitatively change the way in which it learns
from experience. In the next section, we shall see that adding loops to an
input-free complete graph enables it to "remember" its initial data even

when o> 0, in sharp contrast to the graph without loops.

4, AN INPUT-FREE GRAPH WITH LOOPS.

In this section, we consider the system with the coefficient matrix

N

1
2

N

and T = 0. This system obeys the equations

£(0)= () 82 S x_(y_ (),

) ij(t) = zjk(t)/(zjj(t) - zjk(t)) , ()

°

zjk(t) = —uzjk(t) + xj(t) xk(t) 5

for all i,j,k= 1,2, Its coefficient graph is the complete 2-graph with loops

of Figure 15.

This graph is closely related to the complete 3-graph without loops
of Figure 14. In both graphs, every vertex is connected once to every
other vertex. Moreover, in both graphs each vertex is touched by exactly
two arrowheads. Thus an observer sitting on a vertex cannot tell from its
immediate geometry which graph he is in. Nonetheless, the dynamics of the

two graphs are dramatically different. Our main result for the 2-graph is
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the following theorem, which discusses the ratios Y'k(t) and
J

x~(t)

X, (t) =
i % () +3,(t)

THEOREM 3. 2, Let (*) be given with arbitrary nonnegative initial

data and arbitrary positive coefficients @, B, and u. Then

(1) The limits Q. = Jlim X (t) and P_ = lim y_ (t) exist and obey
i tooo i j jk

k t9o0
the equations
. S -P o ) " j :%" 2%"
Qi PiJ QJ ji il Jg
2) The £ i = -
(2) e functions fjk X, Yk

and Sf'k change sign at most once
and not at all if fjk(O)fkk(O) <0, %j,ki:él, zi.

(3) The initial data can be chosen so that the limits Qi and P’k
J

satisfy the equations P,i = Qi
f,

can form an arbitrary probability distribution,

, where the limits Ql, QZ

If moreover o= u + 2(B-o) > 0, then

k

(4) The limits Qi and Pj
i

always satisfy the equations P’i = Q.
J

Theorem 3, 2 differs dramatically from Theorem 3.1 because the
ratios Q. and P'k are not uniquely determined in Theorem 3, 2 even if
B J
o> 0, Adding the assumption le(O) = 221(0) in no way changes this situ-

ation, since the relative size of the initial values 211(0) and z__.(0) is

22
not affected by this condition. Theorems 3.1 and 3. 2 together show that a
vertex "knows" whether or not the flow it receives comes from another
vertex or itself, in the sense that the limiting behavior of its vertex func-
tion differs in the two cases. When the complete graph has no loops and

o> 0, the limiting ratios "forget" their initial data. Adding loops enables

the graph to "remember" its initial data.

PROOF. The strategy of the proof is essentially the same as that
of Theorem 3. 1. We therefore exhibit only the relevant formulas and pre-

suppose familiarity with previous arguments to immediately draw conclu-
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sions from these formulas. We also assume that all initial data are posi-
tive unless otherwise stated, since all other cases can be handled with

ease once this case is understood.

(I) The first step in the proof is to derive equations for the ratios

Xi and ij . These are readily seen to be the following by the usual

manipulations
£,(4) = B(-X,() + X (t)y (6) +X (0 (0, §4.33= 50, 28 (3. 28)
and
%5a=:%uXX5w-%go), jpi=1,2 (3.29)
where
P (3)
,B;'-‘-—‘]_—, x=x tx_., and zJ:z,_+z__.
i) 1 72 jio gt
Since X +X =1, (3. 29) gives
X, = BlX (y,- X))+ Xj(yji-xi)]. (3. 30)

(II) Using these equations, we show that the limits P.. exist and
establish some properties of these limits. Subtracting (3. 29) from (3. 30)
gives

f = -BX. +B) -BX.f 3. 31
i (BJ. j)jiﬁiﬂ ( )

and by renaming indices

f. = -BX, +B,)f -BX £ (3. 32)
ii 1 17 11 j Ji

where f =X -y , and i,j‘§=§l, 2}. From (3. 31) and (3.32) it is
uv v uv
obvious by the positivity of X, and PX, , and the argument used in Lemma
1 J
3.2that if f . (t )< O and f (t )> 0, then f (t)< O and f (t)> 0 for
jit o ii' o ji ii
1 > . imilarly, f_. >0 < i i . >0
all t> t, Similarly Jl(to) and fii(to) 0 implies fjl(t) and
fii(t)< 0 for all t>t . The same facts hold when the strict inequalities
are replaced by weak inequalities. Moreover f"(to) = f,_(to) = 0 implies
ii ji

f,i(t) = fii(t) = 0 for all t> t - It is therefore obvious that the functions
J

f'i and fii change sign at most once, and not at all if f_(0)f (0)< O,
j jiv il =
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Also, f, (t) and f,  (t) are identically zero if f_(0)= £ (0)= 0.
J1 11 j1i i1

By (3. 29) and the positivity of Bj i }.’ji changes sign at most once
and not at all if f,i(O)f,,(O) < 0, Thus y. is a monotonic function for
j i = ji
large t. Since vy, is also bounded and continuous, P = lim y..(t)
Jj1 ji  t-»00 7 j1
exists, .
Moreover }'rji(t)'-‘- 0 if fji(o) = fii(o) = 0. In this case in(t)
is a constant, d si f.. =f (t)=0, X, = vy..(t) = At) = tant.
is a constant, and since jl(1:) 11( ) l(1:) le( ) Yil( ) = constan

In particular, Q.=P_=P,, .
i ji ii

(III) We now use the fact that the limits P'k exist to show that
: J

the limits Q. exist. Since Xl + X, =1, it suffices to prove the existence
i

2
of Ql . Consider (3. 28),
X, =By, -1x + (1-X))y,))

which has the integral form

< Vg
-, (e)dg c ) EAGE
- 3 42 v 3 g US

)

_ . s .. .
where Ul B(yl2 YZl) and Y, @are positive and have finite limits as

t—oo , It is therefore obvious that Ql exists.

To show that the equations Qipij = Qiji hold, note that (3. 28) can

be written as

X, = Bllyy - DX+ Xy

= B(-X + X i
B( Vi J.yji)

[ ]
Since all the limits Q. and P exist, the limit ilzim X(t) also exists and
i jk +00 i



[ ]
equals ﬁ(—QiPij +QP ). Since X_ is boynded, limX (t)= 0 and thus
J i

Jji t$0 1
QP . =QP .
1 1_] ] j1i
(IV) We know from the case Xl(O) = yll(O) = yZl(O) and XZ(O) =
0 = 0 th a0 0 5 — —
YZZ( ) le( ) at any probability distributions Q1 Pll P21 and

Q, =P, =P can arise as limits. We now show that only limits Q,

2 22 14 1
and ij subject to these constraints can arise for o> 0, and that these
limits are positive if the initial data is positive. This we prove in two

cases, in which we again always assume that all initial data is positive.

C 1. = 0, = = = =
ase Suppose Ql Then QZ 1, and O QlPlZ Q2P21

P‘21 . Since yZl(t) is a positive and monotonic function for large t and
P, = 0, yZl(t) is a monotone decreasing function for large t. By (3. 29)
and the positivity of B, , y21(t) > Xl(t) for large t. Consider (3.28).
Then

X =B (X, ¥ Xpy,)

> BX (X, - y,) .

Two possibilities arise. Either X > 0 for all large t, or

2 V12

X < 0 for all large t. In the former case, Xlz 0 for all large

2”712
t. Since Xl is positive, we conclude that Ql > 0, which is a contradic-

tion. Suppose X < 0 for all large t. Since X2 l—Xl-l+yll:

2" iz " Y27
-X , th - < 0 £ . By (3, 2 7. >0

iy | en y, Xl < or all large t y (3. 29) 2 and Y1

is monotone increasing for all large t.. Thus yll<_ Xl < Y3, for all large

t , where Y is a monotone increasing and positive function. Hence

P21> 0 , which is a contradiction.

We have hereby shown that Ql > 0. Similarly Q2 >0,

Case 2. Suppose Ql> 0 and QZ > 0. Since Ql> 0,

112



Z O

)
- _ZC\ 603
\ gx>(o)
By (3. 29), 1l:‘l*rlgoylz(t) exists and equals 0'(Q2 - Plz). Since Y2 is bounded,

where

%H’Soylz(t) = 0, and thus QZ = P12 . In a similar fashion we find QZ = P22 =

PlZ and Ql = Pll = P21 , -which concludes the proof.

The way in which the common limit Q. = P, = P'i
i ii
by Xi . yii , and Vi for large t can be spelled out very precisely. Exact-
J

is approached

ly two kinds of alternatives exist in an interval [T, o) if T is chosen suf-

ficiently large. These alternatives are graphed in Figure 2l

m
k
QI _______________________________
y]| and yll
> {
T

-
Y
e

Fig. 21 (I)
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Fig. 21 (1I)

Thus either Xi approaches its limit monotonically in the opposite sense
from the monotonic approach of Vi and y. ., or the oscillations of X, ,
j ii
if any, are pinched between V. and v, as they approach the common
o

limit Qi in opposite senses. These alternatives are proved in the follow-

int corollary.

COROLILARY 3. 3. One of the following alternatives holds for each
(<
t i l X, ow . & H {.5'§: l:2§-
riple (X, v, v,))» {53i§=2

(1) in > Xi > ¥ in is monotone decreasing, and ¥is is mono -

tone increasing for all t> 0,
2 >X. >v.., .. 1s monotone decreasing, and vy, . 1s mono-
(2) yy2X 2y vy g Vi
tone increasing for all t> 0.

3) X.> , X.>v.. , . d v.. a onotone increasing, and
(3) i—yji 3 2 Ty y,, and y,. are mon ei ing

ji
X. is monotone decreasing for all t> 0.
% -
(4) y..>X., y..>X,, y.. and y,. are monotone decreasing, and
ji— i it = i i ii

X. is monotone increasing for all t> 0,
i Z

(5) Either (3) or (4) holds for small t, and becomes (1) or (2) for
all large t.
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In all cases, the common limit Q. = P, = P__ lies within the inter-
i ji ii

val [mi’Mi]’ where m, = min{Xi(O)’yji(O)’Yii(0)§ and Mi = max%Xi(O),
7,0y, 013

PROOF. (1) is a translation of two facts. Firstly f,i(0)< 0< ili(O)
R A 5 =
implies f, (t)< 0< f (t) for all t> 0, Secondly y. = Bf >0 and
J1 - T 1u - 11 111 —
Vs = ij_i<_ 0 forall t> 0. (2)is proved in a similar way. (3) says
£.(t)>0 and f (t)>0 forall t>0. By (3.29), X = -B(X.f +Xf )< 0
ji 0 = == i iii Cojgit —
for all t> 0. (4)is the same situation as (3) with all inequalities reversed.
Theorem 3. 2 says that either (3) or (4) hold, or one of the functions fji(t)
and fii(t) eventually changes sign. This is case (5).
The following corollary can be proved in the same way that Corollary

3. 2 was proved.
COROLLARY 3.4, For arbitr;.ry positive initial data and any o,
(027
l NV
IP,- .(o)\éQ\QOB<‘\+ v e Xeg&\r
ik ik ¥ e )

2¢9(06)
B x*(e)

>0

=

where (255

In particular, when o< 0,

| Po- w0 € 2Ry (14 3701 -

Thus taking ¢< 0 and \0'1 >>0 forces P'k
J

to lie very close to y,k(O).
J
We therefore find that a complete 2-graph with loops can remember its

initial data both when o> 0 and when o< 0.
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CHAPTER IV
A GLOBAL RATIO LIMIT THEOREM FOR GENERAL LINEARIZED

COMPLETE GRAPHS WITHOUT LOOPS

l. GENERAL LINEARIZED COMPLETE GRAPHS WITHOUT LOOPS.

In the previous chapter we considered a special case of an input-free

system whose coefficient matrix is

__L—-— J—-—- ® o o *—L"

O h-| n-| n-~-
_ | 2= 4 - o o0
- h-1 3=} n-|
° o
b e 5 B ow el
h=-1 hnh-\ - | © 0

The general input-free system with this coefficient matrix P is
i; (t) = —dXg (t\-l—ﬁ Ek;; X ((:—‘53 Y ki (Q ) ¢=1,2)nyh

2 ke (6)

55;’ = oy (£)

2 )= -wzp (B)+ BXe (£ oYX C‘:);

Zulk) = 0.

The system of Theorem 3.1 is characterized by the choices n=3 and T=0.

