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ABSTRACT

We introduce several systems of nonlinear difference -differential

equations and prove oscillation and global ratio limit theorems for some

of them. These systems can be interpreted as a learning theory, or

alternatively as a nonstationary prediction theory whose goal is to discuss

the prediction of individual events, in a fixed order, and at pre scribed

times. They can also be interpreted as cross-correlated flows on

networks, or as deformations of a probabilistic graph.

Each system possesses an underlying geometry characterized

by a semistochastic matrix, and we study the effect of this geometry on

the system's limiting behavior as t_.;;..oo We also inve stigate the

effects which the ratios of solutions of our systems have on the outputs

of each system. We show that the average output of each system is not

a good index of the mechanism which characterizes its interactions,

e specially when this average is computed over long time intervals. In

particular, the average output is linear whereas the interactions are

nonlinear. A system is discussed whose interactions are always locally

reversible but whose global interactions are irreversible or not depending
on the inputs received by the system. We also find systems whose

entropy decreases monotonically in time and connect this phenomenon
with the p ro c e s s of learning in these systems.
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CHAPTER I

INTERPRETATION AND BASIC PROPERTIES

1. INTRODUCTION

The present work introduce s several systems of nonlinear difference­

differential equations and studie s their basic propertie s. The se systems are

of intere st from a variety of viewpoints. Some of these are sketched in the

following paragraphs.

A. Systems of Nonlinear Functional Eguations

In studying a nonlinear system, it is always of intere st to connect

this system in some way with a related linear system. The simplest kind of

linear system is given by the equation
•

X = AX, (I, 1)

where X = (Xl' XZ, ••• , X ) is a real n-vector and A = \\ a
.. \\ is a real

n 1J
n X n matrix of constant coefficients. This kind of system has been

thoroughly studied ([2], [8], [13]), A natural generalization of (1.1) is a

system of the form

'x:: A (t)X + B(t)X(t-�) +- C(t) , (1. 2)

where X= (Xl' XZ, ••• , X ) is again a real n-vector, A(t) = \\ a
.. (t) \\

n 1J
and B(t) = �I bi/t) \\ are known n X n matrices of real but variable coefficients,

T is a fixed nonnegative number, and C(t)= (II(t), .0.' I (t)) is a real
n

n-vector of known inhomogeneous (i. e., "forcing") terms. Systems such as

(1. 2) have also been subjected to intensive study in a variety of cases ([3],
[ 9 ], [ 12], [ 15 ]) •
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The systems which we shall consider can be formally written in the

form (1. 2), with the following all-important difference. The matrices A(t)
and B(t) are no longer known functions of time. Rather, they are matrices

of nonlinear functionals of the unknown vector function X(§) at past times

S e[ -T, t] . We can write A(t) and B(t) in the form

A(t): a.(xl[-'C)d :s n ai,i (xl(-"t;,�J)l\
and

where a. and -a are matrice s of nonlinear functionals of the vector function

X I L -T, t]' The systems which we shall study therefore fall under the

general heading of " systems of nonlinear functional equations", or "systems
of difference -differential equations with nonlinear feedback".

The present study amounts to a special choice of tl and 18 which

assures that the system of (1. 2) has interesting properties. This choice

is very explicit, and all our results use its special properties. For

example, we shall find in a special case that

and

where
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B. A Prediction Theory

Our system of nonlinear difference -differential equations can be

interpreted as a prediction theory. The goal of this theory is to discus s the

prediction of individual events, in a fixed order, and at prescribed times.

The theory is not homogeneous in time. A system which produces random

predictions at time t = 0 can be gradually transformed into a system who se

predictions become deterministic as t-. 00. The conver se is also true.

The factor which primarily determine s if a system become s random or

deterministic in its predictions as t -+oc is the system's input vector

function C(t) , as in (1. 2). C(t) is the lVenvironment" or "experienceli
of the system, and we shall make precise the statement that these systems

"adapt to their environment" or "learn from experience". These properties

will be discus sed in Chapter 2.

C. A Nonlinear System whose Average Output is Linear

Several of the systems which we will study have the property that the

average output x(t) = � gl xk(t) is related to the average input I(t) = � �:l I··k(t)

by the linear difference -differential equation

(1. 3)

subjected to the following constraints: (1) Q:' and � are po s it ive.;

(2) I(t) and x(t) are nonnegative; and (3) T is nonnegative. Of special

intere st is the ca se where Q:' > � since then lim : x(t) = 0 if I(t):: 0 , for
t�oo

all T � 0 .

Although the average s I(t) and x(t) obey a linear equation, the

individual inputs Ii (t) and outputs xi (t) , i = 1, 2, ... , n, obey a nonlinear

system of equations. An infinite set of nonlinear systems whose averages



4

obey (1. 3) will now be described. Positive coefficients a and � are needed

to de scribe even the average output x(t) of this system, as in (1. 3). At

least one additional positive coefficient u will be needed to scale the rate

with which the various xi (t) interact with one another. The geometrical

pathways over which these interactions occur are characterized by an

n x n matrix P = 11 Pij It whose entries satisfy Pij � 0 and ::Ek�l Pik = 1 .

Such a matrix P is called a stochastic matrix. We can define a nonlinear

system whose average output obeys the linear equation (10 3) for any

positive 'constants a , �, and u; any nonnegative constant T; any stochastic

matrix P; and any nonnegative and continuous input vector function
1 n

C(t) = (I1(t), Iz(t), ... , In(t)) whose average n ::Ek=l Ik(t) equals I(t) .

Such a system is

Xz (1;)= -ri-y.t (b) + eL.k�; Xk_(t--r:) :lit<.� Ct) + T� Cej,
•

v =- ') 2-) "')
V)

(1. 4)

Lm:z.� n- �;wt (b)

i) k :z. I, 2-) "") ,.,

, (1. 5)

o

�i� (6) = - u: �;k (c) + � X· (6 -1:) X (t)<i «r«,

;:.; k (t)::: .0

/1"r fik. > 0

/f!. (lk:!: 0

(1. 6) (*)

,

The system (>:,) exhibits useful properties only if its initial data are properly

chosen. The initial data of (>:,) are always chosen to be continuous and non­

negative. Moreover, we require Zjk(O) to be positive whenever Pjk is

positive. The following theorem, which will be proved in the next section,

assures us that (>:,) is always well-defined if the initial data are chosen in

this way.
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THEOREM 1. 1; Let (,:,) be given with arbitrary continuous and non-

negative initial data such that Zjk(O) > 0 whenever Pjk> 0 . Then the

solution of (,:,) exists and is unique, continuously differentiable, and non­

negative in (0, 00). Moreover, if the initial data of any variable is

positive, then this variable is positive in [0, oc) 0

From Theorem 1. 1 it follows readily that the average of all Xi (t)
defined by (1. 4) obeys (1. 3), as the next corollary shows.

COROLLARY 1. 1: Let x(t) be the average ��k=� xk(t) of the

solutions of the n equations given .in (1. 4). Then x(t) obeys the linear

equation

(1. 3)

where I(t) = � 2:k=� Ik(t) .

PROOF; By the definition of (':'), Zjk(O) > 0 if Pjk> 0 , and thus by

Theorem 1. 1, Zjk(t) > 0 for all t � 0 if Pjk> 0 Since Pjk � 0 and

�m=� Pjrn = 1 , at least one Pjm is positive, m = 1, 2, 000' n 0

Thus at least one Zjm(O) is positive, and hence 2:m=�PjrnZjJ.t) > 0 , t � 0 0

This means that the denominator of Yj_k(t) =

Pjk Zjk(t) (2:m=� Pjm Zjm(t))-l

in (1. 5) is always well-defined. Summing over k therefore gives the

n

identity 2:k= 1 Yjk(t) = 1 for all t � 0 and all j = 1, 2, o. 0, n . This

fact shows that summing over i = 1, 2, 0 •• , n in (1. 4) and dividing by n

gives (1.3).

It is natural to ask what new information is found by going to the
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trouble of studying the complicated nonlinear system (�:�) instead of merely

the simple linear averages in (1.3). The following simple corollary

shows that the individual variables xi(t) and Zjk(t) themselves are

not always of exceptional interest.

COROLLARY 1. 2: If lim x(t) = 0 then
t-..oo

lim xi(t) = lim Zjk(t) = 0 for all i , j, and k 0

t -..00 t-.. 00

PROOF: Sine e Xi � 0 , 0 � � � n x , where lim nx (t) = 0 •

t-. 00

where lim .xJ.(t -T ) xk (t) = 0
t_..oo

and u> 0 • Hence lim z.k(t) = 0
t ..... oo J

Corollary 1. 2 -u se s the nonnegativity of the solutions to show that the

average x(t) and the individual solutions Xi (t) and Zjk(t) sometime s

have an essentially identical behavior as t___"oo • The new features

contained in (*) shall turn out to be contained in the limiting behavior of

various ratios of solutions. of (�:�) as t-+oo, rather than in the solutions

themselves. This behavior will often prove to be independent of the

initial data of ():c), just so long as this data is positive. Thus we shall

consider global ratio limit theorems for our nonlinear systems.

We shall actually prove a more general theorem than Theorem 10 1

in the next section. Theorem I. 1 holds in the more general case where

P = II Pij It satisfie s the conditions Pij? 0 and �k= 1 Pik
= 0 or 1 •

Such a matrix P is called semistochastic. The average output x(t) does

not always obey (1. 3) for a general semistochastic matrix, but it has

nonetheles s helpful linear ity propertie s,



7

D. Cross-Correlated Flows on Probabilistic Graphs

The nonlinear system (�:,) can be given an interpretation as a kind of

flow on a probabilistic graph or network([llJ)., A finite directed graph G

is a triple (V, E, r ) consisting of a finite set V = f v � of vertices,

a finite set E = t e 1 of directed edges, and a mapping Cf from E to

V xV. If Cf (e) = (VI' V2) , then the edge e is said to have VI as its

initial vertex and V2 as its terminal vertex. Labelling the vertices as

Vl , V2' •.• , v we denote the edge e such that CI) (e) = (v.. v.) bye ...

n T 1 J 1J
This situation can be visualized as in

V'
I

.--------);� .

Vje··
I J

Figure 1 ([ 6]). We now geometrically

interpret (�:,) in terms of such a finite

directed graph G . The solutions

xi(t) and Zjk(t) of (�:,) have indices

i , j , and k which vary from 1 to n.Fig.1
To each index i , we as sociate a

vertex vi and to each ordered pair of

indices (i, j) , such as appear in the

solution z .. , we associate an edge e.. . To each vertex vi ' we assign
1J 1J

the solution xi(t) of (�:,), which we therefore call the ith vertex function of

(�:,), and to each edge e .. we assign the function y .. (t) , which we therefore
1J 1J

call the ijth edge function. These assignments can be geometrically
visualized as in Figure 2. xi(t) is thought of as a process going on at vi'

Xi (t) y .. (t) X j (t)I J
•

v· e·· , v·
I I J J

Fig.2
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,
and Yi/t) is thought of as a process going on at the arrowhead of eij .

With this picture in mind, the equations of (�:,) can be interpreted as a kind

of flow on the graph G in the following way.

1) The Flow Along a Single Edge: At every time t - T , a quantity of

size !3xi(t - T) leaves vertex VI' and flows along the edge e .. at a finite
IJ

velocity. This quantity reaches the arrowhead of e ..
at time t . When

IJ

!3xi (t - T) reache s the arrowhead of eij at time t , it activate s the proce s s

described by Yi/t) . As a result of this activation, a total magnitude

!3xi(t - T) Yij(t) is emitted from the arrowhead and reaches vertex Vj at

time t .

2) The Total Flow Arriving at a Fixed Vertex: The total flow

received by vertex v . from all other vertices 'v , at time t is the sum
J 1

of the flows received from each vertex vi . By (1), this flow is

(See Figure 3.) (1. 4) says that the

contribution of all vertice s to the rate

Fig. 3

of change of the x.(t) process at v·
J J

equals this total flow at every time t .

The rate of change of x.(t) is also pro-
,

J

portional to the magnitude of the input

function I.(t) , and x.(t) decays spon-
J J

taneously at an exponential rate 0:'
-

•

3) The Total Flow Leaving a Fixed Vertex: By (1), the total flow

received by all vertices v , from a fixed vertex v· at time t is
1 J
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LJ X � (t -7:-)�'., _

J?
if r : ct-)p d 1/-/ (/dV

This flow is therefore either 0 or f3xj(t - T) , depending on whether

n
�

i= 1 Pji = 0 or 1 . (See Figure 4. )

•

Thus v. either sends out no flow what-
J

soever at any time, or sends out a total

flow which is proportional to its vertex

function.
•

4) The Flow is Cross -Correlated:

The function y .. (t) which appear s in the
1J

flow magnitude f3xi (t - T) received by

Vj from vi at time t itself depends

on the vertex functions, as is obvious

Fig. 4

from (1. 5) and (1. 6). The term

f3xi (t - T) x/t) appearing in (1. 6) ha s

the following interpretation in terms

of the flow along the edges. f3x.(t - T)1

is the size of the flow received by the arrowhead of eij from vi at time t

This arrowhead touches on Vj , whose vertex function has the value x/t)
at time t . z .. (t) cross-correlates the two quantities f3x.(t - T) and

� 1

Xj(t) which impinge on the arrowhead at time t . That is, the rate of

change of z .. (t) is proportional to f3xi(t - T)X.(t). z .. (t) also decays1J J 1J

spontaneously at the rate u .

We form y .. (t) from the cross-correlating functions z .. (t) weighted
1J 1J

by the coefficients p.. ; that is, from p .. z .. (t) . This is done by dividing
1J 1J 1J

Pij Zij(t) by the sum of the functions Pik zik(t), k = 1, 2, ... , n, which belong
to any edge e'k that faces away from v. , as in Figure 5. y .. (t) appears in t

1 1 1J
flow f3x.(t - T) Yi .(t) instead of the unnormalized function p .. z

.. (t) to
1 J 1J 1J

guarantee that the average output x(t) of (,:�) obeys a linear equation.

By way of summary, the process (,:�) can be geometrically described
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as a directed flow on a graph or network.

v·
I

The magnitude of the flow at any time

depends on the magnitude of the vertex

functions at this time, on the normalized

cross-correlations of the vertex

functions at all pa st time s, and on the

inputs created by the experimenter.

·v
k

5) Deforming a Probabilistic Graph:
A closely related geometrical interpreta­

tion of (�:�) can be given in terms of the

following definition. A finite directed

probabilistic graph G4J is a pair

Fig.5

(G, 4J) consisting of a finite directed graph G and a function 4J : E -+ [0, 1]
n

such that 4J (eij) � 0 and �k= 1 4J (eik) = 0 or 1 .

weight function of G

is called the

every time t ,

and LP.:. = 4J (e .. ) is called the weight of e.. . At
1J 1J 1J

(�:�) can be thought of as a probabilistic graph G(t) with

weights 4i/t) = Yij(t) . Then (�:�) becomes a I-parameter family of probabilistic

graphs J;L = � G(t) : t e [0, (0) 5 "� can also be thought of as a continuously

differentiable deformation of the probabilistic graph G(O) .

In terms of this geometrical picture of (�:�) as a deformation of a graph,

we shall always have the following general que stion in mind. Given two

probabilistic graphs Go and Goc ' does there exist an input vector function

qt) = (II (t), ... , In(t» which deforms G( 0) = Go into G(oo)!£lim G(t) = Goc ?
t�oo

That is, starting with a process having transition probabilities Go at

time t = 0 , do the fluctuations in the se transition probabilities eventually

converge to the stationary transition probabilitie s Goo ?

This que stion acquire s special intere st when P itself is realized

as the weight function of a probabilistic graph; i. e., let �..
= Pr : • Then

0... 1J 1J

.kP can be thought of as a "dynamical pr oc e s s
" going on over the

11 geometrical framework" P . From this viewpoint, P is called the



11

coefficient matrix of � , and the graph of Figure 6 is called the coefficient

graph of �. A natural question to ask

now is the following one. When doe s

V.
I

the" geometry" P determine the

II dynamic s" � in this sense: when

does G(oo) = P ? In Chapters 2, 3,

and 5, we will treat cases in which P

has little effect on G(oo) . In Chapters

3 and 4 we will also treat a case in which

P has a profound effect on G(oc) .

p (.::_n

:'
. .L- .J-

" ... •
.L

0h-I n-I n-i·
We give sufficient conditions on the po sitive coefficients

.L, . ..i- � <0 • . ..L_
ill -; (\ -I VI-I

0 ._L
� co 6 .L:

n'-l n-I
"

Fig.6

E. Stability Propertie s are Graded in the Lag T and the

Number of Vertices n

In Chapter 4, we will study ratio limit theorems for the linearized

system of (�:,) when

for any n � 3

Q' , �, and u such that for fixed T � 0 , the ratios always have limits

if their initial data satisfy a mild technical condition. For fixed T , it

becomes easier to satisfy this condition as n increases. Thus we say

stability properties of the linearized system are II graded" in n .