Yrilt) = ? “

k+ ¢

In this case, we observed that the ratios Xi(t) and yjk(’c) of a system with
positive «,B, and u, and positive locally reversible initial data always
have limits Qi and ij as t-—->ioo . If mor1e0ver o=ut2(B-a)>0, these
limits are unique and equal Qi:-3- and ij:E(l—6jk). That is, the variables
xi(t) and zjk(t) become independent of their indices 1i,j, and Kk, j#k, for
large t. Any solution of (*) of the form xi(t):y(t) and zjk(t)=6(t)(l—6jk) is

called a uniform solution of (*). ¢ >0 thus implies that a uniform solution

is approached as t—> 00 .
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Each system (*) gives rise to an infinite set of linearized systems in
a manner which will be described in detail in Section 3. Each of these linear-
ized systems has the same number n of vertices as (*), the same lag time T,
and describes a linearized flow over a graph with the same coefficient matrix
P as (*). These linearized systems arise, as in Theorem 3.1, from an interest
in the behavior for large t of the solutions of (*) whose initial data has the
following properties: (1) zjk(0)>0, jfk, and (2) xi(v) is a continuous and
positive function of ve [-T,0], i=1,2, ... ,n. Such a solution is called
a positive solution of (*) since by Theorem 1.1, zjk(t)>0, jfk and Xi(t)>0’
i=1,2, ... ,n for all t>0. In Theorem 3.1 an arbitrary positive solution
with locally reversible initial data approaches a positive uniform solution as

t—>o00 if o¢>0. In this chapter, we therefore compare, in first approximation,

any positive solution of (*) with a properly chosen positive uniform solution
of (*) as t—s>o00 . This comparison is expressed formally as a ratio limit
theorem for the linearized systems.

We will prove ratio limit theorems for linearized systems with arbi-
trarily many vertices (n>3) and with an arbitrary lag time (T>0). Our
goal is to see how we must change the condition o=ut2(f-a)>0 to guarantee
that a uniform solution is approached as t—s> 00 in linearized systems with
n>3 or T>0. The following results hold.

In all the linearized systems which we will treat, we will find a
sufficient condition on n and T, for fixed «,B, and u, which guarantees
convergence to a uniform solution for a wide class of initial data. For fixed

T, this condition becomes weaker as the number of vertices n becomes
larger. We therefore say that stability properties of the linearized system

are graded in n. This condition is automatically fulfilled for all n>3 when
T=0 if 0>0, which is compatible with the result of Theorem 3.1. Moreover,
if convergence to a uniform solution holds for a linearized system with a fixed
number n of vertices and a fixed T=Ty , then it also holds for all systems
with n vertices and T lying in a suitably chosen neighborhood containing

To . Ifalso u>2(@-B)>0 (i.e., lim x,(t)=0 for all T>0), then for fixed n,
t=oo 1 -



118

a uniform solution is approached for all Te[0,w (n)] , where w (n) is
monotone increasing in n and lim w(n)=oco.

Before carrying out the linearized comparison between positive solutions
and positive uniform solutions of (*), we summarize several properties of the

positive uniform solutions of (*),

2, POSITIVE UNIFORM SOLUTIONS.

The equation

X() = —ax() + Bx (6-7)

. 1

is obeyed by the average output x= Zk—TXk of (*). Given any positive

uniform solution of (*), where we suppose x.=y>0 and =z =6(1-56,.), 6>0,
i ij ij

it is obvious that

Flb)= -43(t) + BY(t-T), (4. 1)
since X=X . Since 6:Zij for all i;éj

§(€)= - uS) + sult-2) #(E) . (4. 2)

Equations (4.1) and (4.2) completely define a positive uniform solution of (*)
once its initial data is specified. (4.1) has been thoroughly studied in the
mathematical literature. ([3], [9]). In the present account, we merely list

the known facts we shall need, and derive several simple new facts from

them.,

We shall actually need some results for solutions of (4.1) and (4. 2)
which are not necessarily positive, but which include positive solutions as a
special case., These results can be stated in terms of the following definitions.

Given any T>0 and any feC[0,T] , let



Ke (€)= ¢(c)+ 6] €lo)e T

(4. 3)

where s(7) is the largest real part of the roots of the equation

P.C(335 S+d— @:e-ts = O

Also let o (T)=u+2s(T).

PROPOSITION 4,1 Let § and m be any solutions of the differential

equations

g(t) = —ag) + pel-<) (4. 5)

and

) = —un(e)+ BE(E-)ElE) (4. 6)

whose initial data is chosen such that g (v) is a continuously differentiable
function of ve[0,T] with K ,l_(g )7': 0. Then
| Qten gk -7) — e—‘cs('c)

t->00 ELE) 5 (4.7)
. 4 gl-7) _
/gl_;noo ar Tece) o ) (4. 8)
and
a- =
Qi g%z _ L a(x)e it . (4.9)
E oo L8 P

If€, and gz are any two solutions of (4.5) chosen in this way, and 7, is

a solution of

(k)= = wn, (&) + €, (t-o)g, (b)

then \
! ga(6)7, () _ )
b;wdtg% g,(t -T) ) (4.10)

Moreover, there exists a ty such that

119



120

=0 g(s-) _ ~Tsle) ds < oo
Sbo \ e(s) € ) (4.11)
> | A s(s-v)
Jeo s ey |0 S 7, (812
506 \El(s_—c }_J_d_(t)e“tSCU) as L o2

E, ”1(85 B ) (4.13)

and

* (4,14)

=i _.‘_&_. g,_(s)n‘(s) _ -
SE to\g 9»03 e +u-aC 3\&3 < oo

If the initial data of (4.5) is merely continuous in [ -T,0 ], then the
solution of (4.5) 1is continuously differentiable in [0, T], so that differentiability
in [0,T] 1is nota restrictive assumption. The proof of these facts relies

upon the following lemma,

LEMMA 4,1 For any fixed T>0, the root s,(T) of largest real part

of the equation
- T8
P.(s)= S+ -Be =0 (4, 4)

is real. Thus s(T)=s,(T). Moreover, only finitely many roots of this
equation have a nonnegative real part.

PROOF. Suppose that s=x+iy is a root of (4,4). Then

TX

X+ od— B2 conTy = O (4. 15)

and

aé-r \Be'tx,giﬂo-ca = 0 , (4. 16)

Write (4.15) in the form y(x)':'zo(x) , where y(x)=x, zg(x)= -atp Oe_TX, and
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0=cos Tye[-1,1]. For each fixed 0e[-1,1], we consider the graphs of y(x)
and ZO(X) as functions of x. Every root of (4.15) must lie at the intersection

of these graphs for some 0e[-1,1]. For example, if @>B>0 we find Figure 22

z,(x) y(x)

z(x)

z_(x)

Fig.22

It is clear from this diagram that the root x_  of y(x)=z1(x) is a simple root and

1
is the root with largest real part among all roots of the equations y(x)zzo(x),
O¢[-1,1]. When 0=1, cos Ty=1 and sin Ty=0. Thus by (4.16), the imaginary part
1 corresponding to X is yIZ-Se—TXsin ’Ty1:0. The zero of largest real part of

P’T(S) is therefore a real and simple zero of P’T(S e

Since PT(S) is a nontrivial entire function of s, only finitely many zeros of
P’T(S) can occur in any finite region of the s plane. For any zero skzxk+iyk with

nonnegative real part x. , we have by (4.16) the inequality lyk\fﬁe_TthSinTyk\f B.

k
Thus at most finitely many zeros of PT(s) have a nonnegative real part.

We can now prove Proposition 4.1. We follow [3], p. 109, for much of the proof.

s, t

-t
Let e ks pk(t) denote the residue of the function e S[

PT(s)]-lp(s) at a zero

of PT(s), where PT(s) is defined in (4.4) and

p(5)= €@ + (s+a)§ 6N D

Sk

Let isk% be the sequence of zeros of PT(S) arranged in order of decreasing real

parts. Then the solution g of (4. 5) can be written as the infinite series
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kT

th): Z\:zo‘ FK(‘{T‘QS for t.>"17,

This series converges uniformly for t in any finite interval [to, tg] where

to>T. Moreover if Re sk_<_ c< 0 for all k=1,2, ...

converges uniformly for te[ty, o], where ty> T. At most one zero of

, then the series

PT(s) is not a simple zero., We shall treat explicitly only the case in
which all zeros are simple. This case arises whenever 17!(3Texp(l+ot’r). Our

results carry through to the general case, since the nonsimple zero is readily

seen not to be the zero with largest real part,

Suppose all zeros of P_(s) are simple. Then the residue of

ts - . ts Plsk
e [PT(S)] p(s) at sk is e K—— and

Plsy)
oo Sk

£(t) = Zk=| Cp € (4.17)

P (5k)

where Ey = P:r(sk) .+ ¢ can be written in a simplied form as follows.

Since _
- o
Pr(se) = satd-pfe = =0,

p(sk) can be written in the form

F(S‘k) y e— "C'S&[g(_c)_g_ B Y;g(u—)e_sh V—OQU"] .

Noting also that Bl (s) = 1+p T~ ® | we find
- T s
e %k [ge)+ Bf_s()e 4]
C = — 5. . (4.18)
[+ BTe

1
(i. e. , s("l'):s1 ), and only finitely many roots have nonnegative real parts. We

By Lemma 4.1, the zero s, of largest real part of P,l_(s) is real
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can summarize these facts by writing the series (4. 17) in the form

S("c-')b
sk)= e (C\ + Fle)+ G‘CED (4.19)
T
where es( )tF(t) is the finite sum
™ St
Zk_.: 2 CK e
Sk t
over the terms cke » k>2, with Re skiO and es(T)tG(t) is the infinite sum
<o
Sht
ZR= M| CA e
skt
over the terms S with Re sk<0. Since s(T)>Re Sy k>1, each of the
summands in

Fie)=>, " c e

and in

S (S.K‘ S(:C')Bt
G'(JC) = Z\Q:ma—l €

has a negative real part. We shall use this fact to write (4.19) in the following

form

ck)=e st (C| + e-co{: M(t\)> (4. 20)

where

e-'r:sC-c:) K'c (§)
C =

\ | + B_C,e—'cs(:c)

¥ 0,

w>0, and M(t) is a bounded function.
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(4. 20) can be proved by writing F(t) and G(t) separately as a

product of an exponentially decreasing term and a bounded function and

then adding.

-ske)t
F({;} e(xz s(x)) N(k?)

where

zk_": Ck\ e(sh" Xz)t

=

1l

N ()

is obviously bounded. Using F(t) as a guide, write G(t) as

G(e) = e(x2~sC-c)){: a ()

where
SQ (Sk" X':,') b
Ch € .

Q)= =

k=m+|

It remains only to show that Q(t) is bounded. This fact is an immediate

consequence of the following asymptotic formula for the roots s=xtiy of

P.(s)=0 ([3] p.416)

x= T Qog%*"’(‘)a

T (ak-k)* (1)

and
Lé =

. . xt
where k is anylarge integer. e therefore has the asymptotic form
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B
xt o(1) BT i
S [e (m ]

For sufficiently large t, Q(t) can be shown to be bounded by comparison

with the series b -lz—

k
From (4,20), it is obvious that
g(t-T) _zsl)
/QCM» = e . (4.7)
b>oe ELE)
The limit
3 gle-T)
Qo x oo = O (4. 8)
b —>o0 € (&)

follows from (4. 7) and the observation that

£ -
) __ belkT)

g(g} 5(45) 2
since then ) é(,&"C} - g.(,g)
. 3eGo_g & Qe (ge— £ (c)
lom 3 TE@ 63 5“73 (S ctee)
e-vs(z\ o
= O,

We can now prove (4. 9). By (4.6), we have for all t>T,

7
P8 = & F (e T+ Bl e g (ro)e(Adr ),

T

(4.21)

The integral in (4. 15) can be estimated using the equality
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as(t)v

S(r-t)g(v) = e e -ws(e) c® + e’”‘rR(w):]

where R(y) is bounded. Thys T
U (1::)(7 q_(t)"
_ wto 2 —’C’S(-'G) G. -Q
Ne)= &“F | nwle s acle ( =) >

+ [P RIar] 5

and

2 TS (15) O"CT:) &

)= t[@c e

a ()

+ o) (1 +e(q(t)”w>b>, (4.22)

Using (4.22) in conjunction with the equation
2sC)t -2tg (T) 2 -0t
g%(k-z)=e e [ef+e Rl(&)])

where R1 (t) is a bounded function, we readily find that

£2(t -7:) -Ts(z)
5 _— T
éé‘;""w 7€) - & ) : (4. 9)

We now prove (4.10). By (4. 7) and (4. 9),

Os €,le-T)g, (¥) £2(t-7) g8
e TR T e @ 2 £ )

€& > o0

= ‘é‘O"C‘C) .
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Thus

fim 357 EE-D) .