In Chapter 5, we will study ratio limit theorems for the linearized

system of (�:,) when

(
.1- . .1- Q � '# ,-.L-

P
Vl n V7

- .L ,.1.- tP .- � • ...L-

V, ,..., 11
"

II s:
. ..1.- .i: Q 11' t;'

;,., V1 l-')
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for any n � 2 . Here, for any fixed n � 2 , it becomes easier to guarantee

the existence of ratio limits as T increases. Thus we say stability properties

are "graded" in T • The same is true for (*) itself.

2. POSITIVITY OF SOLUTIONS

In this section, we prove the following generalization of Theorem 1. I

as it was stated in Section IC.

THEOREM 1. L Let (*) be given with po s it ive O!, (3 , and u ; a

nonnegative T a semistochastic matrix P; and continuous and nonnegative

functions Ii (t) . Let the initial data of (,:,) be continuous and nonnegative,

and suppose Zjk( 0) > 0 if Pjk> 0 . Then the solution of (,:c) exists and

is unique, continuously differentiable, and nonnegative in (0,00) • If the

initial data of a given variable xi or Zjk are positive, then this variable

is positive in [0,00) •

PROOF. (,:,) can be written in vector form as

(*)

with u. = ()( IJ )(:z.) '"
) X.., )

=e I, ) 2-, 2-) '" )�vi , h - /) :c.,,.., ))
{? -= (f!,) (?:z.) "') �Y1) \2'1 )f,'2-) '" ) (2",,"'-1) f?-nn '),

�
•

VJ '\-)c.� = - ol '><l_ +- (3 z.-Io. =-1 )( "- (b--C) r ....� tk:.l.2... =, Plot.., =ek. ..... } + T..:, )
9 .;" :: (- /,(. :aJ" +- 11 Xi (I; -7:) )( 10. ) e (fi i; ) )

and

where

Let T =

e(r) '" [
•

o . Then U(t) = g( qt)) ,

tf r > 0

o f� 0 •

where g(w) = f(w, w) • By the continuity

of g , a solution U(t) exists in an interval with 0 as its left-hand endpoint.
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If, moreover, Il g(Jl)) _ g(J2)) Il� k(t)\\ U(l) - J2) \\ for some con-

'. . Jl) (2)t irruou s furrct io n k(t) and any two s o lut.io n s and U ,then this

([7], p. 4).

(0, (0) and the solution is unique and continuously differentiable

First we show that such a k(t) exists if all x , and z'k are
1 J

The only terms for which this is not obvious are the terms

interval is

nonnegative.

We use nonnegativity to estimate x . above by a continuous function m(t) .

J

Bynonnegativity, �.�-Q'xl· and �'k>,,�z'k' or x.(t)�eQ'tx.(O) and
1 J J 1 1

Z·k(t)�e-utz·k(O). Thus � I?
p. &, (f:) � e-u,t2 h

1). �. CO)::::) 0 tf'-J J rn=- , I d t1? J n, rn ;:. I I d"'" <r111 l ,....

�"'��rJWI"O»O if2",=;,;.,.,:;;?ThiS implies :2;m=� Yjm(t) = :2;m=�Pjm = 0 or 1 ,

from which we find that

where
1 n 1

and I = n L:k= 1 Ik ' or x(t) � -nm(t) where

By nonnegativity, x.(t)� nx(t).,:S m(t) . We can now prove the required
J
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f
J)

complete s the proof when T = 0

By (10 6) and the nonnegativity of initial data, Zjk(t) cannot become

negative until either x.(t) or xk(t) becomes negative. Otherwise if
J

Zjk(t) is zero at t = To, then �jk(T 0) = I3x/T 0) xk(T0) � 0 . Let t = TI

be the first zero of any function x.(t) . Suppose in particular that xI(TI) = 0 .

1

Then by (1. 4) �1(TI) = l3:2:k=l xk(TI)Ykl(TI) + II(TI) � 0 . Xl can therefore

never become negative, and all solutions are norme.gative. This complete s

the proof when T = 0 .

Suppose T > 0 . The existence of a solution of (�:�) follows by a

standard 11 step - by- step" construction in each interval of the form (n-c, (n+l)t:] ,

n = 0, 1, .00 ([12J) . To prove the remaining assertions, it suffices to show

that 1/ f(5" \) - f{ S 2, 1l.! II � k(t) H 5 1
- 5 21i for every 1l_ , and this can

be done just as in the case T = 0 .
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CHAPTER II

GLOBAL RATIO LIMIT THEOREMS FOR OUTSTARS AND THEIR

PREDICTION THEORETIC INTERPRETATION

PART I

(2. 1)

1. Outstars

In this chapter, we discuss the simplest example of our prediction
theo ry, This example is characterized by the coefficient matrix

O
..J._ .L, ••• --'-­
""-1 11-1 V')-,

o
The system therefore obeys the equations

,
2: let.:: � --2-\ � (t)

iIJ(t)=-l..l-e'iLt)+ �X\(t-"'C)(�lt), �::2.-)3)"·lYl (2.4)

(2. 3)

where all initial data are nonnegative and continuous, and moreover

Zij(O) > 0 , j 11 , and �kl1xk(O) > 0 0 The coefficient graph for (��)
is given in Figure 70
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• •

Fig.7

(,:,) is therefore called an outstar. The vertex VI is called the source of

the outstar and each vertex Vj , j i 1 , is called a sink of the outstar. The

set B = � Vj : j I 1 t of all sinks is called the border of the outstar.

In Part I of this chapter, we shall study (�:() f ro rn a purely mathematical

point of view. In Part II, we give these results a prediction theoretic inter­

pretation. Our mathematical discussion will concern itself with the limiting

behavior of (�:() as t_' 00 for special choice s of the input vector function

c(t) = (II(t), I2(t), ... , �(t)) . These choices will be interpreted in Part II

as the presentation to the machine which (�:() represents of sequences of

predictions to be learned.

The choices of c(t) will be divided into three general cases. In

the first case, no inputs reach the border of the out s ta r at any time. In

the second case, inputs do reach this border and continue to do so for all

time. In the third case, inputs do reach the border but only for a finite

amount of time. All of these cases can be treated by a single method. The
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success of this method depends on the fact that (,:() can be transformed into

a more tractable system of equations expressed in terms of new unknown

variables. These variables can be classified into two classes. The first

class consists of sums over all vertices j -=t 1 in the border of (':() .

These sums are x(l)= �k=llxk '

The second class consists of three l=parameter families of probability

distributions associated with (*). These are X = {Xj : j 4 1 � ,

Y = 1 Ylj : j 4 1 � ,and S = l Sj : j 4 1 J, where

x , zl" I,

Xj = x(�) Ylj
= � , and 6j = 1(1) We shall find that the

sums x(l) and z(l) over the border depend on time only through the

known inputs II and 1(1) . In particular, they are independent of the

unknown probabilities X and y • Moreover, (';') can be replaced by a

system of equations for the time evolution of the probability distributions

X y, and e 0 The coefficients in the se equations depend only on

II and the known sums x(l) , z(l) , and 1(1) 0 The se facts are

summarized in the following two lemmas.

LEMMA 2. 1. The source function Xl and the sums x(l) and

z(l) depend on time only through the known inputs II and 1(1) .

PROOF. The assertion is obvious for Xl by (201). Sum (2. 2)
over j =I 1 using the fact that �j# 1 YU

= 1 . Then

X(I\�) = - ol/I)Cb) + 13><, (t-<;') + :c(I)(t), (2. 5)

and so by (2.1) the assertion is obvious for x(l) . Summing (2. 4) over

j =I 1 we find



which gives the assertion for z(l) by (2.1) and (205)
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(2. 6)

LEMMA 2. 2. (�:,) can be transformed into the following system of

equations for the probability distributions y and X .

and

pX1 (t- 1)
where Al (t) =

x(l)(t)

PROOF� (2.7) has the following derivation.
xo

Since XO = + '

J xU)

Substituting (2G 2) and (2.5) into this equation gives
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(20 8) is derived in the following way. Since Ylj =

Zlj I z(l) ,

• ,. � Cl)

)� Ij
=

-2:(1) (e-1J -

�'S �CI) •

Substituting (2.4) and (2. 6) into this equation gives
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2. Outstars with an Input-free Border

We use Lemmas 2. 1 and 2. 2 to study the case in which no inputs

reach the border of the outstar at any time. Thus I.(t) � 0, j � 1 , and
J

we say the border of (>:,) is input-free. The main fact needed to carry out our

prediction theory in this case is the following.

THEOREM 2. 1. If Xl f ° , then Yij and Xj are monotone in

opposite senses and lim Yl·(t) = lim x.u) 0 If Xl = 0 , then YIJ· and XJ.t-+oo J t� 00 J

are constant.

PROOF. By (2.7) and the hypothesis 1(1) {t):;; 0 ,

(2. 7)

where is nonrieg at ive, By (2. 8)

(2. 8)

where C1 (t) =
(3x1(t=T) x(l)(t)

z{l\t)
is nonnegative. From (2. 7) and (20 8) we

draw the following conclusions. If Xl � 0 then Y1j and Xj are constant

since Y1j = Xj :: 0 Suppose that XI;' 0 • If X/to) = Y1/to) , then

Xj(t) = Y1/t) = constant for all t � to • By (2. 1), there is a To < 00

such that Xl(t - T)= 0 for te[O,ToJ and Xl(t - T» 0 for t > To • If

Xj(O) > Y1j(O) , then X/t) and y1/t) are constant for t e [0, ToJ. X/t)
is strictly monotone decreasing and Y1/t) is strictly monotone increasing
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for all t e (To, TI) , where TI is the smallest root, if any, of the

equation X.(t) = YIo(t) . If such a Tl exists, then Xo(t) and Y1o(t) are
J J J J

constant for t > T 1 • We shall show in the next paragraph that no such

Tl exists. If no such TI exists, then Xj(t) decreases monotonically
for all t> To and YI/t) increases monotonically for all t> To .

Since XJo and YIJo are bounded, the limits Qo = lim X o(t) and
J t-+oo J

PIJ· = lim YIJo(t) exist. If Xo(O) < YIo(O) , the same argument goes through
t .... oo J J

with all inequalities reversed. In all cases, therefore, Xj and YIj are

monotone in opposite senses and [Xj =

YIj J is monotone noninc r e a s irig ,

We now show that Tl does not exist and that PIj = Qj if Xl ;. 0 •

Subtracting (2.7) from (2. 8) gives

(2. 9)

I x(l)
where DI = Al + C1 = �Xl(t - T) (-;JI7 + �) . Integrating (2.9) gives

(2. 9')

+ To show

that Tl does not exist, note that rldt) > 0 , t � 0 0 Thus Yl ° (0) :J x. ( 0 )
J J

implies Yl/t) =f. Xj(t) 0 To show that PIj = Qj , we must show that

lim nl (t ) = 0 , or that

h""'. t I X
(,) ( g)\

f-;c<> ):I(S--C}�(I)(g)+ �(I)(e))�� = CO.
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Since x{l)/ z(l) is positive, it suffices to show that

•

By (2. 1), Thus diverge s at a

logarithmic rate as t � 00 and Pl. � Q. , j fl.
J J

Theorem 2. 1 contains all the information we shall need about an

outstar with input-free border to discuss our prediction theory. It can be

tersely summarized by Figure 8.

Theorem 201 shows that the limits lim Xj(t) and lim Ylj(t) do
t�oo . t-+oo

not vary continuously as a function of the initial data Xl (v) , ve [- T, 0] .

This theorem is picture squely called the uu speck of du st" theorem because it

describes an alternative which depends on whether or not the source function Xl



Xj Co) or Yij (0)

Y··{o) or X·(o)IJ J

\ _---------/�--..--------__--------�
t

--------v y

x (t-r)=OI

Fig.8

is identically zero. Since II is nonnegative, the po sitivity of Xl (to) for

any to implies the positivity of XI(t) for all t � to . Thus if the initial

data of Xl are identically zero, then Xl (t) remains zero until a positive

value of II (t) , no matter how small - that is, a It speck of dust" - reaches

the source VI . Thereafter Xl (t) remains positive at all time s.

By Theorem 2.1, if Xj(O) = Yl/O) then Xj(t) = Yl/t) = constant for

all t � 0 . This means in 'particular that arbitrary probability distributions

can arise as limits lim X/t) = lim Yl/t) , j =I 1 • The coefficient matrix
t_,.oo t-+oc

P of an out star thu s doe s not unique 1y dete rmine the limiting di str ibutions

when the border of the outstar is input-free. This answers the question

of Section D -5 in Chapter I in the negative for an outstar.

More information is available concerning an out s ta r with input-free
border than is contained in Theorem 2. 1, because (>;�) can be explicitly

integrated in this case to give precise information about the relative rates

at which the probability distributions associated with different vertices and

edge s approach their limits as t ---+00. It can be shown that x/t) and

zl/t) obey equations of the form

23
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and

� · (t):: X.(o) cC-t') + (t.),i (oj - 2r,(olJ c:\(t) ,�d d 0 0 d

where a , b , c , and d are nonnegative and continuous functions that

depend on II and the initial data Xl(O) , x{l)(O) , and z(l)(O) . Moreover,

a = x(l) and c > z(l) , so that

'oCt)

X/t)-X:�(O')=(�I�(O)-�)OJ) o..(-t) (2.10)

and

for all j = 1, 2� .0., n . Since also Xl(- T) � 0 implies band dare

positive, (2.10) and (2. ll) show that if Xl(- T) � 0 , Yli(O) 4 Xi(O) , and­

y1/ 0) f. X j ( 0 ) , then

\11�(t)-X�(O) ::: X<.(t)-XL(O) := �!�(o)-.x�(o)
'a I� (tj -

Xa (0) XJ (t) -

X� (0) 'ch (0) - X� (o)
for all t � 0 .
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Thus the probability distributions at different vertice s approach their limits

at the same rate, except for a multiplicative factor that depends on their

initial data.

3. Outstars Whose Border Never Becomes Input-Free

In the preceding section, we found that any probability distribution

Ylj(t) = X j(t) , j =/. 1 , remains constant for all t � 0 when the outstar's

border is input-free. This fact provides an affirmative answer to the fol­

lowing question. Given any probability distribution 9j , j � 1 , does there

exist an input vector function C= (II' •.. , In) for which X,(O):= Yl'(O) = 9.
, J J J

and lim XJ.(t):= lim Yl,(t) = 8J, ? Any nonnegative I with IJ. ;; 0 , j:# 1 ,

t -..00 t-+oo J

accomplishes this goal. A natural generalization of this question is the

following question. Given any three probability distributions e�l) , e�2)
and e�3), j =f. 1 , does there exist an input vector function <C for which

(1) (2) (3)
XJ.{O) = 8J. 'Yl'(O):= e. ,and lim XJ,(t) = lim Yl,(t):= 9, ? We now

J J t�oo t-+oo J J

answer this question in the affirmative and provide a considerable amount of

supplementary information concerning the manner in which the probability

distributions Xj and YIj approach their limits. We do this in the following

theorem.

THEOREM 2. 2. Suppose the inputs to the border of an out sta r have

the form Ij(t):= 9jI{t) , j f:. 1 , where t 8j : j =f. 1 S is a fixed, but arbitrary,

probability distribution, and II (t) and I{t) are arbitrary nonnegative and

continuous functions. Then the functions f.(t) = Yl,(t) - x.u) ,g,(t) = x.u) - 8. ,

J J J J J J

and hJ,(t) change sign at most once, and not at all if f,(O) g.(O) � 0 • More-
J J

over, f/O) gj(O) > 0 implies f/t) g/t) > 0 for all t � 0 0 Suppose furthermore

that II (t) and I{t) are bounded functions such that I(t)� 0 as t__....oo and

also that there exist two positive constants C and T for which
o
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t

r e -0I.(t-5JI, (�JJ.g � c
a

PROOF. The proof is divided into three steps. In step (I) we

®

prove that fj 3 gj , and Ylj change sign at most once and thus, that

lim YlJ·(t) exists, j � 1 • In step (II) , the existence of these limits along
t-+oo

with estimates of C1(t) and C1(t) for large t are used to show that the

limits lim XJ·(t) exist and equal the limits lim Yil·(t) . In step (III), the
t ...... co t400 J

common value of these limits is shown to be 9j by estimating A1(t) ,

• •

BI (t) , Al (t) , and Bl (t) for large t .

(I). Subtracting (2. 7) from (2. 8) give s

" "

Since (Xj = 9j) = Xj , (2.7) may be written as

(2" 13)

Equations (2. 12) and (2.13) are special cases of the following simple but

ba sic lemma ..

LEMMA 2.3. Let the functions f and g satisfy the differential

equations
•

f = af + bg
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and

•

g = cf + dg

where a , b c , and d are continuous functions and the off-diagonal

coefficients band c are nonnegative. Then f and g change sign at most

once and not at all if (fg)(O) � 0 . Moreover, (fg)(O) > 0 implies

(fg)(t) > 0 for all t � 0 .

Lemma 2. 3 can be geometrically visualized by Figure 9,

9

Fig.9

which shows the (f, g) plane. The direction of the arrows indicate s the path

of the (f, g) point through time.