> o0 : : -

~ (s £, N & _ §lk-T
- & —=> o0 ?;@)*_7%._@ g ¢t-T)

0: Bg,,({rt\) 3 BsLU:-t) 6(6% _ 8¢, ((:-2z:>
= s <‘°(+ £.(5) “r 7,(¢) et ¢, (k-T)

= —w+0(T).

(4.10)

To prove (4.11), note that for t sufficiently large,

glt-7) -tsle) e se)e-v) (C‘ Y “ Ceq;)M (6 -L‘»
W —e - _ -Ts(z)
eS®t (o + &b M) €

- e—rs(;v)( |+ ethN(t\) _6‘3363)

_ e_w-te—'cs(:c)NH:>?

where N(t) is a bounded function. (4.11) follows immediately. The other
inequalities (4.12), (4.13), and (4.14) can be proved in an identical way.
With these limiting relations in mind, we now turn to a comparison of positive

solutions (*) and positive uniform solutions of (*).

3. THE VARIATIONAL SYSTEM.

For convenience in the following discussion, we write (*) in matrix

form as
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LLQJC) =L <U¢ﬂ) Wt —t% o

. 2
in terms of the n~ dimensional vector U=(x

2 l".”an 2129Z13’0'l’Zn’n-z’zn,n—l)
dth d' i = e o o 9 ) . ’ 30 o oy )
and the n imensional vector f=(f, f o1, f13 fn,n-Z fn,n-l)
where
C-=-otx-~\—(3z ™ X (k- ) 2 = = |
A & k=t XelT-T) 20 (21, &k
and

C‘\\= "Q.Z';k 3 5Xé(}€"¢)xk ’ é:‘: LN

]
We shall linearize (*) in the following way. Our linearization is motivated
by the desire to compare any positive solution U=(x1, peeaX s Zposee e Z g
of (*) with a properly chosen positive uniform solution UO:(Y, vnn g Ny Ognvag )

of (*) to generalize the result of Theorem 3.1 that
&

3
th\ Xk(zb‘) 3

C) as 't"-%> ca ) L=‘\)21 3

to

(4.23)

This would be accomplished if it could be shown that VEUaU.O E

(vl,...,v 2V s ey W ) satisfies
n

12

V’(‘t') \ -
v ~ P _ﬁ "e‘ - o3 “ = l) 2000y M
2 e Vh(’c\ n O as ) AR

since if y is chosen equal to xzzk_?xk, as can be done because both vy

n, n-1

and x are positive solutions of (4.5), then
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Vv

}_

| Xe _ _l_>
n - l"h Zk:';' Xk h P

An equation for V can be derived formally by simply expanding

2%

-

Vie

=

in a Taylor's series as follows.

VY= G- LK) = 2(ul, W) -@ (U, &), U, &)
= (U, &)+ V), U, -t + Vs (k-o)= € (U, (8), U, & -o)

=L (W) w, e Vi) + é’m(uo@a, W, G-V (6-v)
+ o(nvi). (#4)

f (U _(t), U (t T))=f is the matrix of partial derivatives

¢ ¢ &0 (g =tu 0, U (t-7)
of f(g,)() taken with respect to the entrles in the vector g and- evaluated

at (;,m:mo(t , U (t m); va(Uo(t)’Uo(t”T”:fh(S”v (5”K):(Uo(t)’Uo(t'T))

is the matrix of partial derivatives of f(g,n) taken with respect to the entries

in the vector '7L and evaluated at (g,)t):(UO(t), Uo(t-T); IIVﬂ—silp i]V(w);
wqt, t-T

Equation (%%) is discussed in [12], Chapter 4/, In particular, when o>,

W)= Ofe®="*)
0, @) = 0(el™F)

V) = o<e““°‘“>

and the higher order correction terms o'( HV“) are exponentially small for

and

so that

all large t. We will study (%% when all higher order terms o'( uV“) are

ignored. We therefore consider the infinite collection of linear systems

W)= B (el U Co-sl)ulct) +8, (U, 08 U Wit) e
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where U0 is any positive uniform solution of ¢§). () is called the variational
system of (%) ([12], p. 341).

We now study how the ratios of solutions of the variational system (*-)

-Ts(T)

depend on the functions k(t)=Pe and @(T)=ut2s(T) of T>0.

THEOREM 4.1. Let the numerical coefficients of (:"-) be chosen to
satisfy B>0, @(T)>0, and k(T)+q-(T)>nl—1k(’T)(l+”l'O'(T)).f Let U,(t) be

any positive uniform solution of (%) and, for fixed U

O(t), let
W(’b)"' (—Q\)-u ) ’Qh) 'Q\z.) e 'Q"ln,n—I)

be any solution of the variational system (:\'-) whose initial data satisfies

KT(Zi~I;hi)+O' Then there exist positive constants w and w, such that

1 2
&) o o(e“"\t>
ZKQK&U‘T) 2 5 (4. 24)
and
/a;}k(’ﬂ _ \ - <e~wa_+:
5,0 8 S
m3 §

Theorem 4.1 says that ratios of solutions of the variational system
for which KT(Zi:rllhi)fO approachla uniform solution at an exponential rate
if p>0, O(T)>0 and k(T)tg(T)> ;jk(’l')(l-l“’m'(’r)). Equation (4. 24) is
obviously the linearized version of (4.23), and (4.25) is the linearized
version of the limiting relation ij(t)_;.—% —>00 . The condition

K Zi_?hi)%O is automatically fulfilled if the initial data of W(t) is chosen

(
s;rch that’ Ei:nhi(v)=(l-n)y(V)> 0 for Ve[-T,0], as we (lflid for V{(t) in the
paragraph following (4. 23). The condition k(T)+9(T)> ij("l’)(l*’”l'ﬂ'(’r)) is
automatically fulfilled for all n>3 when T=0 if @(0)>0 since it becomes
B+q’(())_’>_;{—l B. We shall show in a Corollary to Theorem 4.1 that
Q(0)=g=ut2(B-a). Thus the conditions on k(T) and T(T) are automatically

fulfilled when T=0 if O >0, as was required in Theorem 3. 1.
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PROOF. The proof is divided into six steps. Step (I) consists merely
in writing out the variational system (-‘f—) in terms of its components hi and

hjk' These components obey the equations

,é\.= A+ 876 o) [(n O H, - H+H(°ﬂ+£7—&(a)(t—*c37

v [ NS (%) (4.26)
L= 120 My
where (.)
Hi= 2540 Ry H7= 5, R4y
- oS, ..
H 2;)5/@:’57&4 ,Q\, Z&%Z’Qd)
c¥y
and

Jé\'ék: 57@3)9&5 (‘t""t‘?)-\- By (‘t"C)*ch" uaéw 5%k.(4.27)

Step (II) shows that the sum h= Zk_?hk of the solutions of (4.26) obeys the

equation

L) = - alt)+ BR(E-T),

(4.28)

and that the sum H:izj hij of the solutions of (4.27) obeys the equation

ifj
ﬁ\(‘t) = - WHE)F 8(n-) (3B At -0) + 3(E-T) Q(ﬁ\),“" 29)

In step (III), we use (4.28) to simplify (4.26) in the following way. Each of the

n equations in (4.26) has a right hand side which depends on all n2
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variables hi and hjk . We shall nonetheless be able to transform the ith

equation into an eq}lll.ation in which only one unknown function appears, namely

the function gi=2 inh - % » A price is paid for this simplification. g, obeys
k=1 k

a pair of coupled difference-differential equations, namely

. Rt -T) L B3t —t)@;
3&='5 R (E) (3 + "3"& t))+ (h=-1) %8 & D (4.30)

G.=-uG, + 8w (n-2)v(k-T) A ge - (4.31)

Equations (4. 30) and (4. 31) may be thought of as an "uncoupling" of the
variables hi and hjk in (4.26). In step (IV), we differentiate (4.30) and

use (4.31) to find a second-order equation for g, of the form

3 i A(Jg)% + B(;b)% L~ t\*’CQC +D( 9; Lk 'c) (4. 32)
= O .

Such an equation, for general variable coefficients A(t), B{t), C(t), and
D(t) would provide us with little information about g, as t—>o00 . It is

fortunate that in the present situation these coefficients are constructed
h(t-T) d h(t-T) vy (t T)
h(t) ~ dt h{t) ~ 6(t) ’

from algebraic combinations of the functions

d h(t)s(t) .
and It log V(E-T) Thus by (4. 7), (4.8), (4.9), and (4.10) the limits
A=lim A(t), B=1lim B(t), C=lim C{t), and D=lim D(t) exist. We can therefore
t>o00 t>o0 t—»00 t-s>o

compare the behavior of (4. 32) for large t with the behavior of the solution

wi of the following equation with constant coefficients.

We+ AWy & B (-t Cwi+ Dwilbv) = O

(4.33)
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It will actually be more useful to make a change of variables in (4. 32) and
t e
(4.33) to gi=gie>‘ and ’yli:wiexc where )\ is a sufficiently small positive

constant. Interms of the new variables gi and }Z , we find equations of the
L

form

. +Ak)s, + Blt)g; (k=) +Clt)e + D(t)e, t<) = 0, @3

and

';lj;""A-?(:; ‘f'g?{;(ﬁ—t)'i‘ 57(;+§7(5Ct-’6)= O. (4. 35)

We compare equations (4. 34) and (4. 35) to show that gi is bounded whenever
7Li is bounded, and in (V) we show that 7(i actually converges to zero as

t—>o00 because all zeros of the exponential polynomial

) (s)= s2+ As+ (Bs+ D)e =+ C

BnNT

have negative real parts. From these facts it readily follows that

- 4 ‘ _,\«:>
a = —_——— e =2 = 0
0" s, T (e,

which is the first conclusion of the theorem. In step (VI), we use the conclusion
of step (V) to imitate the method used on (4.26) as far as possible on (4.27).

From these manipulations, the conclusion that
Li \
" . n =

Zm=\ Q'Q m

mt,
converges exponentiaﬁy to zero will readily follow.

(I) The Variational System in Component Form. We now write out the

variational system
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W = €, () U, o) We) +6, () UG- W) - (F)

in terms of the components h, and hjk of W=(h n
h i =

where the vector function f(g, 7()—(f1 (§,7() ,,,,, fn(g,}[), f12(§»7() ..... fn, n_l(g,rt))
fe€=(,..., s e = e i i

of € (§1 5n §1z ’§n,n—l) and 71 (7(1, . ,7n,7(12, J(n’ n_1) is

-1
C;(.é) )'—" oLE. + BZH;‘ Nk €ri (2'*‘«5&5}

d

and
ng(%,’o e TR

Since the computation needed to do this is straightforward but tedious, we

merely give two examples of how the uniformity of U, enters it.

0
(1) Clearly

= iy =&
acz _ 3[ u.”‘d gdb(, géb l’p é:{::‘:k'

LEHE (Zue €507
Thus
€ BCH-ZBZI(}C -z )

(‘bLo G:)) \ko('t'TD = Tz
P gé ke, (Y) l) g (t)
which is independent of i,j, and k just so long as j#i=k.

2% = BLr (.9
£ = Y= &z2 ).

:ig (U, G, W,k -‘63\ - % <\“%35>)
;

(2) Clearly

Thus

which is constant.
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Computing all partial derivatives in this way and substituting them into

(1’) yields after a rearrangement of terms the following system of equations.

e B?S&-‘C} 1 i
8:= it e - b T 5 29 G)) g

where H =2 H= g (i)z h:s (i): h., i=1,2,...,n.
Jf]_ J1 Zi’jhlJ) H Zj?i 1J ) and h Zj#i J: 1 1, ’ n

Moreover, i#j

e“éh.=_ MQ%\‘_"‘ B'D’G:),Q.S G’«-“C\)‘*'e\‘&"t)gk) é:l’k,(z;.m)

(II) Equations for the Sums h=Zk 1hk and H= El’ hj . In the
1tk

variational system (3), the n functions hi and the n(n-1) functions h

jk
play different roles, as the equations (4.26) and (4.27) clearly show. This
fact is a consequence of the different roles played by x, and zjk in ()
itself. We now show that this difference is clearly reflected in the behavior

of the sums h:Ek_?hk and H= Z‘, khkofthetwoklnds of functions. .
J#

It is readily seen that the sum h obeys the simple equation

o= -aR + pRG-3T),

(4.28)

since summing over (4.26) gives
o " ‘
R= T Lo

8% & -T)
= - Q+ 2=
a & Gy 56 (n

Yo 5220,

-I\)Z’/;V: HL_ ‘”H "‘2;:\ ch)]
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"uonmts. "HW0 and =h
i=1""1 i=1 i

same equation that is obeyed by the sum x=Z

where (n-1)= (i)(t—T):(n—l)h . (4.28) is the

n C . .
k=1%k’ This is no surprise
since (}) arises by linearizing (), and equation (4.28) is already linear.
Since h has initial data that satisfies KT(h)%O , by hypothesis, (4.28)

is a special case of (4.5). Hence by Proposition 4. 1,

/Q;M\‘ LE-<) e—tSC‘tﬂ
L s on /&G:) - (4. 36)

and

(4.37)

H also obeys a simple equation, and one which depends only on
Yy and h, both of which obey equation (4.28). This equation is readily seen
to be

\ = ~wH @(m*\\YK&)Qﬁ:—TJ\*—D’&‘—\—Q:I

(4. 29)

by summing over (4.27). H is therefore independent of the distribution of

the functions h, and h._ .
i jk

(III) Uncoupling the Functions hi From the Functions hjk'
2
Each of the n equations of (4.26) depends on all n functions hi and hjk'

Because the sums h and H obey equations which are independent of the
distribution of the values of these functions, we can nonetheless transform

the ith equation into a coupled pair of equations in the single new unknown
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It is clear from (4. 26) that this transformation can only be accomplished
if the function
(i)

& = (n—l)Hi—H+H ,
i

which depends on all functions h. , jfk, has some very special properties.
J

k
That this is true is suggested in (II) by the fact that the summand H is

independent of the distribution of the hjk's . Indeed if we compute éi

in terms of (4. 27) and rearrange terms, then we find after several cancellations

of terms

("}i =-uG_* Bn(n-2)y(t- T)hg,, (4. 31)

Since h obeys (4.28), which is independent of the distribution of the unknowns
hi and hjk’ Gi's dependence on all the hjk's is replaced by a dependence on

the single unknown g, -

(4.26) can be written in terms of Gi as

1;,=—01h +M_ C +ih(i)(t-"l').

i i (n-1)25(t) i n-1
This equation depends on all hj, j=1,2,...,n and on g, - We now transform
it into an equation which depends only on g The first step in performing

this transformation is to derive an equation for A= =,

" i h
Hp =

-5 (8 -2, %)

1

3

S B¥(e-T)&y
= - Q Y o ——

'e"(- MR (h-1)>8

BQL‘E-TJ
- & <~ "k T )

+ f_—‘ 29 <)
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Y NI L i? 2k
P s e a6,

. (i)
where A(l):hT .  Thus

. B2lk-o) ()- = xe k-7 > " By & -v) G

>\;=°\__

o -l h-0%0%
From this equation, we readily complete our transformation using the facts
- ), (6-T) :
3 - - gp * g l-)
0 - v 0= v
- 9 -
o ®
and ). = g. Thus
i i
. 2 & -)

. = - ] @B’@c—t) G: .
%u == 8 (C&, + Y;L_—l—ab ()c—*c\) + s (4. 30)

(4.30) and (4. 31) together completely determine g, once the initial data

of h, y, and 6 is known.

"

1
- =
Zkzrllhk

eliminate Gi from (4. 30), we differentiate (4. 30) and use (4. 31) to

In order to

(IV) A Second Order Equation for g =

eliminate terms involving Cb} Then we use (4.30) to get rid of G, itself.
_Bh{t-T) g y(t-T)

To simplify notation, we let K(t)——-l;l———; L(t):(n 2 he ’

M(t)=Bn(n-2)y(t-€)h. Then (4,30) and (4. 31) can be written as

3"; = - K<§c+ -—‘j\—g;Gc—tw + L&

i (4.30")

and

and

év = —-WG_; + M o
N 3 (4. 31")
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Differentiating (4. 30') gives

2 = - (3 + i (:b--c3> K(% g 8.{, &"‘7\>
+ LG; + LGU ’

Substituting (4. 31') into this equation and rearranging terms gives

g’z - (LM.-"{)%:’ - _;\\_,—\\< 3; (.t-'b'\
KCé; + 'L’?Z; (‘b-t\»
P wlYe, . -

1
By (4.30'), G . (g + 18; (t- T)"‘ L Substituting this expression into (4. 38)

and rearranging terms gives

gt A(t)g, + B(t)g, (t-T)+C(t)g + D(t)g, (t-T)=0, (4. 32)

where

L)
L(t)
. h(t-T) d hé

P EFTTI e g lee LT

B(t)=ni1 K(t):rfl h(t};’l') ,

A(t)=K(t)tu-

Lit)
L(t)

Bn(n-Z)‘y(t-T) h(t-T) hé
w12 & n  © dlogy(t-”l'))]’

C (£)=K(t)- L{t)M(t)}+K(t)(u- )

B[(h(t 'T)):

and .
L(t)

(t T)e, h(t-T) d hé
= AT ATy 2 10g B )

D(t)=—r (R(EVK(E) (u-




Equation (4. 32) would provide little insight into the behavior of gi(t)
as t—soo if the coefficients A(t), B(t),C(t), and D(t) were arbitrary

continuous functions. Fortunately, these coefficients are constructed from
h(t-T) d h(t-T) y2%(t-T)
ht) ’dt h(t) &(t)

algebraic combinations of the functions

4 he)se) s e i e
at  y(t=T) ° where KT( )f an T(y)f . We can therefore invoke

Proposition 4. 1 by letting glzy ’ §2:h , and 7‘L1 =5 . By Proposition 4.1,
the limits A=lim A(t), B=lim B(t) , C=lim C(t), and D=lim D(t) exist. To

and

t—>o00 t—=o00 Ts 1:r—>oo 1 t—>o0

evaluate these limits, let k(T)=Pe (M and Q:H_l for notational sim-
plicity. Then

A=k(T)tut(-ute(T))

=k (T)te(T),

B=0k(T),

- ~Ts(T -Ts(T
c=plo-25) ¢ me” " Mee ™ Dia-ura(m)

“k(T)a(T)(1- 2222y
(n-1)

=0°K(T)e(T) ,

and

oo BE(D) -Ts(T)
n-1

=0k(T)w(T) .
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Because the limits A, B,C, and D exist, it is natural to try to compare

the behavior of gi for large t with the behavior of the solution W; of the

following equation with constant coefficients.

W, + Awe + B &-5)+ Cwy+ Dwg&-t\:- o. (4. 33)
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For technical reasons, we shall compare an equation related to (4. 32) with an

equation related to (4. 33). Thus let gi:giext and %= ie,\t where X is any
At

positive constant. To derive anequation for §i, multiply (4.32) by €  and

use the equalities

gzew = g.-8xg, ¥ ze:
and

éaekt = €, — AEL.
We find

£, + AK)E,+B)E, (ko) + THIg, + D) ¢, (b-v)= 0,

(4. 34)
where
At)=A(t)-2 A ,
B(t)=B(t) ,
CE)=CHI X -AA(t)
and _
D(t)=D(t)-A\B(t) .
Similarly, 7Li obeys the equation
’n‘i + A}zi'i' Bni(t-T)JrC)zi'i' D}Zi(t—'r):O , (4. 35)
where
A= A-al
=k+a-2X,
B=10
= 6l
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C=C+X=)A
= ezhc—.‘.}"— A(K‘\'G"w )

and 6 = D-)%
= dkl(o-n).

If we can show that gi is a bounded function, say lgl\ <k , then

-At
lgi\fke and since A >0,

hi 1 )
g2 o -n-°ol
Zk:lhk

Aty 4.39)

which is the first claim of the theorem. To do this, we wish to compare

the behavior of éi for large t with that of 7‘1 . If we can do this rigorously
and if ni is a bounded function, our proof of (4. 36) will be complete. We now
show that this comparison can be carried out and that the boundedness of 'fli
can be guaranteed by showing that there exists at least one positive A such

that all zeros of the characteristic exponential polynomial

—_ — — - TS >0
P

of (4. 35) have negative real parts.

The theorems which we shall need to accomplish these aims are

applicable to (4. 34) when it is written in the matrix form

Zo+ (N V, &) 2, + (Vv @) Z; (o) = O, wa
£t _ /0 -l
where Zﬂ‘(éf»)» Vo'(a ), Vi= (5 3)
[/ o o o
V, () (zca-'c' RE ) > eV (E)= ~

i

(4.35) has the matrix form
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®
W, +V W+V. W.(t-T) =0 , (4.42)
i o i 1 1

where Wi=(;£.1) . The first theorem which we shall need is the following ([3], p. 312).
i

A sufficient condition in order that all continuous solutions of (4.41)

be bounded as t>oo is that all solutions of (4.42) be bounded as t—soo , and
that
@
S| v.¢t)|dt <0, i=0,1 ,
£ 1

)
oo

for some to > 0. The integrals [ " Vi(t)ndt are certainly finite for sufficiently
©

o
large t0 by the inequalities (4.10), (4.11), (4,12), and (4.13) of Proposition
4.1. It therefore remains only to show that all solutions of (4.42) are bounded.

We shall be able to show more than this. In fact, by [3], p. 190, all solutions

of (4.42) with sufficiently smooth initial data converge to zero as t—soo iff all

)

zeros of G (s) have negative real parts. We now show that all zeros of

Y Pt
5 ,]_(s) have negative real parts for a suitable choice of B,n,T, and ) .
(V) The Zeros of GéA),T( ) . We Will show that all zeros of

(’\) (s have negative real parts if k(T)+a’(’T)>——-k(T)(1+Ta’(T)) and A >o0 is
chosen sufficiently small. This fact relies on the following lemma.

LEMMA 4.2. Suppose that the coefficients of the exponential polynomial

ngl(5)= s*+ As+ (§s+5>e-vs+ c

(A

are positive and KEE +TD. Then all zeros of Gﬁn’T

(s) have negative real parts.

PROOF. The proof is patterned after [18],in which the closely related

exponential polynomial

-2
9‘+Ioa+/é’2e + c
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(A
nT

-@(2)5 2%y E‘z+(F2+H>e*%+‘J = o

is studied. Letting z=Ts, T>o, the equation G (s)=0 becomes

2

where E=AT, F=BT, H=_D’I'2, and J=E’Tz. The zeros of f(z) are the same

as the zeros of G(A)

ﬁnT
of Géi),r(s)=0 have negative real parts if A is chosen sufficiently small,by

(s) for all T>0. For T=0, it is obvious that all zeros

the positivity of A, B, C, and D. In the following, we therefore consider
the zeros of f(z) for T>0. In this case, E,F,H, and J are all positive

if A is sufficiently small.

The main fact used in our analysis is Cauchy's Index Theorem:
Suppose w=f(z) is an analytic function of z in a simply connected domain
D bounded by a closed curve C, where f(z)#0 for ze¢C. If z traverses
C 1in a counterclockwise direction, then f(z) will traverse a closed curve
in the w-plane and the number of zeros of f(z) in D is equal to the number

of times the w-contour encircles the origin.

This basic theorem is used to study the zeros of w=f(z) in the following
way. As z traverses C 1in a counterclockwise direction, w may cross the
real axis. Let 6+ be the number of times that w crosses the real axis in a
counterclockwise direction relative to the origin (i. e., from quadrant IV to
quadrant I or from quadrant II to quadrant III), and let 6_ be the number of
times w crosses the real axis in a clockwise direction relative to the origin.

1
The number of zeros of f(z) in D then equals > (6+-6 ).

We apply Cauchy's Index Theorem to the semicircular domain

D:Re(z)>0 and |z|<R

in the z-plane. If ‘z\ >R and Re(z)>o0, where R is chosen sufficiently

large,then
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\22| > \Ee+(Fz+H>e'e+S\

2 .
and z # 0. Rouche's theorem therefore implies that f(z)Z0 for \z\ >R and
Re(z)>(. D is fixed once and for all by making a choice of a sufficiently

large R. For this choice of D, all the zeros of f(z) in the right half plane

will lie in D.

To apply Cauchy's theorem to this domain D, we divide its boundary

curve C into two parts

A e "Re(z>=0 an A\ \z2l e R

and

B: Relz) >0 and l2l=TR,
Consider A. Letting z=iy gives
qliy) = —g>+ Heomy + Fysing +J + 6<E%+ Ty ong™ H‘S'{/ma\))
where J>O and E>F+H by hypothesis. If y=0, then f(0)=H+J>0. If
0<y<R, then
Q—M(%(LB\\ = E3+ \:auwua_" HM.M:%
= 4 (E+ Feomy~ M ng_)
Z 0,

2 Y\E 1. Thus w is in either quadrant I or quadrant II. f(iR) is in

since \ =1
quadrant II since R is large and f(0) is in quadrant I. If -R<y <0, then Im(g(iy))=
y(EtFcos y—H—s—inTY)f_O and w is in either quadrant III or quadrant IV. Thus as
z traverses A from *iR to -iR, w crosses the real axis once in a clockwise

direction relative to the origin.