PROOF. Clearly (fgr = (a + d)fg + bg2 + cf2 � {a + d)fg by the

nonnegativity of band c . Thus for any to � 0 , (fg)(to) � 0 implie s
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(fg)(t) � 0 for all t � to • More can be said. Let (fg)(to) > 0 , where

f(to) > 0 (say), and let t:;:: t1 > to be the first zero of f , or g , or both
-

(of f , say). Then f and g are both nonnegative in [to' td ' so f � af

a( t1 � t )
and 0 = f(t1) > e 0 f(to) > 0, which

is a contradiction. Thus (fg)(to) > 0 implie s (fg)(t) > 0 for all t � .to

Only the case (fg)(O) < 0 remains, where f(O) < 0 (say). Then

either f(t) < 0 < g(t) for all t � 0 , or there' is a first tl > 0 when f ,

or g , or both have a zero. If such a tl exists, we are in a previous

case, so that f and g change sign at most oric e,

Lemma 2.3 can be directly applied to (2. 12) and (2013) by letting

f = f. , g = g. , a:;:: - Dl , b:;:: BI , c:;:: Al , and d > = Bl . We
J J

conclude that fj and gj change sign at most once and not at all if

(fjgj)(O) � 0 0 Moreover, (fjgj)(O) > 0 implies (fjgj)(t) > 0 for all

t � 0 •

By (2.8),

Since C1 is nonnegative,
I)

Ylj also change s sign at mo s t once and not at

all if (fjgj)(O) � 0 • In particular, there exists a Tl such that Yl/t)
is a monotonic function for t � T 1 ..

Thus lim YIJ,(t) exists for all j f. 1 e

t-+oo

Yl' is also bounded and continuous.
J

(II). U sing the facts proved in (I), we now show that the limits

limX/t) exist. The fir st step in this proof is to establish various
t-.oo

estimates for the coefficients

�)<l(t--c)
XCc) (t) ,
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IC\)(t)
x(\)(t)

and

� x\ (t--c) x
(,) (t)

�(\)(t)

which appear in (2.7) and (2.8). The purpose of these estimates is to show

that Y·lj (t) is bounded for sufficiently large t . This fact, in turn,

will be needed to prove that lim Ylj(t) = 0 , from which it will follow with
t-+oo

the help of the estimates that limX/t) exists and equals lim Yl/t) 0

t-+oo t�OO

The Ie stimate s needed for Al , BI , and CI are the following.

We shall find positive constants A 0
, i = 1, 2, 3, 4, 5 and a time T 2 ,

1

such that for t � T 2 , the inequalities Al � CI (t) � A2 , Al (t) � i\3 ,

:& (t)� A4 ,and \�I(t)1 � As hold. To establish these estimates,

we rriake comparable estimates on the functions Xl , x(l) , and z(l)
from which Al , BI , and CI are constructed. Firstly we establish

lower bounds for these functions for large t .

By hypothesis, there exist positive constants C and To such

that

Thus by integrating (2.1), we find
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Substituting these inequalities into the integrated form of (2.6) gives for

t � 3(To + T) , 2 (To+ 1:)

-2:( \) (t) � e
- u..t ( � C,) (0)+ �S e

u, �
X \ (g

- "{;) X
(\) (€: ) � S

o

+ �C�rt e. lA.'SJ. �)
�(To+-c:)

- e. .> O.
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Upper bounds for xl , x(l) , and z(l) follow by the boundedness

of I} and 1(1) • Letting M} = sup 1. I} (t) : t;;::. Orand M(l) = sup) I(t) : t � 0 (,
we readily find that (_ �

M< CXJ)

N < c::.<»)

and

�<

Let T z = 3(T 0
+ T) 0 Then the following definitions of the

�Ai' i = 1, 2, 3, 4, obviously suffice for t � T z 0 Al =
.

R
'

• .(1) d 19(1)
Xl ,X ,an z can also be shown to be bounded by simple

estimates of the above ki.nd, Using these estimates along with those derived

above readily shows that the re exists a As < 00 such that \C1 (t)\ < As

for all t 3- T a •

These various estimates on the functions Al , BI , C1 , and
•

C1 suffice to show that Ylj(t) is bounded for t � Tz , since by (207)
and (2. 8),
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I�'i\= \cl(xr�'�)+C, (xJ- �\�)\
� �Ic\\ + \c\\ ((�I\+C!)I�'FX.J \+ 8, \ eJ-x,jU

�)..5 + >'01. (:2.. (A,+ C,) + a 1)1)

< CX3

for t � Tz e

To show that lim Y1J·(t) = 0 , we need the following lemma.
t�oo

LEMMA 2 .. 3. Suppose f(t)�a'< 00
II..,

as t--=+ 00 and f is
<9

bounded. Then f{t)"""",,_ 0 as t� 00
•

PROOF. Suppose not. Then for some e > 0 , there exists a

sequence [tn � with lim tn = oc such that I f(tn) I 3- e for all n . We
e n�OO ..

can suppo se f(tn) � e for all n without 10 s s of generality. Since f is

(\ 0
e

bounded, there exists a 6 such that f �"2 on infinitely many nonoverlap-

ping intervals In = [Un' Un + £] of length b 9 where lim Un:::: '00
•

n�OO

(' e�
Thus f(Un + tJ) � f(Un) �-2- for all n , and f�a < 00 as t�OO ,

which is a contradiction ..

Replacing f by Ylj in Lemma 2. 3 immediately shows that

lim Ylj (t) = 0 •

t-+oo
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We can now show the existence of lim XJ.{t) 0 By (I) we can

t'+ 00

as sume that Ylj (t) � 0 and thus that (Xj - Ylj)(t) 3- 0 for t � To without

loss of generality" Also CI(t) >" x, > 0 for t �T2 Thus by (20 8)

§�J= C,(XJ-(jla)
�AI(XJ-�I�J
� 0

for t � max (T , T 2) • Since
o

lim Ylj(t) = 0 , it follows immediately
t-+oo

We also know that lim Ylj(t) exists, by
t400

that lim (X .(t) - Yl·(t)) = 0 .

t� 00 J J

(I). Thus QJ'':; lim XJ.{t) exists and equals lim Yl,(t) .

t�oo t-=+oo J

(III). The existence and equality of the limits lim Y and
t�ocr Ij

lim X. can now be used to show that this common limit Q. equals 8J. .

-t� J
u

J

Proceeding as in (II), it is easy to show that X. is bounded. Since
J fI

limXJ.(t) < 00 exists, Lemma 2. 3 implies that lim X .(t) = 0 0 Also
t-+oo t-=+oo J

by (II), lim (Yl.(t) - X.(t)) = 0 and Al is bound�d. Thus by (2.7),
t ..... oo J J

lim B1(t)(9J", - X .(t)) = O. Since QJ' = lim XJ.(t) , we find (9J. - QJ').t .... co J t�oo

lim BI(t) = 0 , and either Q. = 8. or lim BI(t) = o. Since Bl = r!x(l) ,

t�oo J J t-.oo

the inequality x(l) � N from (I) gives BI � � I � 0 0 By hypothesis,

I(t)� 0 as t ...... co
0 Thus BI(t)"f"0 as t ...... 00

, and we conclude that

Qj = 9j , which completes the pr o of,

The following corollary to Theorem 2. 2 will have a useful inter­

pretation. An input pulse J(t) is a nonnegative and continuous function

which is positive in a finite interval ("'1' "'2) , where O� "'1 < "'2 .

The corollary describes what happens when rdt) and I{t) are chosen to

be pe riodic succe s sions of input pulse s,
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COROLLARY 2.1. Let the functions II (t) and I{t) of

Theorem 2. 2 be defined as follows.

and

where Ji(t) is an arbitrary input pulse which is positive in the interval

(O,:A) , i\ > 0, i = 1, 2, and wand Ware nonnegative numbers whose

sum is positive. Then all the conclusions of Theorem 2. 2 hold.

PROOF. It is obvious that II and I are nonnegative, continuous,

and bounded functions. It is also obvious that I does not converge to

zero as t._.,. 00 It remains only to find positive constants C and To
such that

g?(t) - rte-oI.Ct-S)I\ (�)�5 � C

o

Writing p = w + W , let

F(t)== �t e.-cl(�-S\I:I(d�5, -b�f.
t-p

Then for any n � 1 and t e[np, (n+ l}p))
( \ cJ.0 '" -ct.(n-I) P C -,

�(-t)�Ft)+e- fF("*:-PI+'''+e. IF -t-CI'1-I)?).
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Clearly F{t) � F{t - p) for all t � 2p , since II (t) >" II (t - p) 0 Thus

for any t e[np, (n+l)p) . Since fn(t) == F{t-{n=l)p) is a positive and con­

tinuous function of te[p, 2p] , letting C·� inf [fn(t) : t e[p, 2p] � (> 0)

and To = P complete s the p roof,

40 Outstars whose Border Eventually Become s Input-free

In the previous section, we considered out sta r s subjected to inputs

of the form

and

Since each vertex of such an out sta r receives infinitely many input pu l s e s ,

we denote the outstar by G(oo) and affix the superscript IU (00)00 to each of

its functions. For example, we write II as I}00)
, x . as x�oc) , and

J J

so on.

The border of G(oo) never becomes input-free. In the present

section, we consider out s ta r s whose border does eventually become input

free. Given any out sta r of type G(oo) , we shall construct an infinite
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sequence of outstars G(l) , G(2) , ... , G(N) , .... , each

with the same initial data as G(oc) , and each with a border which eventually

becomes input-free. We shall then study the limiting behavior of the

functions of G (N) as Nand t are permitted to become large by

comparing these functions with those of G(oo) and of outstars with input­
free bo r de r s, To simplify our discussion, we shall assume that

J1 = J.2 = J , where J(t) is positive in (0, A) , A > ° . The same

method can be applied when the input pulses J1 and J 2 are not the

same,

Given an out sta r of type G(oo) and a positive integer N 9 the

out star G(N) is defined by the following prescriptions: (1) G(N) has

the same initial data as G(oo) , and (2) the input functions of G(N)
are

and

That is, the first N input pulses received by the vertices of G(N) are

the same as the first N input pulses received by the vertices of G(oo) •

Thereafter no input pulses occur in G(N) , so that the border of G(N)
is eventually input-free. G (N) is called the N -truncation � G (00)

because its functions agree with those of G (00) in the interval

(N) (N)
[0, N(w + W)] • Denote the Xj and Ylj functions of G by Xj
and yfy) ,respectively. The following theorem holds for these

functions.

d =f \.
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4A) The Probability Distributions of an Outstar G(N) Remain Essentially

Fixed for Large Times

(1) (2) (N)THEOREM 2. 3. Let G , G s •• 0, G ,0 • • be the sequence

of N -truncations of any out sta r of type G(oc) with arbitrary nonnegative
and continuous initial data such that zl/O) > 0 , j if. 1. Then

(N)
(1) For every N = 1, 2, • 0 ., the limits lim X, (t) and

t-+oo J

Ii (N)( )rrn YIJ' t
t-+oo

exist and are equal.

(2) For every N = 1, 2, 000, and j 4 1 , the functions

/N) = /�) _ X{N) g{N) = X{N) _ 9. and yq�.) change sign at most once
J 1J J 'J J J ' IJ

and not, at all if f�N)(O)g�N)(O) � 0 0 Moreover, f�N)(O)g�N)(O) > 0

implies f�N)(t) g�N)(t) > 0 for all t � 0 0

(3) For every N = 1, 2, o. 0, and all t � w + A + (N - l){w + W),

and are contained in an interval

lim
N�oc

for all j =I- 1

In particular,

(N):
lim lim X, (t)=

N"'+OC t=+'oo J
lim lim y(N) (t) = eo, j" f. 1

N-+oo t�oo 1j J

Before proving the theorem, we illustrate its claim pictorially
for the special case 9j = g

j2 in two outstars G(M) and G(N) with

M« N in Figure 100
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1

j
i

(Ml(t)1Yl2 :--------------�------------------------------� t
M{w+W)

1 --- --- - ------ -- ---- --- -------- ---

�----------------------------------�--------�� t
N (w+W)

M «N

Fig.IO

PROOE We shall carry out the proof in the case e. = b'2 •

J J

The same method goes through in general, but it is more tedious. The

idea of the proof is to try to divide the time interval [0, 00) of each G (N)

into two parts [0, ON) and [ifN' 00) ,where lim (J N
= 00. In [0, ({ N) ,

N .... OO

the functions of G (N) agree with tho se of G (oc) and we can apply Theorem

2. 2 to them. In ['t N' oc) , G(N) has an input-free border and we can

apply Theo rem 2. 1 to its functions within this interval. This goal can be

accomplished with but one technical reservation which appears in Case 2

below.

Clearly XJ�N)(t) = XJ�OC)(t) and (N)(t) (oc)(t)Ylj
=

Ylj for te[O,N(w+W)] .
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In particular, x�N)(N(w + w) - v) = X(oo)(N(w + W) = v) and
J J

(N) (00)
y 1j (N(w + W) - v) = YIj (N(w + W) - v) for any fixe d v e [0, N(w + W)J .

By Corollary 2. 1, lim X��bC) (t) = lim yiJC:C} (t)::: �.
2. Hence

t-+ 00 J t--- 00 J

for any fixed v � 0 •

In every G (N)
3 no input pulse s occur during the time interval

[>..(N),oo) ,where >..(N) == w + (N - l)(w + W) + >... In particular, G(N)
has an input-free border in [ >.. (NL 00) , and we can therefore apply the

results of Section 3 in this time interval.

l' (N) (N)
By Theor ern 20 1� y�j (t) and Xj (t ) are monotonic in opposite

\ .(i�-r' .. (1\1) '\
senses and Ylj' [t ) - Xj ,(t) I decreases monotonically to zero for

t � >.. (N) . Letting

(N) f (N) (N)"
Mj == max l./lj (>..(N)), Xj (>..(N))� and (N) . [ (N) (N)"

mj
= rrun Ylj (>..(N)), Xj (>..(N))),

we conclude in particular that y��)(t) and x�N)(t) are contained in the

[mJ(.N), MJ(.N)] ( \ hinterval for all t 3- >.. N; . We must now distinguis two

ca se so

Case 1. >..{N) � N{w + W):

Letting v = N(w + W) - >..(N) � 0 in (2e 14), we conclude that

lim M�N) =

N-+oo J
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Since y.:fy)(t) and x�N)(t) are contained in
J

we can, by taking N sufficiently large, bring Yf�)(t) and X�N)(t) as close
J J

to bj2 as we please. Moreover, these functions will remain there for

all large t , even though no input pulses occur for t � A.(N) . In

particular, by Theorem 2.1, we conclude

so that

Case 2. A.(N) > N(w + W):

In this case, the conclusion of Case 1 still holds, but we need more

information to reach it. By (2.7) and (2.8) ,

and

• eN)
� \�

C(f\\) ( �CN) _

(f\\)",
-

\ A:;._ 0 I� ) )
(2. 8)
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where A�N) , B�N) , and C�N) are nonnegative. Ii Yf�J).:s 0

(N) (N) • (N)then by (z. 8), YIZ - x; � 0 and so, by (2.7), x; � 0 • If

YHn.� 0 , then by (2. 8) X�N) � Yr�J) . In either case, it is clear that

(N) (N) ,(N) (N)
YIZ (t) and x; (t) exceed mm(Xz (to), YIZ (to) for any t and to

in [N(w + W), i\(N)] with t � to . Letting t = i\(N) and to = N(w + W)

we find that l��)(\(N)) and x�N)(\(N)) exceed min (X�N)(N(w + W)), y���)(N(w + W))).

By (2.14),

x (�) C �(wo\- \N1) .". � � C�2) C �(wo\- \NI) - .i ·

N�c::oa

Since x�N) and y��) are bounded above by 1, this implies

Since G (N) has an input-free border in [A(N), 00) , it now follows just

as in Case 1 that x�N)(t) and Y��){t) can be brought as close to 1 as we

desire by taking N sufficiently large, and will thereafter remain there.

The conclusions of (2) follow simply by pasting together the results

from Theorems 20 land 2. 20 That is, we consider G(N) to be a G(OO)
for small times and an out star with input-free border for large times.

We can summary Theorem 2. 3 in the following way. As N is

taken increasingly large, the probability distributions x�N) and y�f)
of G (N) approximate the �

Jz distribution (or more generally any fixed

probability distribution 9j) with increasingly good accuracy for all

large t g
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4B) The Outputs of Each G(N) Decay Exponentially for Large T'irne a,

We shall now show that in each G (N)
, the behavior of the output

functions x�N)(t) differs radically from the behavior of the ratios

(N) . (N)
Xj (t) as t_"oo. In Theorem 2, 3 we showed that the ratio s X'j (t)

remain essentially fixed for large times t in each G (N)
. Now we show

that the output functions x�N)(t) decay to zero at an exponential rate as
J

t ....... 00. This contrast between ratios x�N) and outputs x�N) will

have an important prediction theoretic meaning.

PROPOSITION 2. 1. (N)In each G , the outputs
(N)

x.
J

decay

exponentially to zero as t --+ 00
•

PROOF. Since G(N) is input free in [A(N), 00) , (2.1) implies that

(N)Thus Xl converges exponentially to zero as t � 00. Similarly for

j � 1 and t � A(N) + T ,

eN) eN) '\ (f\\) r \
ol x d (t') + � X \ (t - 1; J a \ � \.t)

(N), [�)()� - cf... X � (-.t J + � 'f. I
t -"C

)

(N)where Xl (t - T) converges exponentially to zero.

exponentially to zero as well.

Thus (N)
x·

J conve-rge-s
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4C The Effect of Fixed Ratios on Outputs.

In (4B) we showed that even though the ratios x�N)(t) remain
J

essentially fixed for large t , the outputs x(N)(t) decay exponentially
J

to zero as t._.oo. It therefore seems that the absolute magnitudes of

the ratios and the outputs are completely unrelated as t--+ 00. This is

not always true, but we must change our outstars G(N) slightly to see

'thi s, We do this only in the case ',8j = � j 2 for simplicity.

The input functions of G (N) are in this case

and

In particular, G(N) has an i.nput=Ere e border in [A,(N) , 00). Let

fN(t) be any nonnegative and continuous function which is po sitive only

in the interval [A,(N), 00) . Such an fN is called admissible � Given any

sequence f = (fl' f2' .. 0, fN' 0" 0 ) of admis sible fNIl s , we shall now

construct a sequence G(l, f), G{2� f), 000, G(N, f), .. Q of outstars that

is closely related to the sequence G(l), G(2), 0.'" G(N), .. 0 of outstars.

For each N = 1, 2, .... , G(N, f) is defined in terms of G(N) by the following

prescriptions: (1) The initial data of G(N, f) are the same as that of

G(N) (and hence that of G(oo)); (2) The input functions of G(N, f) are
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and

I(.N, f)
= I(,N) .i 1, j T •

J J

W h (1, f) (2, f)
e say t at the sequence G ,G ,. . . is derived from f and

G(oc). Any derived sequence of this kind obeys the following theorem.

THEOREM 2. 3f.

sequence of outstars derived from any admissible f and any G(oc) with

arbitrary nonnegative and continuous initial data such that zl/O) > 0,

j � 1 0 Then all the conclusions of Theorem 20 3 hold for this sequence

with superscripts n (N, f)un replacing superscripts n(N)tQ 0

PROOF. Since iN, f)
= I�N) + f. , the functions of G (N, f)

N

agree with those of G(N) in [0, N(w + W)] . Since I�N, f)
= iN) , j � 1

J j

G(N� f) h
.

f b d
.

as an Input= ree or er In [A(N), 00) • The re st of the proof

is now just as in Theorem 2. 3�

We now consider special choices of f which show some of the

effects which the fixed ratios x1N, f) (t) can have on the outputs x�N, f)(t)
for large t .

(1) iN(t) = J(t =..A(N)) , where ..A.(N»> A(N) 0 For this choice

of fN, G(N, f) differs from G(N) only in the occurrence of an input pulse

J(t - .A.(N)) at the source of G(N, f) at time t = A(N) 0 In particular,

G(N, f) is the same as G(N) in [0, A (N)] , and so G(N, f) is input-

free in [A(N), A(N)] . By Proposition 2.1, the outputs x(N, f)(t) decay

exponentially towards' zero for t e[>... (N), .A (N)] 0 Since.A (N»> '" (N) ,

we can assume that all the outputs x(N, f)(t) are very small at time

t = A(N) , and we write x(N, f)(A(N)) � ° , j = 1, 2, •.. , n • This
J



45

is true for every N � 1 �

By Theorem 2. 3f, we can, by taking N sufficiently large,

guarantee that yif' f)(t) approximates S Jz as closely as we wish for

t ? 'A(N) 0 In particular, we can write Yfr� f)(t) � S'j2 for

t � A(N) . We are now ready to discuss the effects which the input

pulse fN(t) = J(t -A(N)) has on the outputs of G(N, f)
q

The first fact of interest is that fN(t) has essentially no effect

whatsoever on the outputs x(N, f)
, j 1- 13 2 . By (2. 2), we have

for t 3-.1\.. (N) and j =f. 1, 2 that

Thus

- d. (t;- A (NI') (1\1 t-) ( "\
e, X 0) .J\_(N))

d

o.
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By contrast, fN(t) has a substantial effect on the output x�N, f)
.

By (2. 2), we have for t �-"- (N)
• (N

1
�) (-\:,).:: -

0(
( N ) (2-)(t) +

( N ) �)(t _

'\ [N )
� ) (t)X

�
x

� �X\ -r;Jd l2-

and thus

(2.15 )

But by (2.1) we have for t � A (N) that

and thus

/�l�\t) = /� If.)(A.(N)le - cl(t-;l(N)l

-I- \
t e-otlb-V-)J(v--A(NllJ.u­

J\.(\'l)
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t

('J) e.
- ot (t-Ir) J(v-:.!L(N 1) cL-

Jl(�)

( \ t -..A..(,N)
== e

- rJ.... t-..A..lN\ 1 \ e
01. u-

j(\1"") cQ.r-,
o

(2. 16)

Substituting (2.16) into (2.15) gives for t e [..A. (N), _A_ (N) + T] that

and for t 3- J\_ (N) + T that

X (�I {!\t;) � �)
-t

e.
- 01. (t- �

X I

( tJ) f!)
(Ir"- r ) & -r:

.A(tJ) +1:

Thus x�N, f)(t) grows substantially in the interval (..A. (N) + T , _{ (N) + T + A)
and then decays once again at an exponential rate to z e ro,

We summarize these statements in Figure 11. These facts can be

stated heuristically as fo l low s, IT the vertices VI and Yz are each

perturbed periodically by N input pulses, where N is a large number,

then a later te st input pulse to vI create s a large output only from Vz .

The periodic input pulses to the vertices VI and Yz channel most of the

n (N, f)
mass �k=2 Ylk (t) of the edges elk into the edge ell' and then ell



X(N,f)
1

(N,f)
X·

J

j "# 1,2

X(N,f)
2
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AM(�N�)���----------------------� t

A�(;:;N;Z=)
z:z:z:z::z:z:::z:::z::z:::z:::z:z::::z::::z:::::z� -:---_� t

Fig. II
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channels a later te st input pulse to vI along elZ and thence to Vz .

Suppose that the probability distribution bj2 is replaced by an

I(N, f) Then the
J

0arbitrary probability distribution Bj in the inputs

outputs from each Vj with ej > 0 are affected by the input pulse fN
no matter how large N is taken. Clearly, for N taken sufficiently large,

Q.
h � ht e output from vi is approximately times as large as t e outpute,

J
from V, 0

J
00

(2) fN(t) = :tk= 1 J(t --'Lk(N)) � A (N) < < ..ilI(N) «.A iN)« .. 0

In this case, infinitely many input pulses occur at the source at large time

separations t = ..AI (N), .A z(N), .0. For this choice of fN ' we again

readily conclude that the output functions x(N, f), j =I 1, 2, are not affected
J

by fN if N is taken sufficiently Iar g e, Again the interest centers in

x�N, f) for large N c

We can treat x(r' f)
just as we did in Case (1) for times

t e [0, .Jlz{N)] . Treating Al (N) as the -'L (N) of Case (1), we conclude

that x�N� f) grows substantially in the interval (4 1 (N) + T, A 1 (N) + T + A)
and then decays exponentially towards zero in [_Jt 1 (N) + T + A".A. z(N)] .

Since Az(N) »A I{N) , we can suppose x�N, f) (A2(N)) � 0
. Now we

iterate this process. We treat A iN) as the A (N) of Case (1) and A I(N)
as the A(N) of Case (1). We conclude that x�N, f) grows substantially

in the interval (..Jl2(N) + T ,A 2(N) + T + A) and then decays exponentially

towards zero in LA2(N) + T +
. .A, A 3(N)] . This proce s s is iterated

infinitely often, and we arrive at Figure 12. The heuristic point of this

example is that we can perturb the source as often as we wish with

input pulses without distorting the output, just so long as the rate with

which the pulses occur is sufficiently slow.



I(N, f)
1

t
A1{N) A2{N) A3{N) A4{N)

iN, f)
1

t

A1(N) A2(N) A3{N) A4(N)
(N,f)

x·
J

j � 1,2

t

X(N, f)
2
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����----���--����--------����t
A1(N)+T A2(N)+T A3(N)+ T A4{N)+T

Fig.12
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4D) The Nonlinear Trend in the Individual Outputs is Not Seen in the

Linear Average Output

In sections (4A) - (4C), we have shown that there exists a distinctive

trend in the outputs of a sequence G (1, f)
, G (2, f), o. 0, G (N, f), eo. of

outstars if, for example, we let fN(t) = J(t -Jl (N» , where JL (N»> A.(N).
This trend is particularly evident if we let G(oc) have initial data of the

form zl/O) > ° and Xj(O) = 7J , for all j -:f 1 , and choose 8j = � Jz •

Then in eve ry G (N, f)
, the output from each ve rtex of the bo rde r is

the same at time t = ° , and we say that the output is uniformly distributed

at time t = ° 0 In G (1, f)
, the distribution of outputs from the border

never deviates too far from this uniform distribution since only one input

pulse reaches Yi and v2 e In G (2, f)
, the distribution of output s from

the border is slightly more peaked at "2 for times t},A (1) . By the

time we reach a G(N, f) for which N is very large, practically all the

output from the border come s from vertex v 2 for time s t �.A. (N) 0

We diagram this trend in an idealized way in Figure 13. We have set w = T

for simplicity.

We now ask how much of this striking trend is visible in the average

output

(N, f)of each out sta r G ? N:: 1, 2, 0.. . We shall show that this trend

need not appear at all in these averages for large times.

PROPOSITION 2. 2 . For any fN(t) = 2;�1 J(t -A k(N» , where

and R is any nonnegative

integer, including 00
)
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(I, f) � AX2
• tG( I,f) A(I)+T

�( I, f)

fA.
x

3
.. t

(2,f) �A 1X2
.. tG(2,fl A(2} + T

�Ax(2,f}
� • t

3

(N, f)X
2

t

(N,t) I '"X3
�A �.

Fig.13
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for all t � 0 and all M, N = 1, 29 ••• •

PROOF. We prove the proposition only for the case R = 1 •

The generalization to other values of R will then be obvious. The proof

relies on the fact that the average )N, f)
obeys a linear equation which

is independent of the probability distribution X(N, f)
. This can readily

be seen from (2.1) and (2.2). We omit the subscript uP' in A1(N) for

simplicity.

For t �_AjN) , summing over j =f. 1 in (2.2) gives

Adding this equation to (201) and dividing by n gives

since by (2. 1)

(2. 18)

Integrating (2.17) gives for t �-'1JN) ,

X
c ... ) �) It)::: X C'-\] (l.) (..!lCN \\ e

- o(,({:; -.1..(N \)

-L ('t -otCt-\Y)[ C� �)rl '\ -( )\\ 0
+ n J e. � X \) It-""G 1+ 0 \J-,.A(N) IJ � IJ

�)
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(2. 19)

Similarly, integrating (2.18) gives for t ;:;,A (N)

C N ) �) ( \ IV
- 0(.(t - ..A.( �)) r t -_ALI'!') ct IrJC ) o

X \ tJ = e J e \r' otv-
o

Substituting (2.20) into (2.21) gives

where

o

•
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The heuristic point of Proposition 20 2 can be stated for the case

in which R = 00 in the following way. Suppose that an experimentalist
wants to find out how outstars work by collecting data from them. A

standard rule of prudence when confronted with an unknown system is to

fir st study the long time average output of the s y s tern, Given the outstar

G (N, f)
, this average is

.L ,t X CN)�)(\)"") �IJ/t )0
where t > 0 • The experimentalist will readily observe that each

average output x(N, f) obeys a simple linear equation. He will also

note that
t;

tj X(Klf2)(\r)�\)
o

for t sufficiently large and all M, N = 1, 2, 0 •• ' since

and an infinite amount of ma s s

t'l..A(N) in every G(N,f) 0

is that all the outstars G (1, f)
,

fN reaches the source vertex for times

A plausible inference from these data

G(N, f) b u t i
o •• , , • o. 0 ey a ine a r equa Ion

and that these outstars are essentially copies of one another. Both of

these conclusions are totally wrong!
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5. The Entropy of an Outstar

Given any probability distribution p =(Pll Pz- •• 0, Pn-l) , let

the entropy H(p) of p be defined by

n-l
H(p) = - :!;k= 1 Pk lnz Pk '

where it is understood that 0 lnz 0 = 0 . This concept of entropy is familiar

from information theory, and it provides a rigorous measure of the amount

of information in a scheme of events ([10], [14], [17]). Using this familiar

notion of entropy, we can define two kinds of entropy in any outstar

G (N), N = 1, 2, •.. , 00. Let

H(N) (t) = H(X�N) (t),X
. . . ,

be the vertex (or state) entropy of the border of G(N) at time t . Let

•• 0 ,

be the edge (0 r inte raction) entropy of the border G (N) at time t .

PROPOSITION 2. 3. Let G (00)
be any out sta r with an initially

uniform border and input functions

/00) =:!;oo J(t _ k(w + w))1 k=o

and

foo)
__

(\ 00

tj d j 2 L:k= 0
J (t - w - k (w + «». j 4 1

Then the state entropy H(oo)
X

d h H(oo) of G(oo)an t e interaction entropy
y
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attain the maximum entropy Inz(n - 1) at time t = 0 and approach the

minimum entropy 0 as t---+ 00. Moreover, H· (oc)(t) decreases mono­

y

tonically from maximal entropy to minimal entropy as t � 00
, and

lim
t _,. 00

lim lim
N .... oo t�oc

PROOF. The maximum entropy of H(p) is Inz(n - 1) and is

attained when
1

P = (n - 1

1
, ... , 1) .

n -

By hypothesis,

Thus

The entropy H(p) is also a continuous function of p who se

Corollary 2. 1,

o is attained when p = (1, 0, 0, •.. , 0) (say).
lim �.oc)(t) = lim A�)(t) = � .

2 . Thus
t�oo J t-.,.oo J J

Byminimum value

• (00)Iirn HX (t) =

t-.oo

By Theo rem 2. 3, we also know that lim lim ��) (t) =

N-" 00 t� 00 J

Thus
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�
- o (2. 21)

/' 0

(00)Since G has a uniformly distributed border at t = 0 and I.:: 0 , j f. 1, 2,
J

(00) (00) (00)
Y 1 3 :: Y14 .:... .: YIn

(00) 1 (00)and YIZ =

n _ 2 (1 - YIZ ), j f. 1, 2 . Thus

Differentiating H(oc) therefore give s

Y

• (CO) � (( oeJ \ ( c C(?) } ) -L. ( (� '))) (J ( �)
\.!

d Lt)::: J.� t-i dh.. , �-2. I-Ci 11.- ,
•••

, h-l- I-Ci'" J 12-

(2" 22)

To calculate the sign of y��) , consider Theorem 2. 2 in the light of

the following facts:

(00) (oc)(1) YIZ (0) - Xz (0) = 0 ,

(2) 1 . (00)(2) YIZ (0) = --
, and (3) 11m YIZ (t) = 1

n - 1 t-+ 00

o 1
Thus YIZ(t) � 0 and Ylz(t) � . By (2. 21) and (2.22), we therefore

n - 1
•

find that H (t) � 0 , or that H is monotone decreasing.
Y Y
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6. A Recursively Defined Linear Comparison System

(00)In this section, we compare a G out sta r for which Gj =

Jz
and whose border is uniform at t = 0 with the following linear system.

(2. 23)

�j = - '" Wj + j3 '2::0 \kil[n(k), n{k+l)) (t) WI (t-T) + bjzIZ{t), j = 2, 3, ... , n (2. 24)

(,!' )

and

2, 3, ..• , n

where

00

I1{t) = �=o J(t = k(w + W))

and

Ij(t) = � Jz '2::=0 J(t - W - k(w + «»

wand Ware, as usual, nonnegative numbers whose sum is positive,

and we write n(k) = k(w + W) for simplicity. The numerical coefficients

of (,:<) are defined by letting

D.(k)
J

2:
n

D (k)m=2 m
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where D.(k) = D1.(n(k)) , k = 0, 1, •.. , j = 2, 3, ..• , n . (,!<) is linear
J J

because WI (t - T) in (2. 24) and (2. 25) is a known function of time by

(2.23).