Now consider f(z) as z traverses B from -iR to +iR. Since f(z)
2
is dominated by-z , the net number of times that f(z) crosses the real axis
in a counterclockwise direction relative to the origin is once. We have

1
therefore shown that > (6,-6 )=0, and thus that f(z) has no zeros in D, or
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for that matter in the right half plane. This completes the proof of the Lemma.

We remark that [18] goes on to give necessary and sufficient conditions
for his equation.to have zeros only in the left half plane even when the inequalities
analogous to J>0 and E>F + H are not satisfied. These conditions seem

to be difficult to apply in the present case.

We now apply Lemma 4.2 to the present example. When T=0 , the

zeros of Gé)r‘l),_r

)\ >0 by the positivity of A,B,C, and D. Consider the case T>0, where

(s) 'obviously have negative real parts for sufficiently small

) is chosen so small that A, B,C, and D are all positive. The condition
J>0 is satisfied since C>0 and T>0 . The condition E>F+H becomes
X’r_>_§"r+_m'2 or A>B+TD. Since A=k(THJ(T)-2\, B=0k(T), and
SZOk(’T)(U(’T)-)):, this inequality becomes

R(D+a(e)-a) = =— k(t)[t +‘C(b“6t5~/\\] .

N =i

1
If, as hypothesized, k("l')‘l'U"("I')>‘—1 k(T){1+TG(T)), we can certainly find a
n—
sufficiently small positive A for which E>F+H . This shows that all
1
the zeros of Géél),r(S) have negative real parts if k(T)+T(T)> P k(T)(1+TT(T))

and ) is chosen sufficiently small. For A :wl chosen in this way, we can

therefore conclude that

’Q‘L (Jb> _ _l; - O(e-v-a)\t> 4. 24)
SRy &)

This completes the first part of the theorem by proving (4.24). We now turn
to the proof of (4.25), using the result (4. 24).

h
. j 1
(VI) An Equation for S th -7 - In this step, we prove
J m#tjm B

the existence of an &)2> 0 for which
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"Qé{k(ﬁ:\ _ __L_._\-— - o(e—c«)a_t)
Z,.0 2m® 7
mE °

(4. 43)

for all jfk . (4.43) is the analog of the statement proved in (V) that there

exists an wl >0 such that

2.() N e-w,{;) ‘ (4.24)
\ _
(:b) L= \/ 2 n.
Z\Q=_| Qh_ h
(4.24) was proved by deriving an equation for g, E—lﬁ-h— whose solutions
k=1"k
-W
behave like o}fe 1t) for large t. (4.43) is proved by deriving an equation
j 1
for g., = ik - whose solution converges exponentially to zero
ik = h, n-1
m#¢j jm
as t—=>o . This equation will have the form

%‘Sk=—/\-5 (th\_%&’k\ (4. 44)

where _/\_ * can be written as

A; = 2 Log I . (4. 45)
Integrating (4.44) gives
/\. § f\_ Aw
- & SN L 0+ (T 6 0]

t (W)

r’.
Since exp|- fj\_ du]—r‘(t) and .A_j = J/r'j )

. : t.
9.6 = @mm@% (065 ()
e e e,

The facts proved in (I)-(V) will be shown to imply that G_k(t)=o(e ! ) for
J
some wl >0 , and that
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ﬁ; (Jc) = ecr(r)b< /u, + e K’tMS ({:ﬂ ) (4. 47)

where 0, K>0 . and M (t) is bounded. From these properties the

following conclusions can be drawn

Since
- ¢C‘C)Jc -\t ’1
r‘d. (€)= PC;(O)"’G l:o_( \ )+€ Rd (t> b
where Rj (t) is a bounded function, the term
% &k(O\ r" (0\
r. U:)

in (4.46) converges exponentlally to zero as t—s>o00 . Consider the term
g c k\_'e; (\)‘)Gék(\r\
0 v €
in (4.46). Since
. - R\,
Pc's(\rl =@ olo)(t-w)| e ik o 1\, -t
. () I o) " Qv%(he—qﬁ >+e R; (£)

A v— (4.48)

given any €>0 we can find a T(e) such that t>v>T (e) implies

™ (v) ée—cr(t)(t u—)[zc+e ‘j
Fd' (’C) - o(T) —€ )

(4.49)

— .
Let e 20T and let To be the corresponding T(e). Then the

integral (4.48) can be broken into the two parts
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T, L
‘ o
T rry T' \rG— A\\I‘ G/V\§\ P('V\ < v (Ve
et \go 15 ST?}ZJG“*(M ’

for t> T - The first part converges exponentially to zero as t-»00 because

(‘-‘ (t)) does. The second part converges exponentially to zero by (4.49)

b
ecause ij(t) does.

We now derive equation (4.44) for 'g,k. Writing gjk as
J

o . .
where H. == and H(J)= = -h'm , we first derive an equation for H(J)
k HG) mf:J J

and then one for H,k. It is readily seen by summing over k:I:j in (4.27)

: J
that H(J) obeys the equation

H.m= -uH@Jr 8 (n-1)7R; (k-T)+ Ja*d(ic-cﬁﬁb(i) . 50)

where h(J)=Ekﬁhk. (4.50) along with (4.27) suffice to derive the following

equation for H, .

ik Q(;ﬂ
% ﬁ[ﬂgk‘%\x Hcé’ﬂ&
_ ﬁ[ua A ECOTN

66(\ ) R (E-T) + 8wt —v) £4) >
D

— .Qc-\k<-q,+ H(d\

and

\.\&\: }—\%T):XQ‘S (t—*c)+ X(’c—-c),ah‘ Hék((n-lhg,éévt)-l- Yk -'C\Qg(é))]. (4 51)

(4.51) is now used to derive equation (4. 44) for gjk:ij B nll by rearranging
terms in (4.51). Thus
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(A\S Y
a e
z

i
A

Sl
e {?5!2 (o)t w7y A= (M. A 1‘[(\/\ lyfa (k- t) + (o) a(d‘)l

- Img o)+ por ¥ o) Qf@lg
= ‘%3 v&m\v J—&‘Ql c&q(h VR G )+ (¢ 3)1%”1
Letting

J Lln-)wR; Ge) + wlk-7) 243 ]
3 Ha)

and

'b’(;(:-‘t:) 2. h\’Q )J
G = S

(v»-ﬂarQé C-v) ++ & )R (5 )

we find the equation
= ( _ )
7 i 5 §dk Siw
which has the same form as (4. 44).

To complete the proof, we must show that (1) G"k converges exponentially

to zero as t—o0, and that (2) _A_, can be written as _/1__ ———log P where

j can be written in the form g1ven in (4. 59)

(1) Consider G, . We must show that ij converges exponentially

jk
to zero as t->o0. Dividing numerator and denominator of ij by h:Zk_Il’Lhk
and invoking the definition gi_s-‘;—}-} -5 we find that

(4
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o - i%"“'xék‘#“ mts 9 ""\

sk M\d“a;\ (t-<) L 7 £-T) &%)

ry Y

L ]

The denominator can be rewritten as follows.

n-1 ¢ (£-T -T @) ~T o(t-T )
(-2 8¢ & )+ ¥ &)l :(n-l)?j(a({: )Xéﬁ& )>+7&-t\(£ﬂ

2 2 Q. 2 t-<)

=¥k -) [(vx—\\(?l\__cﬁ(algf -c))(aé k-z)+ Jln-> T Zm$d' G -h"%l']

Thus

G - %h‘ n-\ ZW‘*A‘ %w‘ -
- C"“\(m-tg(a&éa)(%s (t-c)+ %) +2 mej dm ™ "

-

(4.52)

By Proposition 4.1,

“Q‘W (w@:*a)}( /a&-ﬂ) wiw-aQ*?w NQGM:)

JC > o<
‘C'SGG) —tso)

= G Y
-(.Jlt
whereas by (4.24), there exists a C~>1>O such that gk:o(e ), for all
-t
k=1,2,..,n. By (4.52), we readily conclude that G,k:o(e ) ) as well,
J

ik
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(2) Consider

g[(n\)xﬁ Gc—«c)-#?fﬁc-t)Q")]
A &)=
] ol c)>

We first show that ./L can be written as JLJF%log P - Integrating (4. 50)
J

we find

61 [0 e 6]

o s Ln-Nvey (o) + (-3 26 ]
TR VAR ssgb O Ty be o)+ 2 r-m) ) | Qo

Letting

t -
F, (&;\ = HQ\(O)_\_ ﬁs eu\r (M'l)b’ﬁé (W“t\+7(v—t\,Q(°\16Qr
d o

we therefore find that-A-J*alog Pj'

It remains only to show that \" can be wr1tten as in (4.47).

[_' Qc)u &ew{: [Cm I)D’Q € t\+ 5({:-%3—9‘(0 j
= ﬁe“’b [Cn-\b’ﬁ(t )( )>+UGC"°)Q‘<Q L >—_(

e )

[(n \)XQ(&‘—C)(ﬁ . (b-5)+ >+75€V'17\Q»( ué Y™ h: J
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Since KT(Y)#O and KT(h)#O, we can by (4. 20) write y and h as

-k

t
=e® (T)t(cy+e v MY(t))

and
-k, t
es(”l')t h

c, te M, (t)),

h= (h

where ¢ =0, ¢, =0, k >0, k
Y Y

h >0, and MY(t) and M.h(t) are bounded. Thus

h

r.-’é (,‘t) = Ee~t$(x)e ()b [Cn«t.)(cv +te kv%M?{ (t)) -
kg (E-) M/&&“G\X%; Gc-z;> + ",:,\)
£ (b -

v (b M, (,t't“<c‘9\+e iy M&(%\)v

(zug Pu Vl:v%“>1

(Ca‘\' e—

Ye,+e

-a)lt
Since gk=o(e ), k=1,2,...,n,

° O'C‘U)t n-1 -
Fg(h>=e [;(hszﬁ(t)czca—%e &{;M({:ﬂ?

'A)
where k is a number such that 0<k<min[—z§, ky’ kh] and Mf(t) is bounded.

This completes the proof of Theorem 4. 1.

4, THE GRADATION OF STABILITY PROPERTIES

WITH RESPECT TO n AND T.
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By Theorem 4.1, if the coefficients are chosen to satisfy >0,
1 .
T(T)>0, and k(T)+o(T)> —n——lk(’T)(l+’TG‘(’T)), then the ratios of the solutions

become uniformly distributed as t->o0 . These conditions imply the

following relations between systems with different n and T but the same
a, By and u.

A) For every T>0 such that @ (T)>0, there exists an n=n(T) such

that the theorem holds for n and T. This is true because
i 1
lim L——lk(T)(l+TO'(’T)):O.
n—>00

B) If Theorem 4.1 is true for fixed n=n_ and T=T , then it is
o

true for all n>no and T=T , since then
— o

k('To)+T(’TO) > no"l k(To)(l+ToQ’(To))

1
> P k(TO) (1+’TOU'(’TO)).

Thus the stability properties of the variational system are graded in n.

C) As in (B), it readily follows that if Theorem 4.1 holds for n=n
and "I':’To, then it holds for n=n_ and all T in a neighborhood of ’To .
The case where a>f>0 is of special interest since then the outputs Xi(t) of
() approach zero as t—>oo for all n>3 and T>0. This is the case in which

(%) has a prediction theoretic interpretation.

COROLLARY 4.1. If a>p3> 0, then ¢(T) and k(T) are monotone
increasing functions of T, T> (0, such that 0(0)=¢=zut2(B-a) and k(0)=P.

PROOF. By Lemma 4.1, for any fixed T7>0, the zero s(T) of

-T
largest real part of PT(S):s+01-Be ° is real. The proof of Lemma 4.1 also
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shows that s(T)<o whenever a>B>0. Thus

= ls(T)) +a:BeT[s(T)‘ (4. 53)

Suppose any two nonnegative values Tl and TZ of T are given such that
ls(m )l > |s(T)] >o.

Then by (4.53)

Ts(m))| e"r?_\s('r ))

2

B(e ) :[s(’rz)‘-ls(‘rl)\>0.

Since f >0,

Tlls(’rl)l ’rzls(”rz)\
e >e .

and thus

T, ls(m)] > 7,ls(7,)] >0. (4. 54)

In particular , T >0. Since T, >0 and \s(TZ)Hs(Tl)\

T s[> s 4, 55)

(4. 55) along with (4. 54) implies

T lsm)|>T,(s(m)]

or

> .
Tl TZ

We have hereby shown that T . <T  implies ls(’l’z)lf_ls (Tl ){ . Since

1='2
(T)=ut2s(T)=u-2|s(T)|, T ST, implies @(T))<q(T,)0()is therefore a

monotone increasing function of T, for T> 0.

s(0) satisfies the equation



Po(s):s+ a-p=0.