The initial data of (,:C) are chosen to agree with that of the out sta r

to which it is compared. In particular, we let WI (v) = Xl (v) = 0 , ve [-T, 0] ,

'J (0) = x . (0) = 0 , and Dlj (0) = z
Li (0) = S > 0 , j -:/: 1 . It is then

J . J

readily shown by an iterative procedure that wz(t)� X2(t) and DI2(t) � YI2(t)
for all t 3- 0 , whereas w/t) � x/t) and D1j(t) � Yl/t) for all t � 0

and j -:/: 1, 2 In particular, A. 2k
. � YI2(n(k)) « 1) for all k = 1, 2, ..• ,

and

W2(t) X2(t)
<
....

for all t � 0 0 In Corollary 2. 1, we showed that

in the outstar. In the present s e ct ion , we show that

W2(t)
= 1 ,

which provides an alternative proof of Theorem 2.2 for outstars whose

initial data are cho sen as above. This alternative proof will emphasize

the importance of the discrete time scale n(k), k = 1, 2, ••. in determining

the limiting behavior of (>:c). Indeed, it reduces the que stion of finding

the limiting behavior of the nonlinear outstar to deciding the divergence of

a series in the linear comparison system (*).

THEOREM 2. 4 Let (,:,) be given with initial data

WI (v) = wj(O) = 0 , ve [- T ,0] , and Dl/O) = � > 0 , j -:/: 1, 2 . Then
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PROOF.
w.It )

Once lim � 0k=oo2 is pr ove d , lim = 0j2 is
k�oo J J

t�oo �k=�wk(t)
e a s ily established. The strategy for proving lim.A

ik
= 0

°

2
is given below.

k-s-co J J

The details are in Appendix A. First we show how a series enters the proof.

By (2. 24,),(Z.25)) and the uniform distribution of initial data, it is

readily seen that D13(t)=D14(t)= ... =D1n(t}. Since also �m=�.Amk=l, we

conclude that ,.\
2k

=1- (n�2) A3k· Thus lim AZk =1 iff lim AZk/A3k =00. Since
k�oo k..;;.oo

A2k/ �3k =DZ (k)/D3 (k}, it suffices to show that lim D2 (k)/D3 (k)=oo to prove
k�oo

the theorem. The main step in doing this is to show that DZ (k)/D3 [k ] has

the following series representation

(Z.26)

where -u(w +W)R=e ,

(2. 27)
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�
\J

e
at u,

IN \ (I..L- "{; � In CI<l. - \ \),R."l. c& Ir"
,

o

(2. 28)

k 1-j:r It"and V
k

= L;j=l R (�j +.:tj).
series

Once this is shown it will remain to show only that the

diverges.

(2.26) is derived by finding sufficiently many recursions involving

the quantities D2 (k}, D3 [k}, and know functions of II and initial data. The

proof of these recurs ions depends on the fact that only the coefficient ,.\
jk

appears in (2. 24) when t E [n(k), n(k+l )). This is the first appearance of the

discrete time scale n(k),k=1,2� ... First we find a recursion expressing
D ' (k l D (k-1)2 2

D3 [k ] -D-3-(k-�-1�)
in terms of D3 {k= l }, D2 (k-l )+Hn-2 )D3 (k-l)? and known

functions. Next we show that D2 (k-l )+(n�2 )D3 (k-l) obeys a recursion which

can be solved in terms of known functions. It is not surprising that this is

possible, because D2(k-l )+(n-2)D3(k-l � is the analog of the sum zP )=L;k=�zlk
in an out s ta r , and this sum obeys equation (2. 6), which is independent of the

unknown probabilities XJ. and y 1
,. D3 (k-l) can then be disposed of in a

J D (k) D [k- q
similar way. This allows us to write �2� -

2
as a known function

D3 (k) D3 (k-l)
of II and initial data. A simple recurs ion on k then gives the desired

s e des repres entation (2. 26).
D2(k)

The expression for

D3(k)
is given by
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and

where

(See Appendix A.) Thus

which when iterated gives the series (2.27) for D2(k)/D3(k). This completes
the first part of the proof.

The second part of the proof is to establish that the series T diverges.
Here the discrete time scale n(k), k=l, 2" .. makes a second, and c ruc ia l ,

appearance. Namely, it allows us to conclude that the sequences I 1 '�2""
and II' t, . . . are monotone increasing. These sequences are also

bounded because the inputs II and 12 are bounded. From these two facts

follows immediately the existence of the finite limits � =lim ili. and
. I
1"';>00

! =l irn � 1"
Once we know that the limits � and � exist, we can apply

l-?oo
the ratio test to the series T to test for its divergence.

In the course of proving that the sequence §" 1 ,f2' ... is monotonic,

we need to know that all the terms in the series (2.27) are nonnegative, since

h
A 2 k

I D2 [k ) \' h \., ,. .

kItht en �\= i and ence ,A IS monotone mc rea s mg In . n e

1\ 3k D3 (k) 2k

analogous o ut s ta r , nonnegativity guarantees that Y12(t) is monotone increasing.
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Nonnegativity also guarantees that � and! are positive.

Given the existence of the positive Hrnit s }' and ..f: ' the ratio test

implies that T will diverge if

-1 a(W+W)where S=R =e > 1 ; that is, if

>

Once this is established, lim)\
ik

=5 °

2
is immediate. (See Appendix A. )

k�(X) J J
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PREDICTION THEORETIC INTERPRETATION

PART II

1. Introduction

We now give the results of Part I a prediction theoretic interpretation.
Our goal is to construct laws for a machine 1YL which can be taught to pre=

dict the event B whenever the event A oc c ur s , This goal can be stated

in several related ways. We can say that we wish to teach the machine

that the transition A�B is correct, or that we wish to teach the machine

the list ABo Phrased in this way, our task can be described by analogy

with the task of teaching lists of letter to an idealized human s ubje c t; who

shall henceforth be denoted by� . Suppose that we wish to te'ach�
the list of letters AB. A standard way of doing this is to repeat the list

AB to� several times. To find out if � has learned the list as a

result of these list interpretations 9 the letter A alone is then said t?� 0

If � responds by saying the letter B in return, and � does this whenever

A alone is said, then we have good evidence that � has indeed learned

the list ABo Thus� learns to predict the event B whenever the event A

occurs as a result of repeated presentations of the list AB.

In this section, we suggest one way of translating this intuitive idea

of learning into formal terms. We can easily think of several desirable proper=

ties which a machine that learns a list of events in this way might profitably

have. We state these properties here in a somewhat colorful language to aid

the reader in comparing and contrasting his intuitive concepts of learning with

the particular formal translation table that we shall set down for these properties.

The translation table that we shall provide is a very special one, to be sure,



66

since it is intended to deal with the particularly simple case of an outs ta r .

1) Practice Makes Perfect.

The more often the list AB of events is repeated to the machine �,
the better becomes 1?v is prediction of B given A. Moreover, if the

list AB is repeated indefinitely often, then Ix.." I
S prediction of B given A

comes as close as we wish to a perfect prediction.

2) An Isolated System Suffers No Memory Loss.

If we succeed in teaching the list AB to � to a given degree of

ac c ur-a cy , then � remembers the list with approximately this accuracy

just so long as no new teaching occurs.

3) An Isolated System Remembers without Continually Practicing.

In everyday life, it is a commonplace experience that facts can be

remembered for a substantial time in the absence of continual overt practice.

We shall construct a machine that also has a good memory even when it does

not practice. Indeed, its memory sometimes spontaneously improves even

without practice (1. e. "z-e.rrrirris c enc e
"

oc cur s ; [l6],p.509).

4) The Act of Making a Correct Prediction Can Reoccur Indefinitely. Often without

Retraining.

Suppose that � knows the list AB of event s .. < It would be most urr­

pleasant if the very act of predicting B� given A» erased the record within

� that B is indeed the correct reply to A. If this were trues we would

have to reteach the list AB every time a correct prediction occurred. In

the present system, the act of recall can occur as many times as we please

without requiring the retraining of � .

Properties P}� (4) show that once a list AB of events is taught to

the machine ?JL; 9 retention of the list is quite stable. The next property

shows that this stability does not prevent � from adapting to new experiences.
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5) All Errors Can Be Corrected.

Suppose after � learns the list AB it is found that really the event

C should follow the event A. Then B is , by fiat, an error whenever it follows

A. We shall see that this error can always be corrected if tJn.J then practices
the list AC sufficiently often.

We now make properties (l)= (5) rigorous by translating them into

theorems of Part I about out s ta r s ,

2. The Machine.

The rnach ine 11tu which we construct here obeys the equations (2. 1 )�

(2.4) of an out s ta r , Once this machine is understood, the same basic concepts

can be applied toa system given by any semistochastic matrix p, as in Chapter 1.

m consists of n s tate s , namely the n vertices V
0 of the o ut s ta r , and
1

the s estate s inte rac t with one another along the directed edges e
1 i.

The

machine ?Ju is manipulated by an experimenter � whose goal is to teach

/}ru to predict the event B given the event A. The experimental manipulations

created by e are represented by the input vector function C=U1, 12, ... , In).
The outputs which these manipulations produce are represented by the output

vector function -.:� :::(x� ,x ». 0 • 9 x). In pa r-t ic ul.a r , the input function 1.
� 2 n J

represents the tota l history of experimental manipulations performed on

state Vo.
J

Suppose for example that

and

1. = QO�k
00

J2(t-w=k(w+W)), jh.
J J =0 t

Then 1Ju is an out s tar of type G (00)
s as treated in Corollary 2. 1. Each function
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J
1 (t-k(w+W)) and J2(t-w-k(w+W}) signifies the occurrence of an experimentally

created event. J
I (t ... k(w+W)) is an event which begins at the source vertex vI

at time t=k(w+W) and lasts until time t=kfw+W)+ AI. The function

II = Z;k=: J 1 (t-k(w+W)) signifies the occurrence at the source V
I

of a periodic
succession of identical events with the waveform J

I (t ) at the times

t=O, w+W, 2(w+W),... These events each last A
I

time units. Similarly,
00

the function L=g.Z;k J2(t-w-k(w+W)) signifies the occurrence at the
J J =0

border vertex V. of a periodic succession of identical events with waveform
J

g/2 at the times t= W ,2w+W, 3w+2W,. . . These events each last ,.\
2

time

units. Every vertex V. of the border receives a periodic succession of events
J

whose waveform is identical except for the weights g.. That is, the experimenter
J

distributes a fraction g. of the waveform J2 to each vertex V. of the border
J J

at periodic intervals. Corollary 2. I assures the experimenter that his unceasing

labors do not go unnoticed by the out s ta r , Indeed the normalized vertex functions

X. and the normalized edge
J

menters's choice of weights
no matter what the i rvwe ight s

functions y 1 j
are both respons ive to the expe r i- , I L ]';

Q. and gradually adopt these weights as their own
J

were initially.

3. Repeating the List AB N Times.

Now that we know what an event mea{1s in an outs ta r , it is simple to

translate into formal terms the intuitive idea of presenting a list AB of

events to the outstar N times. Firstly we must assign a state of the outstar

to each symbol of an event. If ;for example we are given twentyv s ix symbols

A, B, C, ... 9 Z, then we assign vI to A, v2 to B, v3 to C, and so on

down to v26 and Z. Given this a s s ignrnent of symbols to states, suppose

that an experimenter wishes to teach an outstar to predict B given A. He

must indicate to the outstar in some way that B is the "correct" successor.

of A. He does this by repeating the desired sequence AB several times.

The only way to say a sequence AB to an out s ta r is to create perturbations

at the vertices VIand V
2

which stand for A and B, respectively. Thus
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one occurrence of the sequence AB is translated into an outstar's mechanism

by the arrival of an input pulse J(t .... k(w+W)) at vIand of an input pulse

J(t-w-k(w+W)) at V w time units later. N periodic representations of
2

the sequence AB, starting at time zero, is translated into an outstar's

mechanism as an input function I�N)(t)=�::; J(t-k(w+W)) for vertex VI'
an input function I�N)(t)=��:; J(t-w-k(w+W)) for vertex V

2'
and input functions

I�N)=O for a1l other vertices j!:l, 2; that is, as an Nvt'runc'at.ion G(N)
J(NYG is thus the outstar which results when AB is repeated N times at a

fixed rate by the experimenter.

To test whether or not G(N) has learned to predict B given A, the

experimenter presents A to G(N) at a later time and sees whether or not

G (N) knows that B is the co rrect prediction. That is, the experimenter

creates an input pulse at VIand waits to see if the output created in this

way comes only from VrfJ. As soon as A occurs, however, the outstar

is no longer of type G (
.

Suppose, for example, that A occurs in G(N) at time t=...A.(N).

This means that the input pulse f (t)=J(t- ...4JN)) occurs at the source vI"N
N-l

The total input to the source is there�ore �k=o J(t-k(w+W))+£N�(t). This is

h
0

f dN,f); f (l"l, f) ht e Input 0 an outstar of type . An outstar 0 type G , were

fN(t)=J(t-.,A.(N)), is thus a machine subjected to N presentations of the list

AB fo1lowed by a single presentation of A on a test trial.

4. "Practice Makes PerfectVu•

S h h i f G(N, f)" .

uppos e now t at a mac ine 0 type IS g rve n. That is, the

experimenter has presented AB to the machine N times and then presents

A alone. The experimenter wants the machine to predict B after A occurs.

This means that the output from the border created by fN ought to come only

from v
2

if the machine knows the list AB. Theorem 2. 3f shows that the

output comes increasingly from v2 as N increases. This means that the

machine learns to predict B given A with ever greater precision as it
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receives ever more trials on which to practice the sequence A)3. In this

. (1 , f) (2, f) (N, f)
sense, the outputs at large t irrie s from the sequence G , G , ... ,G , ...

of out s ta r s , where fN(t)=J(t-.J\.(N)), exemplify the proverb "practice makes

perfect" in our formal translation table.

This proverb is the first property stated in Section 1. The second

property is that "an isolated system suffers no memory loss". An "isolated

system" is manifestly one that is input-free. Property 2 can thus be stated

formally as follows. The probability distributions X�N, f) and yl(r' f) of

an outstar of type G
(N, f)

remain es sentially fixed fo r a1l large t. This is

proved in Theorem 2. 3f. The third property is that "an isolated system

remembers without continua1ly practicing" 0 This is the statement of Section

5 that the probability distributions X(l�n and y(l�n remain fixed even as the

outputs x(�) decay exponentially to ze;oo A si�ilar remark holds in an outstar

of type G(:&; f). Consider an experimenter who is studying G(Ns f) for times

t E [A (N),_A_(N)]; that is, afte r AB ha s occurred N time s and before A alone

occurs. He will certainly observe the rapid exponential decay of all the outputs

x(N., f) and might well therefore be led to conclude that the effects of saying
J

AB to the out s ta-r N times wear off rapidly. The outstar provides no overt

evidence (e. g. , no
IV overt practice") to the experimenter during this time that

any record whatever of his having presented AB endures. Nonetheless, by

Theorem 2. 3f, shortly after A is presented to the outstar at time t=A(N),
the output is produced by B alone if AB has been said sufficiently often in

the past. Memory sometimes spontaneously improves without practice

because y(� £)
(t)� 0 for N_» 1 and all sufficiently large t.

The fifth property of Section 1 is that II al1 errors can be corrected".

This property is discussed in the next section.

5. Error Correction and Global Theorems.

Suppose that an experimenter has taught an outstar the list AB by

presenting this list N times to the outstar at a fixed rate. If N is taken
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sufficiently large, Theorem 2. 3 guarantees that the list can be learned to an

arbitrary degree of accuracy. After accomplishing this g oa l , suppose that another

experimenter comes upon the out s ta r , This experimenter wishes to teach the

outstar the list AC. He tests whether the out s ta r already knows this list by
,...J

presenting the test pulse Jit-...A1) to vertex vI at time t:;:..A..l. The output

created in this way comes almost exclusively from B. Because this experi­
menter wants C to be the output instead of B, he interprets the output from

B as an error. To correct this error, he begins at time t:;:..A.2 to present

the list AC to the outs tar M times at a fixed rate of speed, where M is

chosen sufficiently large to offset the previous N occurrences of the "incorrect"

list AB.

The input history of this outstar can be written as

T1(t):: 2::�1 J1 (i-I..(",\ + WI)) + J1 (t-.A.1)
+ 2. ",11:01 �

\
C-t-..A'l. - \"(W;I. +- W� \\

I2.. It ) =- L kN::-� "0
� (t - W

\
- � (IT, + W ,\') ,

T
3 It)::: 2:'t: I J3

(t -...A. �

-

vr
2-

- lot (""2- -I- W 2. \j;>

N N

where J. and J. are input pulses that are positive in (0, ),.) and (0, �.),
1 1 1 1

respectively, i=L 2, and w. and W. are positive numbers, i=1, 2. The
1 1

basic question is: by repeating AC a sufficiently large numbers of times M,

can the record of previous occurrences of AB N times be erased from within

the outstar? The answer is yes. This is because of two facts: (1) the outstar
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::t\ Cb) : 2: M-l
�=O

r\) A:J

t=A1 +..l1 and in the interval [.A.. 1
+ �1' (0) the inputs are

rv

'iJ
l (t - _;\_ 2.

- � CW-2- + W 2. \))
J:, (t - -A..2 -

"'2-
- U..r2. + W 2- \'\

has positive data at time

= � M-\
��=O

and

I, (t)
G

o

(2) Theorem 2. 3 is true for any outstar with pos itive data and inputs of

the form given in (1).