Thus s(0) = B-a and

1]

a(0) = u-2|s(g)| =u-2[p-e|

u-2 {a-B)

utz (B-a)

G--

By (4.53), k(T) =oz-=ls(’l')l where 's(T)‘ is monotone decreasing in
T>0. Thus k(T) is monotone increasing in T >0. Also k(ﬁ)=Be0|s(O)Lﬁ.
This completes the proof.

By Corollary 4.1, if >0 and T=0, then

P_ -k 1+0q(0))

n-1 n-l

K(O)+Qq(0 )=p+T>

so that Theorem 4.1 holds for all n>3 when @ >0 and T=0. Since k(T)
and 9(T) are monotone increasing functions of T>0, if ¥>0 then there
exists an interval [0,W(n)), where W (n) is monotone increasing in n and

lim W(n)=co , such that Theorem 4.1 holds for all Te[0,W(n)).
n->oo

156
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CHAPTER V

GLOBAL RATIO LIMIT THEOREMS FOR
GENERAL COMPLETE GRAPHS WITH LOOPS

l. GENERAL COMPLETE GRAPHS WITH LOOPS

In Theorem 3.2 we considered a special case of an input-free system whose

coefficient matrix is '
O [
o G

X
[2)
“ ]}
[ i A e T
n h V) ¢

The general input-free system with this coefficient matrix P is

ii(t):_axi(t)+52k ;1 k(t ’T)yk (t), i=1,2,...,n (5.1)
z.k(’c)
Vi (8)= S| S j,k=1,2,...,n (5.2) %)
J = —nz. (t)
m=1 jm
jok=1,2,...,n, (5. 3)

and

z k(t)z—uzjk(t)"i'ﬁxj (t-T)xk(t),

and the coefficient graph is (e. g. when n=3) given in Figure 23.

1
3

1
3

Fig.23
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The system of Theorem 3. 2 is characterized by the choices n= 2 and

T=0. Inthis case, we observed that the ratios Xi and ij of a sys-

tem with B> 0, o> 0, and positive initial data have limits Qi and ij
.., i,j=1,2, and that any prob-
ok ) . Ji
ability distribution Ql Q‘2 can arise as a limit,

which always obey the constraints Q. = P
i

In particular, when Xi(O) = yji(O), for all i,j=1,2, Xi(t) = in(t) =
constant so that Qi = Pji and the system does not "forget" its initial
data. This fact differs substantially from the result of Theorem 3.1 for
the 3-graph without loops which says that Q. = 3 and P = 1_(l's‘- )

i~ 3 ik -o2v %5k
o> 0, or thattheinitial data are forgotten,

In this chapter, we generalize this fact to systems with arbitrary n> 2
and T > 0. We then show how this fact is reflected in the eigenvalues of
an equation related to the variational system of (*) and contrast these
eigenvalues with those of Chapter 4. The first theorem describes the

limiting behavior of the ratios and X

ij i~ _n

as t—=oo for any

nz_Z and T > 0.

THEOREM 5.1. Suppose B> 0 and oT) > 0, and let (*) have arbitrary

nonnegative and continuous initial data. Then the limits Q, = 11:~1-§nc}oX1(t)

and P = %l'rgoyJ (t) exist and satisfy the equations PJl Q. . Moreover

Q e[m M] where mlzmln{X (0), (0): k:l,Z,”.,ngand

ki

We consider only the case in which all initial data is positive. All

0
other cases are then easily treated using the convention that s 0 for

the ratios X, and Vi The proof depends on the following lemma.
i

LEMMA 5.1, The ratios X, and Vi obey the following equations
2 J

y n
X =A% - - 5. 4
i %=1 K BT %)) S

and
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.. :B = ’ 5' 5)
: x(t-T - (t-
with A—ﬁ (x ) and B;Bx (1_: T , where x=2_ - x  is a positive solution
J z(J) k=1"k

of

x=-ax+Bx(t-T) (5. 6)
and z(J)=E nz, .

m=1"jm

PROOF. (5.4) is proved as follows.
. . X
X; 3‘:( Xe = Xt 7>
=X [‘O{.XL'\’ GZK:: XR(‘b-U\"bKL-XL(—OLJ' 3%

%1‘%_’2).(-2&:\ XRCJ:,-QBKL - XL>

AS Oz, G (g - X)) .

fi

<

i

(5.5) is proved in a similar way, namely

=@
4N ;ITé)_-(ng— 25w E?*T>
BXw ('t—'C)X
= _ch I‘uzéhﬁ-ﬁxaﬂ C‘S:-t)XK" %Sk("%'\' Z_(h\ >]

= BS <.Xk'~ 55!&) o

The following estimates on the coefficients A and Bj shall also be

needed.

LEMMA 5.2. 1lim A(t)=k(T)>0, and there exists a T such that t>T
t=o0
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implies szOXj(t-’T) where 0>0.
PROOF. That lim A(t)=k(T) is obvious by Proposition 4.1 and the

t=00
positivity of all initial data since then KT(X)%O-

By (%) and Proposition 4.1,

-Z.Cs) = - QZC‘.’)-F ﬁxé&—-c\)x

W

= Q-Z—(é) + 32& (‘E—‘C\ XC'&:C\X .

Since x(t) obeys (5.6) and is positive, we have by Proposition 4.1 that

&)= o ¥° (e, ve ® Mccﬂ?

where c 1 >0 , A, >0, and M(t) is nonnegative and bounded. Thus

,,( )— as(e)b

o

(c?e'm@ + 6'7@ Mec\\)

(&‘Z —\— B X (f-‘t)@

(5.7)
where N(t) is nonnegatlve and bounded. Integrating (5.7), we find after
-Ts(T
letting N=sup (c ( ) mN(t)) that
tefo, ool)

2D )= a5 (= %MS@“‘” (eoe)-
(c? ™) L T () S >
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Since G°(T)>0, there exists a T suchthat t>T implies

20y < 2BN _(5T)-u)t

— ()

Thus
Px (t-T)x
B =——1l
] ()
z
T(T) (u-o(T))t
> = -
2N ¢ xJ(t T)x
_ (M) (u-w(T))t
Sgare XJ,(t-’T)x(t—T)x
t
_9(m 2_-Ts(T), -
= o X;(t-Tege” T e )
2 -Ts(T
cte ™M)
> X. (t-T)
2N ]
c‘;‘e'ﬁrs M (1)
Letting 0 = N completes the proof.
The remainder of the proof of Theorem 5.1 requires that we introduce
i = ::17 ’9»0-’§ = -~£ K=1, ’v--:‘g'
the functions Yi Jrnax{yki k 2 n and y, =minjy, . k=l ;2 n The

following facts concerning these functions are obvious from Lemma 5.1 and
the positivity of A, Bj, and Xj,jZI,Z, A
1) If for any toio Xi(to)e[yi(to), Yi(to)], then Xi(t)e[yi(’c),Yi(t)]
for all t_>_to, where Yi(t) is monotone increasing and Yi(t) is monotone
decreasing for all tzto.
2) If Xi(0)> Yi(O), then Xi(t) is monotone decreasing and all yki(t) are

monotone increasing until the first time t=t.>0 at which X (t)=Y.(t). There-
1 A

1
after Yi(t) is monotone decreasing and yi(t) is monotone increasing by (1),
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so that Yi(t) changes sign at most once and Yi(t) is always monotone increasing.
3) 1If X;(0)<y.(0), then X (t) is monotone increasing and all yki(t)
i i

are monotone decreasing until the first time t=t.>0 at which Xi(t):yi(t)-

1
Thereafter yi(t) is monotone increasing by (1), so that )’i(t) changes sign
at most once, and Yi(t) is always monotone decreasing, These alternatives

are illustrated in Figure 24.

Cases (1), (2), and (3) exhaust all possibilities. We conclude that

X;(t) and all Vi) k=L 2,. .., n, lie in [m_, M, ] for all t>0, and that
n i —
Yi or }.ri change sign at most once. In particular the limits vy, (o0)=lim yi(t)
. ! t=>00
and Yi(oo)=1im Yi(t) exist since y, and Y, are bounded. The remainder
‘ t=00 ! !
of the proof falls into three cases that exhaust all possibilities.
Case A. Xi> Yi for all t>0. Then by (2), Xi is monotone decreasing

and all Yiei are monotone increasing. Hence all limits Qi and Pki exist and

QizP It is readily shown using (5.4) that S(oi is bounded. Thus by Lemma

ki’
[ ]
2.3, lim Xi(t)=0. By (5.4) and Lemma 5. 2,
t=o
) n
0 = k(T)hmZkzlxk(t_T)(Pki_Qi)
t=>00
n
im X - =0. i > -Q.<0 f =2, anl,
or lim k=1Xk(t)(Pki Qi) 0. Since Xk__O and Pki Qi_O or all k n
t>o
- i = :1 H 30 00 . i . Sl i =
(Pki Qi)llm Xk(t) 0 for all k 2 n. Either Pkl Q1 or lim Xk(t) 0
t>o0 t—00
for all k=1,2,...,n. Since Xk(t)_>_mk> 0, Pki:Qi for all k=1,2,...,n.

Case B. Xi<yi for all t>0. The proof is the same as for Case A.

Case C. Xi(t)e[yi(t), Yi(t)] for all tito. if yi(oo)=Yi(oo) we are done
since then all Qi and Pki exist and equal yi(oo) . The only remaining case
is Yi(OO)-Yi(OO)Eei> 0. We now show that this case cannot arise.

Consider y.(t). For convenience we write y,(t) as y ,. .(t) to
1 i k(t), i

explicitly display the index k=k(t) of that yki(t) which equals Yi(t) at every
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1)
)

2

(
(

)

3

(

Fig.24



164

t. Since each §rki(t) is bounded, the integer-valued function k(t) is constant
in intervals of positive length. Using also the fact that .};ki is bounded for

every k=1,2,...,n, Lemma 2.3 and (5. 5) imply lim Bk(t)(t){Xi(t)-yk(t) i(’C) =,
t>o0 ’
By Lemma 5. 2,

Bk(t)(t)zﬂl\q;[—) XeytT

(T)
27 M Pk(t)

v (T)
M

-3 min{m,:iZI,Z,...,n§>O
= i

for t sufficiently large. Thus lim (X_(t)—yk " .(t))=0. Similarly,
M (t), i

lim (X.(t)-y .(t))=0, so that lim (Y (t)-v

t>e k(t), 1 ts 0 k(t), i k(t),

completes the proof.

i('C))=0, or éi:O, which

2. GRADATION OF STABILITY PROPERTIES WITH

RESPECT TO THE LAG TIME T .

In Corollary 4.1, we showed that a>p3>0 implies G'(T) is a monotone
increasing function of T>0 and (0 )=@=zut2(f-a). Thus if >0 and G’(’To)> 0,
then Theorem 5.1 holds for all systems with Ti’l’o and any n>2. Moreover
if ¥ >0, then Theorem 5.1 holds for all systems with T>0 and n>2. That is,
the condition needed to guarantee convergence of the ratios as t=o00 becomes
weaker as the lag time becomes larger. We therefore say that the stability

properties of () are graded in the lag time T.

This gradation of stability properties in T can be heuristically
interpreted if we think of (k) as a flow on a graph in the obvious way. Let
each edge eij of the graph associated with k) have a length, which we take

to be 1 for all edges. Then the lag time T can be interpreted as the inverse
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velocity % of the flows along all the edges. Theorem 5.1 says that if the
ratios have limits when the flow velocity is VO, then they have limits also
for all smaller flow velocities. If we regard the velocity of the flow as an
indicator of the strength of the interaction between vertices, then Corollary
4.1 says that it gets harder to guarantee the stability of this flow as the

interaction gets stronger. This fact is intuitively plausible.

The fact that we can guarantee stability for all flow velocities if
u>2(a-B)>0 has the following interpretation. The parameters o, B, and
u can be thought of ascharacterizing the materials which go into the construction
of each separate vertex and each separate edge of (). From this point of
view, the parameters o, B, and u are "local” quantities, since they do
not take into consideration the various ways in which the vertices and edges
can interact. In constructing these vertices and edges, it is natural to ask
the following question: Can we choose our materials once and for all in such
a way that (%) will be stable no matter how strongly the vertices and edges
interact? , Theorem 5.1 and Corollary 4.1 guarantee that the answer to this

question is "yes" because {(0) =T .

3. THE VARIATIONAL SYSTEM.

The familiar notion of a variational system was introduced in Chapter 4
to discuss the linearized behavior of a general complete graph without loops.

The variational system which we studied in Chapter 4 had the form

)= £, (0, o) W)+, (1, u, G- wieo), &

where Uo is any positive uniform solution of the general complete graph
without loops. To facilitate comparison with the results of Chapter 4, in
this chapter we again study the variational system with Uo chosenas an

arbitrary positive uniform solution of the general complete graph with loops.
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For this system, a positive uniform solution is one whose initial data

satisfies (1) xi(\r):y(v-)>0, Ve[-T,0] for all i, and (2) zjk(O):6(0)> 0
fora_llj and k.

Since the strategy for studying the variational system of the graph
with loops is essentially the same as the strategy employed to study the
graph without loops, we shall often state only the most important points
in the following discussion. Before actually proving anything about the
variational system of (k), we qualitatively summarize the main differences
between the variational system of a graph with loops and one without loops.
The solution of the variational system of the graph without loops is denoted,
as in Chapter 4, by W :(h1 ,hz, ...,h ,h h ). The solution of the

n’ 127" "n,n-1
variational system of the graph with loops is denoted by

=(h,,h_,...,h ,h__, seees )
W (1 2 n 11 hlZ hn,n_l hnn)

to facilitate comparison between the two systems. No confusion shall arise
in this way.

Firstly we bring together some salient points concerning the variational

system without loops. In Chapter 4, we found an equation of the form

£+ Al)é, + BE)E, &) +C W e, + D ()g k)= O

(5. 8)

for the unknown
R L)e 2t
o = - V]
gu > =:\’Qlo.

where )\ is a sufficiently small positive constant. Since the limits A:limz(t),

_ _ _ _ _ . t=oo

B=lim B(t), C=lim C(t), and D=lim D(t) exist, we compared this equation with
t—o00 t—> t—>o0
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v By ko) + T + Doy o) = 0,

(5.9)

and showed that all the zeros of the characteristic exponential polynomial

GCQB = g% As + CES-(' ’5)6_173—!— &

(5.10)

of (5. 9) have negative real parts for an appropriate choice of A,p,n, and T.

From this follows that

2.0 —A’c)
Goew W ele

In this chapter, we shall find an equation of the form
oo

3y * AK) §e * C,GQ%L = 0

(5.11)

for the unknown
— /Q\'u _ \
i n 2}
3 Z‘Q= \ a e

of the variational system with loops. Notice that no terms of the form

B(t)gi(t-'r) or Di(t)g,(t-T) occur in (5.11) as they did in (5. 6). This

dramatically simplifies the mathematics of a graph with loops. Moreover,

the limits A=lim A(t) and C=lim C(t) exist. A is positive: if (T} is, and C is
zero. Thus \E/?g%mpare the sto?u(ﬁons of (5.11) for large times with those

of the simple equation

O,

N

(X2 °
(5.12)
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The characteristic polynomial of (5.12) is

e(s)=s(s+A) (5.13)

which has roots s=0, A where A is negative iff @ (T)*k(T)>0. Thus not all
A

zeros of G(s) have negative real parts, as was the case for G(s) in (5.10).

It is not difficult to see that the zero solution of (5.13) corresponds to the fact

that the limits Qi and P. of (¥ are not unique.

jk
With this introduction in mind, we now prove the following theorem

concerning the variational system of a general complete graph with loops. We

shall need the functions ¢(T) and KT(f) to state this theorem, and refer the

reader to Chapter 4 for their definitions. We again concern ourselves with the
¢

behavior of the ratios H-b"' 7 and H. = 6‘:‘ as t—so0.
Z‘k'ﬂ & =k Em:; Qd"‘
THEOREM 5.2. Let n>2 and T>0 be chosen arbitrarily. Suppose

for this choice that B>0 and T (T)>0. Consider the variational system (+)
of (ﬁ(-), where Uo(t) is a fixed but arbitrary positive uniform solution of (sk).

For arbitrary initial data of (+) satisfying KT(Ek:Illh_k);fO, the limits
L &)
Q= L 50w
’ £ > o0 k=i

and ’Q&.K(‘E>
rﬁ = /Q):vvk./ Em:l‘ ,Qém(t)

ék + = oo

exist and satisfy the equations

N S

Qe

le_
3 ke \+n€é

[a%2KY

(5. 14)
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(5.14) shows that linearizing §k) changes the distribution of its

solutions as t—so . (5.14) replaces the condition ij=Qk which appeared

~

in Theorem 5.1. These two conditions are compatible for positive Qj H

: :Qk: o’ since if

k
: Q ’\’ _ Qd+ Q\&
k7 §\°~ | + V\Qe’_
Pl ~o
then &K.—t-hQé thé-{— &JK
and gk_‘ Jv_f

The strategy for proving Theorem 5.1 is the same as that used to prove

Theorem 4.1. We therefore display only the most important equations.

PROOF. (I) The Variational System in Component Form. For any

positive uniform solution W =(y,ys---,v,6,6,...,6), the variational system
o

(~=t-) can be written out in component form as

. gak-T)
Ry=-a Ry + %&&*a*m:sct [‘“ W 2 Hm]

(5. 15)
and
.0 =~ 4 + (< ]
’aak. w2 Tk + @):7{(‘& ‘;)Qk ’b',a \ (5. 18)
where H(j):Z "h. .
k=1"kj
Letting hzzk:rllhk and summing (5.15) over all i gives
b= -ah + Bh(t-T), (5.17)

as in (4.28).
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h,
i

(II) A Second Order Equation for Bam- T - - We now show

h. k 1"k
that the variable g.= T}— 1 satisfies a coupled pair of equations of the form
i n
®
_ n (5.18)
g; = -Dg; T EG,
and
. (5.19)

= + F'g
G; = -uG, + Fg,

h

Firstly an equat1on for H, ——-l is derived.

\:[L = Z (Qu - Q- >
- et San ¢ EE (N,

Y (“o& + $K}Jg\—a )]

By (5.15) and (5.16)

H(&d)

————’—“@Q”Gc'a (HL B ’L‘)

[

L
ey E-<) (x (W)
N W[CVM\H \—ZR#LH l
(i) (k), we find

- -T
Letting D:M, E=-5—YG——)- , and G =(n-1)H - |, H
h 26 i k#i
n

" 1
H.=-D(H.- —)tEG,
1 1 n i

1
Since g =H,-— and éi:Hi,

é_:-DHi+EGi. (5.18)
1

2
We now derive equation (5.19) for G,, where F=fn y(t-T)h.
i
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By (5. 14),

G- G UD s 1)
e —uGy* @(n-.\[wu—,—a& +5Q0-7) |

_ fg)inx&—c)zhﬂak +(wa )Y R Gccc)]
CuGy 4 B E) [ ()R- Ty R
=Gy + g [ ni- L |

= - u@; i 4 @nzz (t-©) &4 3.

=-u G- —\—F%; (5.19)

(5.18) and (5.19) allow us to derive a second order equation for g,

Differentiating (5.18) gives

o0

%;, = ‘D.B-U"D%:,-\— EOGL + Eér;,- (5. 20)

Substituting (5. 19) into (5. 20) gives

'go;,’- CEF*TS\%L - D‘é’» + (é“wE)@; s

By (5. 18)
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Substituting this into (5. 20) gives

.g'i+ A(t)°gi+ C(tlg, = 0 (5. 21)
where
A(‘c) = p)+ u- EGCCJZ)
BA-T) A ¥kt )
T e A= W, o
2. 3 S
and °
c®)= p®(u- &)+ D) - EF )
EQ&%-’&: ((LL—-"Q, 7k T>>+B <Q,$:t>> B ‘b’g‘C‘b“C)’

Because y and h obey (5.17), where by hypothesis K,]_(y);-(O and KT(h)%O )

Proposition 4.1 implies that the limits A=lim A(t) and C=lim exist. These
t—>co t—>o00
limits equal

A = kz)+ w -(UL-Q‘(T:\\

= kx)+olz) > o,
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and

c= k@[ u-fa-c)]+ o- TEIkE)
k) ve) - RE T

1

(f

O.

We therefore compare the behavior of (5.21) for large t with the behavior

of the solution of the following system with constant coefficients.

w, + A, = O, (5.22)

This comparison is made rigorous in [3]. (5.22) implies
[
NERR Auo; = % (5. 23)

where A is an arbitrary constant. (5.23) can be immediately integrated

(when A‘TlO) to give

_ (- -At
Wy=e Abw:,(O)“f 4 \Ae ) )

Since A>0, lim W_(t) exists and equals —2 , which is an arbitrary constant
i
t>o0
since A\ is arbitrary. From this follows the existence of all limits

b, (t) 3
lim gi(t):lim — K T 5
t—oo t—=>o00 Zkzlhk(t)

and thus of all limits



L2 (&)
Qy = L S0 2w

>0

It is easily seen from this argument that the limits Qi exist for all values
of A, and hence for all values of @,f, and u. A>0 merely guarantees

that these limits are finite.

h,

Jk/zm—lfhjm" We now use the existence

(III) An Equation for ij=

~ ~
of the limits Q. to prove the existence of the limits P,k:1im H,k(t). The
' ) t>o00
proof proceeds exactly as in section (VI) of Theorem 4. 1. We therefore

merely sketch the essentials.

ij once again obeys an equation of the form

174

ué\&=__/\_8(@é\&"u&k} (5. 24)

where _A_ log r' In the present case
J J

YYG: )2 +‘A’Q (Jc--c>

G - (5. 25)

sk 75@6-aa+ N L 2 @c-ﬂ

and

r, = H“(o3+g (e 2wy g (ol [ o,

It is readily shown that ak n ((\S .
JU G, (‘c\ e
£ =

| + de (5. 26)
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To see this, divide numerator and denominator of (5.25) by y(t-T)h. Then

\'\k 4 o .0\": (’E"CX

- (€ rigt o
G;k— o v&-T) T
l + N 125C£=t>
7fCE~tﬂ L

n nf@—?\ p&c&-a " @E_T)

N

(5.27)

By Proposition 4.1,

Y h(-T)
v{t-T) h

lim =1 ,

t-=>00

~/
while by section (II), the limits Qi exist. Letting t-»o00 in (5.27) therefore

immediately gives (5.26).

The remainder of the proof that P exists and equals

jk
6’¥5.
lim G (t)= :
ik 1+n6
t—>o00 ]

now goes through just as in Theorem 4.1 (VI). The only change is that
G'k does not in the present case necessarily converge to zero.
J
Theorem 5.2 shows that the variational system of 6*) also has

stability properties which are graded in the time lag T.



CHAPTER VI

CONCLUDING REMARKS

This thesis introduces a prediction theory whose goal is to discuss
the prediction of individual events, in a fixed order, and at prescribed
times. We have studied herein only the simplest cases of this prediction
theory, but these cases already reveal some mathematical features which

seem bound to reoccur in later discussions of more complicated cases.

l. THE GEOMETRY OF LEARNING.

A basic fact seems to be that the way in which a system learns from
its input experience depends critically on its geometry., Thus an input-free
outstar (Figure 7) never forgets, an input-free complete 3-graph without
loops (Figure 4) eventually forgets everything (if o> 0), and an input-free
complete 2-graph with loops (Figure 15) remembers quite well (even if
o> 0). Chapter IV and V suggest, moreover, that the differences in the
way in which these "small" systems of a given type of geometry remember
generalize to systems composed of arbitrarily many vertices n interact-

ing with an arbitrary lag time T > 0.,

Because of these differences in learning due to differences in geo-
metry, we can ask the following kind of question within our systems with-
out ever contemplating a change of dynamics. Given a set of sequences

of events to be predicted, what kind of geometry is best suited for the job?

2. SOME PATHS FOR FUTURE RESEARCH .

Concerning the present theory, it is clear that a great deal of further
mathematical work remains to be done on how lists of events ABC. ..
composed of more than two letters and occurring at varying speeds are
learned and stored by these machines. A substantial amount of heuristic
work has already been done in this direction and will appear in an applied

context. Some computer work has also been done and is illustrated in
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Appendix B. This question is really one of classification, since we wish
to assign to every semistochastic matrix P the function space of vector
input functions from which the system characterized by P can benefit from
experience. That the geometry induced in the machine by P is closely

related to the geometry of this function space is clearly seen by the follow-

ing almost trivial example.

Consider the outstar of Figure 25 whose border is initially uniform

under two different input vector functions:

o
(t)y =2 J(t - k(wt W)),
k=0

(1) Il(t) = IZ

L) £ 0, j# .2,

and (2) IZ(t) = I3(t) = ZOO Jit - k(w + W)),
k=0

L) =0, j=1.4,...,n

1
In case (1), limy,_(t) =1 by Theorem 2.2. In case (2), y, (t) =y. ., (t) ==
12 12 13 2
t>oo
for all t>0 by symmetry. An outstar whose source stands for the symbol

A can learn the list AB but not the list BC.