Thus the pos sibility of correcting all errors in an outstar depends

on two facts: (1) invariance of the set of all initial data under inputs: no matter

what inputs occur in a finite time interval, just so long as they are nonnegative

the functions of the outstar will remain pos itive; and (2) the limit of ratios of

solutions is independent of the initial data: Theorem 2. 3f is true no matter

what the initial data is, just so long as it is positive.

This discussion completes our formal translation table of the heuristic

properties (1 )�(5) of Section 1 in the case of an outs tar , We remark in passing

that properties (1)= (5) do not hold for systems characterized by arbitrary

semistochastic matrices P. The way in which a system learns to predict

depends in an es s ent ia I way on the matrix P that characterizes it; i. e9 ,

on its II geometry". For example, in Chapter 3 we shall study a system

which forgets everything it has ever learned if it does not practice. This

system has the matrix

0 _L j_
z, z

p - ....L ....L
z, 0

2-

...L .i,
02- 2-
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and the coefficient graph of Figure 14

I
"2

Fig. 14

By contrast, the system characterized by the clos ely related coefficient matrix

p - (
and the coefficient graph of Figure 15

I
"2

I
2

I
"2

Fig.15

does not forget if it does not practice.
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6. Linear and Statistical Prediction.

The deterministic predictions of an outstar are described in terms of

a nonlinear system with a continuous time scale in which events last throughout
a whole time interval. A more familiar kind of prediction is statistical pre­

diction using a linear system with a discrete time scale in which events are

instantaneous. Such systems occur in contemporary mathematical learning

theory ([1], [5 ]). A typical variable in learning theory is, for example, the

probability P
AB

(k) that B follows A after k prior repetitions of AB.

The linear system of Section 6, Part Is can also be interpreted as a

statistical learning theory. Simply let P
AB (k) = )2k� PAC (1<) =� 3k'

and so on,

and think of these discrete probabilities as being embedded in the continuous

system of Section 6. Then lim � 2k
=1 reads "the probability of B given A

k-?oo
increases to 1 if AB is practiced sufficiently often". Every outstar gives

rise to a linear comparison system in an obvious way. The analog of

lim y 1
. (t)=Q. in Theorem 2. 2 should be lim lA .(k)=Q. J which is the statement

t..;..oo J J k�oo
of "probability matching".
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CHAPTER III

GLOBAL RATIO LIMIT THEOREMS FOR COMPLETE GRAPHS

1. AN INPUT -FREE GRAPH WITHOUT LOOPS

In this section, we consider a system which exhibits far more non-

linear feedback than did the out sta r s of Chapter II. This system has the

coefficient matrix

(
0

L ...L

P
a, 2-

.J_ 0 _L
2- z;

.i, .J_
02- .2

and a zero lag time (T = 0). It therefore obeys the equations

x� (t)" - 0. )(:.(t) + (3 2k;>� Xk (+;) � hi, (t;) +- T� (i),
� s: C&)

,

2 A� (t) ::: - u..� kt Cof;-) +- 13 i(h. (4:;) X L (&)
)

t � t (t) ::z. 0 II

The coefficient graph for (t.,) is given in Figure 14. (",,) is called a complete

graph because every vertex is connected

by a pair of directed edge s to every other

vertex. Since no edges of the form shown

in Figure 16 occur, ("") is called a complete

graph without loops.
Fig.16
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We shall study global ratio limit theorems for (*) just as we did in

the previous chapter for outstars. The results for the complete graph are

quite different from the results for outstars in at least one important respect.

In the case of outstars, the coefficient matrix P = \\P .. \1 does not uniquely
1J

determine the limits of ratios when the outstar is input-free. Indeed, when-

ever Yl'( 0) = X.(O) in an input-free outstar, we concluded in Theorem 2.1
J J

that yl.(t) = xte) = constant. Arbitrary probability distributions can there-
J J

fore occur as limits lim Yl.(t) in an input-free out sta r , In the case of
t-sco J

complete graphs such as (""), the coefficient matrix P exerts a much stronger

grip on the po s si ble limits lim y .. (t ). Indeed, we now consider a case of
t-s oo 1J

special interest for which the coefficient matrix uniquely determines these

limits and, moreover, lim y .. (t) = p ..

= � (1 - {j
.. ). This fact can be inter-

t�oo 1J 1J 1J

preted, in the manner of Chapter I, Part II, by saying that the system "for-

gets" if it doe s not II practice". In Section 4, we shall find that the complete

graph with loops doe s not forget if it doe s not practic e.

In order to discuss the complete graph without loops, we cannot work

directly with ()!<). Just as in the case of outstars, we must work instead with

various probability distributions which are associated with (�:<). These distri-

xi z'k xk 3
butions are X. =-

,- y'k
= -=mJ' ,and x'k

=

UJ')' where x = �l xk '

1 x J Z J x

(') .) �
x

J
=

Xi + xk' and the indices are chosen so that 1.. i , j, kj =

(*) can be expressed in terms of these distributions as follows in

the input-free case.

LEMMA 3.1. Let (�:,) be input-free with arbitrary positive initial data.

Then the probability distributions X. and Y'k satisfy the equations
1 J

X;, =< �(-Xz+ XJ �J;'+Xkdk�),f;',i)k5=L'):LJ3!, (3. 1)

and

( X�
G-; -,-_-X-i �;k.) , J=f � (3. 2)
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where -t;

G.::: B;,(�)(,) = ;ik 1., (0; +1e
cr-v-

Xj' (/- Xi )4 IT)do)
and

r Cj) (0)
-t/ =

PX.Q{O)
> O.

(3. 3)

PROOF: The equation for Xi

»:
as follows.

Xo. ::::. L( x. - X. �
(I X V � X

where

and

Thus

The equation for Yjk has the following derivation. By hypothesis,
•

�. = - U-a-- + (3x; X�d � d � u

= - u. �d Jq_ + B X
2..

XJ "'KJq_ •

Since

Co)r d -= -2-.. + � · r. jc}v d"" �

�(J) =-�-c(d)+ �X2-x-�(X�+X"'_)
::: - L(,�(d) + a)<'2.;c. (\-y.""I�

---a -d ).
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In integral form this equation is

t
i? (J)(bJ � e_-l4.t (-2q) (0]+ �) e

uv
X

2. .x�(\-Xd ') d IY ) ')
t � 0 •

o

U sing the fact that

which in integral form can be expressed as

this equation becomes

where (f = u + 2(13 - a).

S· - / (j)mce Yjk
-

Zjk Z ,

• j_ ( • _i_q_)_)� J h..
=

�(.;) :e; k - -t J k � (_� )
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-

::0 S;�d�� Ix�- ��� (\ - x��
2(�-ol)b ( \8x2.(o)e :AJ \ -X�)
�(�)

Letting

G. -

0-

we find

(3. 2)

where

Equations (30 1), (3. 2), and (3. 3) are used as the starting point for

proving the following theo rern, This theorem provides three kinds of infor-
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mation about (�:,): its limiting behavior as t -+-. 00, a su:mm.ary of its possible
oscillations in [0,00), and conditions on the coefficients a, �, and u under

which the limits are unique for a large set of initial data.

THEOREM 3. 1. Let (>:C) be input ... free and suppose the numerical co­

efficients a,�, and u are arbitrary positive numbers. Then for any po s-

itive initial data satisfying Z, ,(0) = z .. {O), i , j=L, 2, 3, the following conclusions
1J J1

hold:

(l) (limiting behavior) All the ratios X. and y'k have limits
1 J

Q. ::: lim X.{t) and p. ::: lim y'k{t) as t�oo, which satisfy the system
1 t700 1 jk t-s-co J

of equations

In particular, 3

lim x.{t) e{a-�)t::: Q. �-l xk{O).t� 1 1 k-

(2) (o scillations) For all indice s ti, j, kS =l,l, 2, 3J' the functions

fij =

xi
-

xj' gijk
=

Zij
-

zik' hijk =

xizjk
-

xkzji' and Yij change sign

at most once. f.. and gk" do not change sign at all if f.. 61(O)g .• 1.0) > 0,
1J 1J 1J klJ

while hk ..

1J

hk .. (O) > 0.
1J

-

t > 0, while

and y ..
do not change sign at all if f

.. (0) gk' .(O) > ° and
1J 1J 1J-

Moreover, f
.. (O) gk' ,(0) > 0 implies f

.. (t) gk' .(t) z: 0 for all
1J 1J

-

1J 1J

f
.. (0) gk"{O) > 0 and h

.. (0) gk"(O) > 0 imply f
.. (t) gk .. {t) > °

1J 1J ki.j 1J 1J 1J

and hk .. {O) gk .. (t) > 0 for all t > O.
1J 1J

-

(3) (uniqueness) If, moreover, the coefficients satisfy the inequality
1 1

crEu+ 2$ -a» 0, then Qi=3"' i= 1,2,3 and Pjk= Pjk=z{l-Ojk)'
j, k = 1, 2, 3.

The following remarks help to visualize the geometrical meaning of

this theorem, say for the case o > 0 in which uniqueness of limits holds.

(a) (2) shows, for example, that if x.{O) > x.{O) and zk'{O) > zk'(O)'1 J 1 J



81

then x. (t) > x.(t) and zk. (t) > zk.(t) for all t > O. Thus if a common order-
1 J 1 J

ing occurs in corresponding edges and vertices at t = 0, then this ordering

propagates through time (i. e,. , it is a II geometrical" property of the graph).
1

zki(t) > Zk/t) is equivalent to Yk/t) >
2.

Since � ki changes sign at most

once, Yki has a graph of either the form (A) or (B) given in Figure 17.

1
(A)

1
2

--__...�__...__...__...__...__...__...__...__...__...__...__...__...__...__...__...__...__...__...__...__...__...__...� t

1
( B)

1
2

--__...__...__...__...__...__...__...__...--__...__...__...__...__...__...__...__...__...__...__...__...__...__...__...�t

Fig. 17

(B) is guaranteed if, moreover, xk(O)z .. (0) > x.(O)z.k(O). Thus after at
1J J 1

most one start in the wrong direction due to an unfortunate choice of initial

1
data, Yki settles monotonically to its limit 2" but does not reach this

limit in finite time s , tc e f
.. (O)gk .. (0) > 0 implies f

.. (t)gk .. (t) > O. This
1J 1J 1J 1J

strong control on (,:,)1 s oscillations is important to our prediction theory,

since (>:<) can be called upon at any time to reproduce the ordering induced

by prior inputs.
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(b) The hypothesis a> 13 is not essential to the proof. Because
3

x = �= 1 xk obeys the equation x = (13 -a )x, (1) implies that lim x
, (t) = 0

k:
3

t-e-co 1

if a> 13, that lim x.(t) = 00 if a< 13, and that �=l xk(t) = constant if
t-e-oo 1 k:

a = 13. In all these cases, the ratios

X� (t)
x� (t) ===

approach
1

.

3" a s t -+ 00 If 0- > 0 and 13 > O.

(c) The hypothesis z
.. (0) = z

.. (O) is obviously equivalent to the
IJ Jl

hypothesis z .. (t) = z
.. (t), t> 0, even when (,:,) is not input-free. That is,

IJ J1
-

the 11 rever s ibi Iity" of the weights z.. is a 11 geometrical" property of the
IJ

graph.

(d) The condition 0-> 0 is not superfluous in proving, as stated in
1 1

(3), that Qi =

3" and P
jk

=

2 (1 - 0 jk). Indeed, when 0- < 0 we shall

prove as a corollary to Theorem 3. 1 that

I PJk- ��k.(o)1 � s. QOd (\+ -t )!-to"I:�)I_:X<i) �\)),
where • Since X.(l - X.) < 1, this implies

J J-

;J 1q·1 ) ,

and thus the deviation of p
.. from y, .(0) can be made as small as we please
1J IJ

by taking 0-< 0 and \ 0-, sufficiently large. In particular, if

I ��� (0)- ±\ > a. �J (I + (f� tq-I} ,

1
then Pjk 12.
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PROOF: Theorem 3. 1 is proved in three major steps. In step (I)
below, we prove all the assertions of (2) and the existence of all limits

P'k
= tlim y'k(t) for arbitrary positive initial data satisfying z ..

= z
.. by

J .... 00 J IJ JI
a direct method that makes use of special properties of (*). In (II) we use

the existence of all P'k to prove the existence of all limits Q. = lim xte)
J 1 t-sco 1

by treating (3. 1) as a system of linear equations in the unknown variables

X. with the almost constant coefficients y'ko And in (III) we use the exis-
1 J

tence of all P'k and Q. to compute the possible values of these limits
J 1 .

using various algebraic properties of (3. 1)-(3. 3). Then we apply some

special facts found in (I) to show that these values are unique if (J" > 0 and

are as stated in the Theorem.

(I) Toprove that all limits p
.. exist, we exhibit new unknown vari-
IJ

ab le s which obey equations that have a surprisingly linear form. Instead

of treating directly the vector function X (t)::: (xl(t), x2(t), x3(t)) and the

matrix function Z (t ) ::: U Z .• (t ) II of unknowns, we shall use Lemma 1 to
IJ

find two matrix functions )I X
.. (t) II and II Y .. (t) II of new unknowns such
IJ IJ

that each triple (X .. , Y
.. , y . .) will have the properties of the triple

IJ IJ 1J
(X, Y, y) in the following basic lemma.

LEMMA 3.2. Let the real-valued functions X(t), Y(t), and y(t)
satisfy the following system of differential equations .

.

X = aX + bY

"t' ::: c X + dY

(Y - X r ::: e (Y - X) + fY

Y ::: g(Y - X) ,

(3. 5)

(3. 6)

(3. 7)

(3. 8)

where the functions a, b, c, d, e, f, and g are continuous, and in addition the

functions b, c, f, g are positive. Then the functions X, Y, Y - X, and y

change sign at most once. X and Y do not change sign at all if X(O)Y(O»O,
while Y - X and y do not change sign at all if X(O)Y(O) > 0 and

(Y - X)(O)Y(O) > O. Moreover, X(O)Y(O) > 0 implies X(t)Y(t) > 0 for all
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t > 0, while X(O)Y(O) > 0 and (Y - X)(O)Y(O) > 0 imply (Y - X)(t) Y{t) > 0

for all t > O. If in addition y is bounded, then lim y(t) exist�.
f+oo

The conclusions of the lemma concerning the sign change s of the

functions X, Y, and Y - X can be conveniently pictured in the (X, Y)

plane as in Figure 18, where the arrows indicate the direction of the (X, Y)

point through time.

y

x

Fig.IS

If the (X, Y) point starts in the region (+), then y(t) is always monotone

increasing, while if it starts in the region (-), then y(t) is always mono-

tone decreasing.

PROOF: The vector field is non-trivial on the indicated critical

lines. Also by uniqueness, the trajectory cannot arrive at 0 from. another

point. The conclusion is therefore clear for X, Y, and X - Y. It can also
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easily be seen by integrating (3.5) - (3.7) using an exponential change of

variable and then invoking nonnegativity of solution s; positivity is in­

essential.

Consider y in (3.8). Since g is positive, (B) implies that y

changes sign at most once and not at all if X(O)Y(O) > 0 and (Y -X)(O)Y(O)�O.
We can therefore find a T such that t � T implies y(t) is a monotonic

function, Thus if y(t) is also bounded, then lim y(t) exists. This
t+oo

completes the proof of Lemma 3, 2.

Lemma 3. 2 will prove the existence of all limits Pjk if we can find

matrix functions II Xjk(t)II and "Yjk(t) II with the properties of (3.5)-(3.8).

We de tine these matrix functions in terms of the probability distributions

db l' X'
1

d Y
1

I
'

'1Xjk an Yjk y. ettmg jk
=

2'
-

Xjk an
jk

= 2' -

Yjk, t 1S ea s i Y

seen that if these matrix functions satisfy the equations of Lemmas 3" 2,

then all the assertions of (2) in the statement of Theorem 30 1 are proved.
We now proceed to show that these matrix functions do indeed have the

de sired prope rUe a, In the following discus sion, only the triple (X 21'
Y

21' Y 21)
will be considered, Our conclusions will carryover immediately to all

triple s (X .. , Y It' y .. ) with i I j by simply permuting indices.
lJ lJ lJ

(Ia) We seek an equation like (3.5) for X2l and Y
2r

This equation

is

where •

A - XA
AI

=

\ _ X.,_

and

o .
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Letting i = 3 and then 1 in (3� 1) and subtracting the two equations

gives

- � [- (Xa-X:)+ X:I_ (��3- �:L\)+ (Xl- l"3) '(;\3

+ X3 ('0\3- �31Jj ,

or

The left hand side of (3. 9) is an antisyrnmetric function of the indices 3 and

1. We now seek an expre s sion for the right hand side of (s, 9) which is also

antisyrnmetric in these indices. Permuting the indices 3 and 1 in (3. 9) gives

(3" 10)

Subtract (30 1.0) from (3. 9) and divide the re su lt ing equation by 2. Then

where

� 3 \
= � ( \ + � \3 :� 3 \ ) :: \-i 13

"

The right hand side of (3 11) is clearly antisyrnmetric in the indices 1 and 3.