From this example, it is clear that if we want a system to be able
to learn from a large set of vector inputs, then we are well advised to construct
a system whose edges connect many different vertices. On the other hand,
Theorem 3.1 shows us that there exist systems in which every edge is con-
nected to every other edge which nonetheless forget everything that they are
taught very quickly. Theorem 3.2 suggests a way out of this dilemma by
suggesting that we connect many different vertices together, but also

connect vertices with themselves by way of loops.

The above remarks suggest that the number of connections between
different vertices is an important factor in determining how these systems
learn. So too is the actual distribution of the semistochastic coefficients

P which weigh the connections. For example, consider a complete n



graph without loops that has uniform initial data. Any vector input function
of the form 1= (J,7,...,J) can occur in this graph without distorting the
uniform distribution of the graph's data. A uniformly distributed complete
graph does not "see" a uniformly distributed input. Changing the distribu-

tion of coefficients P changes the input vectors which the graph can see.

<
"
>

Fig.25
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APPENDIX A

PROOF OF THEOREM 2.4

PART L

A. Derivation of

B D G B0, G )elra) Dy Cent))
DB (L\) Ds“”@ D3 (k-ﬂ(ﬂfk + DLU‘L") +Cvx—2§D3 C\Q—l\>

The equation for each w, in (2. 25) is a first-order linear equation

in each interval of the form [n(k-1),n(k)) since wl(t—r) and I, are known

2
functions. For t e [n(k-1),n(k)),

W(t) = cow (0) 4BA, ) w (6-3) ¢ S‘jz L(t) .

In particular, " (h\

wyGnt) =@, Gl + g3, §

n(k.-\)

—n(k=1)
o Hemnlh )w"(f'—t)oQg

n(k

(g~n(ie-1)
+ S S alg—n(k )IZ(§>OQ§] ] (A.1)

n(k)

Similarly (2. 26) has the integral form

(Sh\u, Cg’—n (k‘l»

—un(i)
D (k)= D G\(h% S [D (& )+€ wb(g--c\wé(iwg].m ,

h(k |)

Substituting (A. 2) into (A. 1) and forming the ratio Dz(k)/(DZ(k)+ (n-2)D3(k))

gives



180

DO\\ D, (k- )'\’)z\q‘f—[jk'\'é&
D (NCeDD,W) D, (o) o A0 (k-0 By + Pl

(A.3)

where @k and @k are defined in (2. 28) and (2. 29). By (A. 3),

T B o BB
D, (\‘K-l’} + (m—z) DBC‘Q‘\)‘\' %K*‘é ’Lt&

=(n-2)D (k Ez(\‘“‘\"' >‘1,k-1g.;k\+§lk
s \[ 0,0 + G Dy Co ) +@U_?§K-S

or

D,(k)[(n-2)D,(k-1) +§, (1A, | )= (n-2)D,(<)[D, &c-1)A, | B +E ]

Since
Az’k_l = Dz(k-l)/(DZ(k-l) + (n-Z)D3(k-l)) ,
o,
(n-2)D, (k)Dy(k-1)(1 + D, (k-1)+ (n-2)D,(k-1) ) =
e
(n-2)D,(k)[D,(k-1)(1A )+ & |
3 2 Dz(k-l)+(n-2)D3(k—l) Qk
Thus
D, (k) C >
D (\&\ D (k l')'\’cvx z)D (k I)

= D, (k- 3( \
D, (k- )N D, (k N+ (h-2) Dy (k- 3 D3 (h D)
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Bicﬂ = D‘z(k"b L gk /D3(k"l\

D, (k} D, (k—n) | & ;U‘FK/CD?.({{_\\-!-(M‘Z\ Ds Ck-n\\ D

and

20) | D0e) | B (e Cra) Dy G )
8 D) DG (T b, Ge) 4 Gr ) Dy (o)

B. Derivation of Dz(k) + (n-=2)D3(k) = Rk(Vk+ c).

By (A. 1) and (A. 2), we know that

Dz(k) &= R(Dz(k-l) + )\2’ k_li[_}k + @k) (A, 4)
and

D, (k) = R(D,(k-1) + N k_ls?k) (A.5)
where R = e_u(W+W). Thus

Dz(k) + (n-Z)D3(k) = R[Dz(k-l) + (n«-Z)DB(k_l) +
(}‘2, e * (n“z”‘3, k-l):kar@k]
- R[Dz(k—l)+(n~=2)D3(k-l) + P g ].

Iterating this identity gives

-2 3 . R .
D, U)+ G20 (k) = 5, ° RO+ E )R (=D (0

= Rk(\lh—\- c),

(A.6)
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C. Derivation of

T J
D, (k) D, (o) ' sy ( V; i\+c+§f R¢ 3.

By (A.5) and (A.6),

D, ()= R (0, (-4 3y o T
D
= RDB (k—ﬂ( \ + bz(k_l\+(h,z\§3(k~n\>

9
"RG0 )
(ot R 'V + e) + Tw
= RDE B Rk—\(vk_\_\_c>
N 4—@' Ckﬂ}
:RDM<‘“ oL LL >
Vh—\+ =

Iterating this 1dent1ty gives

Da(k\'R D, (OMT (

and R K
A -
D, (k) Dn(o\ Q e+ P R > :

\/ +C“"§<\, 5‘0 >
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PART II

A. The sequence QI,QZ, ... 1is monotone increasing.

Wl(t)<_Wl(Hm(l)) for all t> 0 since Il(t)<_Il(t+n(l)). In partic-

ular,  w (v-Tin(k-1))< w (v-T+n(k)) for v e [0,n(l)). Thus by (2.29),
h(l Cl&r&\\r Ca

Ek{.‘ (3 S W \r—t+w(k“ goe&u\,«rl (u-‘t: +M(’°~)>OLI&OQJJ“
h(l\e ~°L\ —

o
w Lo+ n Ck —lwfo@iuw-\ (w-v{—n(k-;\\&.\coﬂ
= $y-

B. The sequence &,%,,... is monotone increasing.

The first fact we need is that w,(t+n(k+tl))> wz(t+ n(k)) for

t e [0,n(l)) . This we show as follows . : A ( '+l>
Wz(.b“"n(k{-l\\ =e\0((t+MCk+,“ [2-3‘-\: >*1j ge&g(ﬁwt(g-th‘_rz(g»&g
v\('
%{»v\(fﬂ-D
+ g e,*g@ w\(e—r\ +T (@\\& S}
: h(,\t-\-\\ . n(i+)
- (b nlkt ) - a (e+n()
2¢& [2- >‘2>S+lge ’
\n(é\
({;w (€+\n( "c\+ 2C§+w(t)))°\§
b+n0¢)

el ), . g a<€+n(n)\<6w\ (24. h(n)’?) +T, <g+ h(l\)& %:l o

(k)
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The inequalities wl(g+n(l) -T) > W(g -T) and I (§+ n(1)) > Iz(g) imply

n(; -H)
W ('t+ G& \ > ~0L(.{3+V\(k\\ k-\ %
Lot nG ) 7 [E—g’,:o /\‘2154—\ e®.
n()
(8W\(€_t\+lz(%>)&g
b-&-n(h\
+ Az,u\g a’f (\w\(gmﬂzz(m&gj ,
n(k)
Consider the coefficients A_,. appearing in the right hand side of

2]
this inequality. Since

M2y = DZ(S)/CDZ (5)+ (o-2)Ds (5))
»Dz(éybs(é) + Cn- L) )

A,. is monotone increasing in j if DZ(J)/D (j) is monotone increasing in

AB J)/D (j) is obviously monotone increasing by (2. 27), since the co-

efficients of the summands in this series are nonnegative. Since }\ZJ is
monotone increasing in j, A_.> A and
ei easing in j 25272, 5.1

n('*‘-l\
W (& +n(en)) > e malbrae) 2 a

(gw, (9—1:\+ (e»oQg
+ Azh% °‘g<5w—\ (<) +‘I2(e\)olg]

(k)

= W, (,t+n(k\\.

From the inequalities Wz(t +n(k+1)) > wz(t+ n(k)), Wl(t+n(k+l) > Wl(t+n(k)),
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and L (t+n(k+l)) > L(t+n(k)), it readily follows by (2. 25) that the sequence

Ql’ QZ’ -++. 1is monotone increasing.

PART IIL

Derivation of

Ve _ + ¢ (
Le.. ' > 7S

o t—l
L —>oco VL-—|+C’ +§‘: S

where S = R_l = eu(W+W) >1 .

Let i ) =
u’L—\ES\wVL—\: 2;;‘(@&_\_&&\'\? &
We will show that
We o, E+ 9

z;m \__ S't"'\ S-\ )

and thus that

\/:,_\ - §+§
J - s, S ) (a.7)

L= o0
Since (§+§>(3:-L O
\/L_"\'C \/:)_‘(8"0 S~ |
B+T (i Rl S by - -
S-1 (’8 ) D\-C (gbil)(@@) (F+3)s™™ 1) T
. g_ ‘
< Vi -y ~ P+ 9 S-|

S‘wl‘\ S~ §+15 9
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(A.7) implies llm(V tc) §+I -1)+ c)_lzl. Similarly one can show
-1 S 1
that i>es
= |
Ui §+§ C—-l ~ L‘\
(V Fe+$y S ) (s - > +9S =
S D - | J+c+ 9 |.

Dividing these two equations then gives

Vi + ¢ §+§ '>+c+§'§ - .
- Ve v e+ 3,87 §+§ - B i
- ! '—S—:—-CS -I\‘FC
But §+§’.—

)

) = 34—c+§8 %_‘E L+ T
b>m @ E 3+c B+
§+S§ S — |
&+
since S > 1. Thus we will be able to conclude that

QA,’M Vi + ¢ _ _ §+ @

b e Vi T+ ST T+sT

> =

by the positivity of & and g , which will complete the proof.

It remains only to show that
Q' W _ S+ D

i-1
i-k
== § + ' by = =P
where Ui-l kzl( Kk Qk)R . Let Qi) iﬁi+§i and Q + @,

-+
~T4| |- S l

~ ke
Q\—?_g _ u;‘l: Q

‘§ <§k+§k>R
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r L~k v=) E-lo_
=57 OR - 3. QIR

- (QQUIRT 7 (Q-QENRT,

kR=i)+|

where
i ce .
- if i is even
. 2
<ip=
i+
121 if i is odd .

Given e > 0, the inequality

L=< \-
e (R7)g-@(00)) =

€

R
=R

holds for all sufficiently large i, Thus for a fixed large i and all

i2<i,

1=
Q-ab < ==

= 1+29°¢

since gl’ Tz, aps amd Ql, QZ, ... are monotone increasing sequences.

From this follows

|- g~ v+t % L~
Q- U € 5.7 (g+qW) R

o=\ -k

* Z‘to~=<z>+| \Q~Q(k>}&

V=Ll <> e\ - B A
€aQR TSR IR (5T Tk

|+
kR=<t>+ |

| =k 1-R

R ¢ co — k
vag © k=oR+\+2QeZ R

k= 0

éQQ



or

S-|
'\/~>oc
Since §>1, lim (l—S_iH) = 1. Thus
ip0o
'QLW\_ Uk'u~| (S-l]
L= = l~s-vh Q/
which is the same as
B
|- S7F

L= o0

The proof is therefore complete.
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APPENDIX B

COMPUTER DATA FOR COMPLETE 3-GRAPHS WITH LOOPS

Some computer data have been gathered for the system with coefficient

matrix

oL L
.

P- (o3
- L
z =z O

andT=0. This has been kindly done by P. R, Stein and J. Neergaard at

Los Alamos. For the case T=0, we have Theorem 3.1 at our disposal.
Several graphs of this case for different choices of initial data of the

ratios Xi and ij are illustrated in Figures 26, 27, and 28, Two cases with
T=1are shown in Figures 29 and 30. Six cases withT=2 are given in Figures
31 through 37.

When T=0, Theorem 3.1 tells us that ;ij can change sign at most once.
In the Figures 29-37 with ¥ » 0, we see that this is not a general result
since several of the }.rij s change sign at least twice. Nonetheless, the
same limits are approached for these particular choices of &> 0,
suggesting that there is a range of positive T for which the same limits
are approached. This suggestion is compatible with Theorem 4.1 for the
variational system associated with this P.

In these graphs Y(1) stands for Y120 Y(2) for Yo and Y(3) for Y3
while X(i) stands for Xi,i = 1,2, 3.
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