Using (s, ll) we seek an equation for the derivative of X
21

in terms of
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X21 and Y
21

. Since

X - .J_-XQ.,-:2. 2\

:= _L_ x)
2- X \ +)<3

:: X3- X\

�()<\+X3)
=: X3 - X,

�(X- )(2)
= �3 -X,

a( \-X�) ,

or

f>X2, ( )Consider the term .;(('-X2.) '(1'2..3
-

(12-1
1

Y23 = 1 -

Y21 and Y21 =

2"
-

Y21 '

in this equation. Since
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X2Letting A
21

= H31 -

1 _ X ,we therefore find
2

(3. 12)

Consider the term �(Y13 = Y 31) of (3.12) in the light of the hypothesis
Z

.•
= Z .••

1J J1 �\3 -23\
�\o

-

'd"3\
=

-3\"2. + -2- \'3 �3 \ + -a- 3 2-

-

-2- \ 3 .-6 \ '3>

-62..\ + -2: \ 3 -6l3 +�2-3

-
�

\3 (� Z.3
- � 2., ')

( -a 2.l + � I 3 ') ( -2- \ 3 -+- -62.3 ")
-e � C�)

( d- 2.3
-

'02-\ ') ,
l3::=

�(\) �(3)
and

JL �(�) (3. 13)
t('al� - 1j�1) ,.

!l- lJ\3> �(3) --V;_, •

Substituting (3.13) into (3.12) gives

where
+

(Ib) We now seek an equation like (3.6) for Y
21

and x21• This

equation is

where
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It is derived as follows. By (3. Z) and (3. 3),

� �I
= G6l.l �Xd- - d�l)

where

G-� -

..

1
Since y

ZI
=

2"
- Y ZI'

Since
..L- ><1

X.2\= 2- )<\ ;- X3

= ..L- XI
.2- X - Xc-

- _L Xl
--

2- \ -X9- ,
0

( X�\ -"""?;_\ ')y�\ -- G-�-

• (3. 15)

(Ic) We now seek an equation like (3.7) for XZ1 - Y
ZI

and Y
Zf

This equation is

where

and
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The strategy for deriving this equation is simple. We compute equa-
.

tions for X
21

and Y
21 by factoring out as many expr e ssions Y

21
- X

21
as pos s ib Ie , Then we combine the se equations by subtraction. Since the

equation for Y
21' namely (3. 15) is already in the de sired form, we need

only compute an equation for X
21.

We already have equation (3. 14) for

X
21'

and the new equation is obtained by merely rearranging terms in

(3.14). By (3. 14),

Using the normalization conditions Xl + X2 + X3 = 1 and y ..
+ Y'k

= 1 ,

{i, j, k� = [1, 2, 35, we shall be able to rewrite (3. 14) as

1J 1

(3. 16)

where F
21

is positive. Subtracting (3.16) from (3. 15) and setting
E

21
= G

2
+ D21 then gives

(Y 21
- X2/ = -E

zr (Y 21
- X Zl) + F

21
Y

zi (3. 17)

It therefore remains only to show that (3.16) can be found.

Letting H
Zl

= B
Zl

- A
zr

' (3. 14) can be written as

(3. 18)

Consider HZ1. Since

[ X.2,..
{!> \ -X.;<..

+ ( � (2-)

)�i! (3) J
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and
•

- X2 + � (\ +A:l.\ � I-Xd-

where

it follow s readily that

_ ( �(-c(;�) )�� a, \
- � J.:L \

+
.;;L -e(3) �, (3. 19)

where

\ -X�

1 Xl 1Since X
21

=

"2
-

1 _ X
and Y

21
=

"2
- Y 21'

we find
2

- � + ��I +- (��X2. - d�l)
- it + d-A1 +- ('T.:l\ - X�I) ,
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\ -x.�

and

.J...+
� l-X�

_ 2. .z \

� \-x�
- ;. -

'(j-"2-1 + (x 2.1
- � I ) •

Thus

Substituting ( 3. 19) and ( 3. 20) into (3. 18) and rearranging te rms give s

(3. 21)

where

and

We now show that F
21

is positive and thus that the identifications �1 = D21
and Ezl = F

21
can be made to give (3. 16). Fo r thi s computation, both the

normalization conditions and the constraints z
..

= z
..

are ne e de d.
IJ Jl

1 -

The terms in f3 F
21

can be rearranged to read
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where

Thus

__
, ( � -al:l.-63\ )-

:;t '0 \ 1> d 3 \ �(.,) ..�}3)

=. -k '(j31(�13-'a1;z.)
= �?I (-i-dl2.) •

tF�I:O �:;I (1-'d1�)+ �:?I 'C}I� +- �31 (�-d:l.l)
-

'(}31 (.;l.. -

� 12.
- d-"2-\) + 'al.I d \'3

-

d'3 \ ( � \ 3 + 'a- 2.3") +- d 2.( d 13
•

FZl is manifestly positive when it is written in this way, and we have there ...

fore derived an equation of the form given in (3.16). This completes the

de rivation of an equation such as (3. 17), for which

and
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(Id) It remains only to produce an equation like (3. 8) for y 21
in

1
terms of Y

21
- X

21.
This equation is (3. 15). Since y21

=

2:
- Y

21
'

(3.22)

where G2 > O. Equations (3.14), (3.15), (3. 17), and (3. 22) correspond
to equations (3.5) - (3.8). By merely permuting indices, we can in the

same way derive equations for all indice s [i, j, k� = tl, 2, 35. Thus all the

assertions of (2) in Theorem 3.1 are immediate. Moreover, since Yjk
P'k = lim y.k(t) exists for all j:l k,

J t-s-co J T

(II) We now use the existence of all Pjk to prove the existence of

all Q. = lim X.(t) by treating (3.1) as a linear system of equations in the
1 t� 1

unknown variables X, with the almost constant coefficients Y'k. The first
1 J

step in this treatment is to reduce (3.1) from a 3-by-3 system of equations

is a bounded function,

to a 2-by-2 system by utilizing the normalization condition Xl + X
2

+ X
3

= 1.

After doing this, the proof becomes straightforward.

By (3.1),

Letting m" = y ..

- p
.. , this becomes

1J 1J 1J

Similarly,

X2 = -f3{1 + P32 + m32)X 2
+ f3(P12 - P32+ m12

- m32)Xi +f3y 32
.

Letting X" (�2) , these equations can be written in matrix form as

X = (A + B(t))X + C(t) , (3. 23)
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where

A = �

B{t) = �

and

C (t) = �
y32{t)

Since lim y .. (t) = p
.. , lim B{t) = 0 and lim C{t) = � (P3l).t-eoo 1J 1J t-sco t-e-oo

P
32

Since X{t) is bounded, i$bB{t)X{t) = 0 and (3. 23) can be written in the

form

x = AX + f (t) (3. 24)

where
f{t) = B{t)X{t) + C{t)

and

(P3l)limf{t) = � .

t-s-co
P

32

We now show that the eigenvalue s of the matrix A have negative

real parts. From this and the existence of the limit lim f{t) , it follows
t-e-co

from (3. 24) by elementary arguments ([8])that the limits Q. = lim X.{t)
1 t .....oo 1
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exist for all i = 1, 2, 38 To show that the eigenvalue s Al and A
2

of A

have negative real parts, we need only the elementary formulas

and A + A = tr A.
1 2

det A is po sitive since

2
= � [2 + P2/P32 - P12) + P 31P 12]

2
> � > o.

Tr A is negative since

The eigenvalues Al and A
2

are either conjugate complex numbers or they
1

are both real. In the former case, Re Al = Re A
2 ="2 tr A < O. In the latter

case, Al and A2 have the same sign since AIA2> O. This sign is negative
since Al + A

2
< O. This complete s the proof of the existence of the limit s

Q .•

1

(III) Having established the existence of all limits Q. and P
ik

' we

1 1
1 J

now show that Q, =

-3 and P = -2(1 - b. ) if cr;:: u + 2(� - a) > O. The first
1 jk jk

step in this proof is to show that the following relations hold.

Q, <
1

I

2 ' (3. 25)

Q, = Q,P" + QkPk' ,

1 J J1 1
(3.26)

and Pjk =

Qk
1 - Q.

J

if Q. > 0 •

J
(3. 27)

(3.25) and (3. 26) shall be seen not to depend on the hypothesis cr> O.
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The inequality (3. 25) follows from two facts: X.(O) < 1 because all
. . .

. 1
1

irrit ia l data is positive, and X. < 0 whenever X. > -2 because
1 1

x. = f3( - X
0

+ X
0 Y . 0

+ XkYk')1 1 J Jl 1

< f3( -X
0

+ X. + Xk)1 J

1
= 2f3( 2"

- X i) .

The equations (30 26) follow directly by letting t�oo in (3.1) and

using the existence of all limits Q. and P
ok

to conclude that lim X.(t) exists
1 J t-e-co 1

and equals f3(-Q. + Q.po. + QkPk'). Since X. is bounded,
o

1 J Jl 1 1

lim X.(t) = O. (3.2) is now immediate since f3 # 0 ..t+oo 1

Equation (3. 27) can be derived as follows. By (3. 25) and the hypo­
thesis Q. > 0 ,

1
0< Q.(l-Q.).

1 1

�
b-7�

Thus by (3. 3)

:r .. (t-'X.)d <t'

- cr > 0

Letting t-+co in (3. 2) therefore shows that lim y.k(t) exists and equalst� J

Since y is bounded, lim y. (t) = O. Since rr > 0, (3. 27) follows immediately.jk t-+oo jk

Using (3.25), (3.26), and (3.27), we now show that the possible values

of Qi and Pjk can be grouped into two cases if cr > 0.

1 1 SCase 1. If all Q. > 0, then Q. = - and P = -(1 )1 1 3 jk 2
-

jk
"

by substituting (3.27) into (3.26). Then

This is proved



Qk. �
-,--=----Q-k_-) •

+
l- Q.

d

Since Q > 0 ,

i

\-
•

This is true for all j f k. Thus

QI Q2- - Q3-

,,- Q\ \ - �2- \ - Q3
3 1

� 1 Qk
- 1, Q

i
=

"3 · By (3. 27)
_'
3

, - t
if j f k.

1Cas e 2 0 If 0 ne Q
i

= 0, the n Q
j

= Qk =

2> P
jk

= P
kj

= 1 ,

P
ki

= O. (No more than one Qi = 0 since then some Qk = 1

contradict s (3. 25).) By (3. 26)

O=Q =QP +QP• • 00

k k.i
•

1 J J1 1

Since all limits are nonnegative,

O-QP -QP-

0 .,
-

k k.i
•

J J1 1

98

and P
00

=

J1
which

Sinc e Q 0
> 0 and Q > 0, 0 = P = P and 1 = P = P • By (3. 26)J k ji ki jk kj

Q. = Q.p ..
+ QkPko = QkP .

=

J 1 1J J k.j

S inc e 1 = :2:
3

Q - Q + Qm=l m
-

j k
1

Qj = Qk =

2·
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1 1
To complete the proof that Q = - and P = -( 1- 0, ) if cr > 0, we

i 3 jk 2 j k
now show that Case 2 cannot arise by employing special facts from (I) con-

cerning the manner in which the functions y.. and Y,k' approach their lim-
J 1 1

its, Suppose Case 2 holds. By (I) y.. and Y,k' are monotonic functions
J1 1

for t > T. y., and y" are also nonnegati ve functions and their limits
J 1 ki

p.. and Pk, are zero by hypothesis. Thus v.. and Y,k' are monotonically
J1 1 J1 1

decreas ing functions for t > T; that is y., < 0 and Yk, < 0 for t > T, By

). Xi
-

�,- 1 -

(3.2 this means y..
>-- and y" > --=.:..L.l for t > T. We use these in-

J1 -

l-Xj ki - -Xk -

equalities to estimate �. for large t. In particular, we shall be able to
1

find a Tl > T such that X > � X > 0 for t _> T1.. Since X, is positive,- i- 2 i 1

But Q, = 0, by hypothesis,
1

X. can therefore never achieve a zero limit.
1

This contradiction shows that only Case 1 can arise.

To establish the desired estimate for X" consider ( 3, 1) for t > T.
1

By the hypothes is Qj = Qk =
1

it follows that
2

'

�.
�

Xk_
\L 0 - •

- l-X\G_
b�OQ> \- X" � �OO<)

Thus there exis ts a T
1

such that

x > �X f
i - 2 i

or t � 11 '

This completes the proof of Theorem 3, L
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In Remark (a) to Theorem 3.1, we saw that each function y .. approaches
1J

the limit � monotonically except possibly for one peak in its graph. We

now discuss how the analogous functions x
..

=
Xj where 5 i , j, J= )1, 2, 3 (.

1 1J X .
+ xk L:Y t ')

approach the limit 2" in a time interval [T 2' cd) after all the functions

X
. ., Y

.. , and Y -X have made their single sign change. We shall
1J 1J ij ij

find that there are only two possible avenues of approach.
1

For example, suppose that Yi/T 2) > 2". Then one of two graphs in

Figure 19 holds.

1

I
2"

--------------------------------------------------� t

Fig. 19

That is, either and x

ij
increases monotonically to �, or

1
x

.. (T 2) > -21J
-

1
and

2

and the oscillations of x
.. ,

1J
if any, are squeezed between y ..

1J

as
1

v.. � -21.J

If y .. (T2) <

1J
in Figure 20.

1

2 ' the symmetric situation prevails and is diagrammed
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1

t

I
2

1

I
2

t

Fig.20

We prove the s e alte rnative s in the following corollary.

COROLLARY .3.1. There exists a T
2

such that exactly one of the following
alternative s holds for all t::::. T

2
if (J" > °

1)
1

y > x >
2ij - ij-

2)
1

> x
..

> y ..

2 IJ
-

IJ

3)
1

and is monotone incr ea sing •...;y ..
> > x

..
x

..

IJ 2 IJ IJ

4)
1

and is monotone decreasing.x
..

> > y ..
x

..

IJ 2 IJ IJ

PROOF. By (I), X
.. , Y

. ., and X
..

- Y.. do not change sign for
IJ IJ IJ IJ

t > TifT is chosen sufficiently large. For example, we can have Xij::::.O1
for t> T. This is the same as x

..
> 2" for t > T. Similarly Y

..
> 0 for

1 IJ
-

IJ
-

t > T gives y > - for t> T. And X
..

- Y
..

> 0 for t > T gives x
.._>y..I·J· - 2 1 IJIJ IJ

- -

J
for t > T. By examining all possible inequalities in this way, it follows

1
that the relative magnitudes of x

. ., y .. , and -2 are fixed for t> T.
IJ IJ
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We also know that y.. is a monotonic function for t > T and that
1 1J 1p

..

=

Z. Thus if (say) y .. (T) > -

, then y ..
decreases monotonically

1J 1 1J
- Z 1J

to "2 for t> T. This means y ..
< 0 for t> T. Since i, = G.(x .. -y. J.

1J
- -

1J 1 1J 1J
Y>, > x

.. for t > T. This situation admits two possible subc a s e s, Either
1J

-

1J 1
-

1
y ..

> x
..

> -Z for t> T , or y., > -Z> x
..

for t > T. These are cases (1)
1J

-

1J
-

1J
- -

1J
and (3) in the statement of the corollary. Cases (Z) and (4) arise if

1
y .. (T)< -2' Obviously cases (1)-(4) exhause all the possibilities.

1J
-

1
In cases (1) and (Z), x

.. is bounded by and by y .. for t > T
1J ' Z 1J1

while y .. converges monotonically to
Z.

Thus x .. is forced into an
1J 1J

ever smaller interval as t increases and its oscillations, if any, become

smaller and smaller. We shall now show that in cases (3) and (4), no oscil­

lations whatsoever occur in x
..

if t is taken sufficiently large. Since
1J . ,

� ..

= -X
.. , it suffices to show that for all large t, X.. is either nonposi-

1J 1J 1J
tive or nonnegative.

Consider ca se (3) for specificity. By (3. 14),

XZl = -AZ1XZ1 + BZ1Y zr

where BZl> 0 and

•

- X2.
I - Z:l. +f>(I+

Suppo se we can show that there is a T
Z

> T such that A
Zl

is )ositive for

t > T
2.

Since we are in case (3), XZ1 = � - x21:::' 0 and Y
21

= 2" -

Y21 � o.

for t > T
Z.

Thus
1

tonically to
2.

1

Z
in case (4),

x = -x > 0 for t >_ T2 and xZ1 increases morio-
Zl Zl _

An identical argument shows that x21 decreases mono-

tonically to We now show that such a T
Z

exists.
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� [_I_X�I���''2.
__X_3�d-_32-_

I-K�
+

1: (K1+ X3)- X) �1�
- t) - �/d3Z- {) j, - Z:l-

�l \ --L­

rL\-x� �

1Since lim YIZ( t) = lim Y32( t) =

2" we can obviously choose a T
2

suchb�� t�oo
that

A
21 � � > 0 for t � T

2 '

and the proof is complete.

Theorem 3. 1 shows that the limits of the ratios X. (t) and Yok( t)
1 J

can be made unique by choosing rr > O. We now show that this choice of ()

is not a superfluous condition by proving the following corollary.

COR OLLAR Y 3. 2. For all choices of () and arbitrary nonnegative
initial data,
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00

\ P�R-

��� \0')\ � Q Q� (l + � � Oe
crv

X}\-X.;)�u-) ·

This corollary exerts a constraint on Pjk only if (J" < 0, since then,

as shown in Remark (D) above,

\ ?� k
-

d a\..( 0") \ � a, Q� ( t + �� \ <:r \� •

We can thus make the deviation of Ijk from Yjk( 0) as small as we please

by choosing (J" < 0 and t (J"l sufficiently large.

where

PROOF. By ( 3. 2) and ( 3. 3),

, � .\_ \ - G. \ X 'A.
- t.\ • L

\
o e s

-

0 AL,+Xk <J � R. I

� G; (:.:�X\O>. + ��\..)
� �G� ,

G/t) = ! Q.'d ( 0'6
-\- �:e (J"II

X � (\ - X� ') � sr:) ?

and

� � )�t; � ("6J + )�a-���(l-XJ<?L-)
� � Qo-q_ ( 1+ f.- (e G""V-x� (l-Zd) jlj) .

(J 0 0
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In particular, letting t--...oo gives

\ p�" - da\..(o/ \ c:: � � (\ + �d-\� <rv-X� (\-X� \�\)"') •

Theorem 3. 1 and Corollary 3. 2 have the following heuristic conseq­

uences. If 0- > 0, then the complete 3-graph without loops "f'o rg e t s
" its

initial data. If 0- < 0 and) 0-\ is sufficiently large, then the graph II remem­

bers" its initial data to an arbitrary degree of accuracy. Even when 0- < 0

and 10-\ » 0, the" equilibrium" equations

ratios

This means that although the ratios Yjk( t) move very little, the

X. (t) adjust themselves as much as is required to reach an
1

hold.

"equilibrium" state.

Consider the case 0- < O. Then u < 2( a-f3). Only the case

a- f3 > 0 is of prediction theoretic interest, since then the outputs x. (t)
1

approach zero as t._.oo. gives the rate at which

input from another vertex, and a gives the rate of

x. is" excited" by an
1

x. decay as the effects
1

of this input wear off. u gives the rate at which the "cross-correlation"

f3Xj(t ...-c)xk(t) of pulses f3x/t-.,;) and xk(t) in edge ejk wears off.

Suppose that we have constructed a system in which both the excitation rate

and the decay rate of the states x. are rapid and of the same order of mag-
1

nitude (i. e., d�lf3 »0). Such a system has the virtue that:its response to

external perturbations 1. is rapid and does not introduce large" inertial"
1

effects. Then 0- < 0 implies u < 2( a,..f3) � O. Thus the rate of decay of

the cross-correlations must be very slow if the excitation and decay rates

of the states are large and approximately symmetric. Otherwise, the sys­

tem will forget everything that it is taught.
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2. A RELATIONSHIP BETWEEN MEASUREMENT,

LINEARITY, AND REVERSIBILITY.

A special case of Theorem 3.1 is considered below along with a heur­

istic interpretation. ():�) is given at t = 0 with 0- > 0 and uniform initial

data (i. e., zi/O) =b > 0, if j , and xi(O) =: > 0, i = 1,2,3). vi is per­

turbed by inputs within the finite time interval (Tr
T 2]' where

o < Tl < T
2

< 00, and ():�) is input-free in (T 2' (0).
I 3

C Ie a r 1 y , xi ( t ) =

3' x ( t ) for t G [0, T �, wherex = t= 1 xk·
xi(t) = (P-o()xi(t) for t € [0, Tl], so that the output from each vi
Moreover, z

.. ( t ) is independent of i and j, if j, for t G [0, TI], so

1 1J

y .. (t) =

-2
= y .. (t).

1J J 1

is globally reversible (" globally" because

Thus

is linear.

That is, the flow from v
,

to v
.

and from v .
to V.

1 J J 1

y .. depends on all indices i, j, k).
1J

In (Tr
T 2]' the output from (>:<) is obviously nonlinear. Moreover

Y12( t) f y 21( t), so that the flow between "i and v
2

is globally irreversible.

By contrast, z
..

= z.. so that the flow is still locally reversible ("locally"
1J J 1

because z
.. depends only on indices i and j).
1J '

In (T2,00), ():�) is input-free and zi/T2) = Zji(T2). By Theorem

xi (t) 1
3: 1, l2;.� �

= 1, where 3' x obeys a linear equation. That is, the

3'x( t )

Moreover, lim Yiiitl =

-C� Yji t
output of each v

, is eventually linear once again.
1

�� = l. That is, the flows within (,�) are eventually globally reversible

once again.

The input to VI for t € (T l'
T 2] is interpreted as a measurement

performed by an experimenter studying (>:<). This example therefore illus­

trates that a measurement can transform a linear and globally reversible

system into a nonlinear and globally irreversible system, but that linear­

ity and global reversibility are gradually restored as the effect of the meas­

urement wears off. The measurement does not affect local reversibility.
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3. THE OUTPUT OF AN INPUT-FREE GRAPH

IS NOT A GOOD INDEX OF ITS MEMORY.

In a complete 3- graph without loops, 0- > 0 implies that the ratios

Yjk(t) approach the same limits Pjk = I (1- �k) no matter what pos itive

and locally reversible initial values they originally possessed. On the

other hand, when 0- < ° and 10-1» 0, the ratios Yjk( t ) deviate very lit­

tle from their initial values. These remarks have a prediction theoretic

interpretation in the case o > 13, since then the outputs x
, approach zero as
1

t-.a:Hf 1hegraph is i.nput= fr ee for all large times. In this case, we can say

that a graph with 0- > 0 IIforgets" its past as t4-oo in the sense that a

test input pulse occurring at vertex v .
at a large time T will produce

1

approximatel y equal outputs x.(t) and xk(t) from the vertices v
.

and

vk for t > T and all i i , j, k� =J �l, 2, 35. In a similar fashion, weJ can say

that the graph at least partially "remembersll its past when 0- < O. In both

these cases, the outputs converge exponentially to zero as t__,_oo if the

graph is not perturbed at large times.

An experimentalist pas sively mea suring from a graph with 0- > 0

and one with 0-< 0 and \ 0-1» 0 will be inclined to think that both graphs
are forgetting his prior perturbations as the outputs which he measures

approach zero. In the case of the graph with 0- > 0, he is correct. In the

case of the graph with 0-< ° and I a\ »0, he is wrong. In Chapter II, we

also saw that an input-free out s ta r never forgets its initial data no matter

how its positive coefficients o, 13, and u are chosen. Nonetheless, the

outputs of an input-free out sta r always converge exponentially to zero.

These three cases amply illustrate that the absolute size of the outputs

from an input-free graph in no way indicates the way in which the graph
will later respond to a test input pulse.

A qualitative conclusion can be drawn from the contrasts of the

previous paragraph. The II dynamical rrie c ha.ni s rn" of an outstar and of a

complete 3-graph without loops is the same. The two systems differ only
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in the choice of their coefficient matrix P and possibly in the choice of

their coefficients G¥, �, and u. That is, these systems differ only in the

choice of their underlying" geometry". We therefore see that changing
the geometry of a graph can qualitatively change the way in which it learns

from experience. In the next section, we shall see that adding loops to an

input-free complete graph enables it to 11 r e me rnbe r
" its initial data even

when rr > 0, in sharp contrast to the graph without loops.

4. AN INPUT -FREE GRAPH WITH LOOPS,

In this section, we consider the system with the coefficient matrix

1

2

1

2

P=

1 1

2 2

and T = 0. This system obeys the equations

•
2

x , (t):;: -ax, (t) + � �
1

x (t) y . ( t) ,
1 1 rn= m rm

y'k(t) = z'k(t)/(z .. (t) + z'k(t)) ,

J J JJ J
and

for all i , j, k = 1, 2. Its coefficient graph is the complete 2-graph with loops

of Figur e 15.

This graph is closely related to the complete 3-graph without loops

of Figure 14. In both graphs, every vertex is connected once to every

other vertex. Moreover, in both graphs each vertex is touched by exactly

two arrowheads. Thus an observer sitting on a vertex cannot tell from its

immediate geometry which graph he is in. Nonetheless, the dynamics of the

two graphs are dramatically different. Our main re su It for the 2-graph is
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the following theorem, which discusses the ratios yjk(t) and

X.(t) =
x.(t)

1 xl(t)+x2(t)
THEOREM 3. 2. Let (>:�) be given with arbitrary nonnegative initial

data and arbitrary positive coeffiCients a, 13, and u. Then

(1) The limits Q. = lim x.u) and P.k::: lim Y'k(t) exist and obey
1 t...oo 1 J t.... 00 J

the equations

Q. p., = o.r. , l i , j � =�, 2' .

1 1J J J1 �

(2) The functions fjk = Xk -

Yjk and Yjk change sign at most once

and not at all if fjk(O)fkk(O) ::. 0, � j, k5 =�, 25.
(3) The initial data can be chosen so that the limits Q, and P'k1 J

where the limits Ql' Q2satisfy the equations P
,.

= Q. ,

J1 1

can form an arbitrary probability distribution.

If moreover O-E u + 2(!3-a) > 0 , then

(4) The limits Q. and P'k always satisfy the equations p,. = Q,.
1 J J1 1

Theorem 3. 2 differs dramatically from Theorem 3.1 because the

ratios Q. and P'k are not uniquely determined in Theorem 3.2 even if
1 J

0-> O. Adding the assumption z12(0) = z21(0) in no way changes this situ-

ation, since the relative size of the initial values zl1(O) and z22(0) is

not affected by this condition. Theorems 3. 1 and 3. 2 together show that a

vertex tlknows" whether or not the flow it receives comes from another

vertex or itself, in the sense that the limiting behavior of its vertex £unc­

t ion differs in the two cases. When the complete graph has no loops and

0-> 0, the limiting ratios "forget" their initial data. Adding loops enables

the graph to "remember" its initial data.

PROOF. The strategy of the proof is essentially the same as that

of Theorem 3.1. We therefore exhibit only the relevant formulas and pre­

suppose familiarity with previous arguments to immediately draw conclu-
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sions from these formulas. We also assume that all initial data are posi­
tive unless otherwise stated, since all other cases can be handled with

ease once this case is understood.

(I) The fir st step in the proof is to derive equations for the ratios

Xi and Yjk. These are readily seen to be the following by the usual

manipulations

f.{t) = �(-X.{t)+X.{t)y .. {t) +X.{t)y .. {t)), [i,j5=�1, 2"1-
1 1 1 11 J J1 ) (3. 28)

and

y".. (t) = B. (t)(X. (t) - y .. (t))
Jl J. 1 J1

j � i = 1, 2 (3. 29)
where

�x.x
B·--L...

.

_

(')'J
z

J

Since Xl + X
2

= 1, (3. 29) give s

and z
(j)

= Zoo + Z

JJ ji

x. = �[X. (Yoo - X.) + X. (Y ..

- X. )].
1 1 11 1 J J1 1

(3. 30)

(II) U sing these equations, we show that the limits p.. exist and
1J

establish some properties of these limits. Subtracting (3. 29) from (3. 30)

gives

r., = - {�X. + B.)f.. - � X. foo
J1 J J J1 1 11

and by renaming indice s

.

f
..

= -{�X. + B.)f ..

- �X. f
..

11 1 1 11 J J1

where f = X - Y ,and fi, jt (1, 2�. From (3. 31) and (3.32) it is
uv v uv l � t. J

obvious by the positivity of �X. and �X. , and the argument used in Lemma
1 J

3.2 that if f
.. {t ) < 0 and f

.. (t ) > 0 , then f
.. {t) < 0 and foo{t) > 0 for

J1 0 11 0 J1 11

all t > t . Similarly, f
.. {t) > 0 and foo{t ) < 0 implies f

.. {t) > 0 and
- 0 J1 0 11 0 J1

f
.. (t) < 0 for all t > t • The same facts hold when the strict inequalitie s
11

-

0

are replaced by weak inequalities. Moreover foo{t ) = f
.. {t ) = 0 implies

11 0 Jl 0

f
.. {t) = f

.. {t) = 0 for all t > t . It is therefore obvious that the functions
J1 11 0

f
..

and f .. change sign at most once, and not at all if f
.. {O)f .. (O)< O.

J1 11 J1 11
-

(3. 32)
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Also, f
.. (t) and f

.. (t) are identically zero if f
.. (O) = f. ,(0) = O.

Jl 11 Jl 11

By (3, 29) and the positivity of B., y .. changes sign at most once

J Jl
and not at all if f

.. (O) f
.. (0) < O. Thus y ..

is a monotonic function for
Jl 11

-

Jl
large t, Since y .. is also bounded and continuous, p

..

= tlim y .. (t)
Jl Jl +00 Jl

exists.

Moreover Y .. (t):: 0 if f
.. (O) = f

.. (O) = O. In this case y .. (t)
Jl Jl 11 Jl

is a constant, and since f
.. (t)::; f

.. (t) = 0, X.(t) = y .. (t) = y .. (t)::; constant.
Jl 11 1 Jl 11

In particular, Q. = p
..

= p ...

1 Jl 11

(III) We now use the fact that the limits Pjk exist to show that

the limits Qi exist. Since Xl + X2 = 1 , it suffices to prove the existence

of Ql. Consider (3.28) ,

.

Xl = !3((yll-l)Xl + (l-Xl)y 21)

where U
1

= !3(y12
+ y21) and y21

are positive and have finite limits as

t-ta:>. It is therefore obvious that Ql exists.

To show that the equations Q.p ..

= Q.p .. hold, note that (3.28) can
1 IJ J Jl

be written as

x = !3[(Y ..

- l)X. + X.y .. ]
1 11 1 J Jl

= !3(-X.y ..
+ X.y .. ) .

1 IJ J Jl

•

Since all the limits Qi and Pjk exist, the limit i�X/t) also exists and
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•

equals �(-Q.p ..
+ Q.p .. ).. Since X. is bounded, lim X. (t)::; 0 and thus

1 1J J J1 l' t� 1

Q.p ..

::; Q.p ...

1 1J J J 1

(IV) We know from the case X/O):;: Yll(O)::; y21(O) and X2(O)::;
y22(O)::; y12(0) that any probability distributions Ql::; Pu ::; P21 and

can arise as limits. We now show that only limits Q.
1

and Pjk subject to these constraints can arise for 0-> 0 , and that these

limits are positive if the initial data is positive. This we prove in two

cases, in which we again always assume that all initial data is positive.

Case 1. Suppose Ql::; O. Then Q2::; 1, and 0::; QIP12:;: Q2P 21
::;

P
21"

Since Y 21 (t) is a positive and monotonic function for large t and

P21::: 0, Y21(t) is a monotone decreasing function for large t. By (3. 29)
and the positivity of B2, y21(t) > X/t) for large t, Consider (3.28) •

Then

Two possibilities arise. Either X2 -

Y12 � 0 for all large t, or

X2 -

Y12 < 0 for all large t. In the former case, Xl � 0 for all large

t. Since Xl is positive, we conclude that Ql > 0 , which is a contradic­

tion. Suppose X
2

-

Y12 � 0 for all large t. Since X2 -

Y12
::; l-Xl-l+Yll ::;

"u
- Xl ' then Yll

- Xl < 0 for all large t. By (3. 29) Yll � 0 and "u
is monotone increasing for all large t.. Thus Y11 � Xl � Y 21

for all large

t , where Yll is a monotone increasing and positive function.

P
21

> 0 � which is a contradiction.

Hence

We have hereby shown that Ql > O. Similarly Q2 > 0 ..

Case 2. Suppose Ql > 0 and Q2 > O. Since Ql > 0 •
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� B�)= �
{: 700

\
t 7> C><2J

?J,e-Qf;+ rt"e-u(t-S)Xt(€)Jgo

G( I/(J
<l

/ 0
where

o

By (3. 29), i�Yl2(t) exists and equals cr(QZ - PlZ). Since YlZ is bounded,

t��Y12(t) = 0 , and thus QZ = P1Z· In a similar fashion we find QZ = PZZ =

P12 and Ql = P
11

= P
zi

' -which concludes the proof.

The way in which the common limit Q. = p
..

= p.. is approached
1 11 Jl

by X. , y .. , and y .. for large t can be spelled out very precisely. Exact-1 11 J1
ly two kinds of alternatives exist in an interval [T, (0) if T is chosen suf-

ficiently large. These a It e rnat ive s are graphed in Figure 21.

(1)
1

t

Q.
I

T

1

Q.I

T
Fig. 21 (1)
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(II)
1

Q.I

--------------------------------------------------�t
T

1

--------------------

----------------------------------------------------�t
T

Fig. 21 (II)

Thus either X. approaches its limit monotonically in the oppo site sense
1

from the monotonic approach of Y>. and y .. , or the 0 s cillations of X. ,

Jl 11 1

if any, are pinched between y.. and y.. as they approach the common
Jl 11

limit Q. in opposite s en s e s , These alternatives are proved in the follow-
1

int corollary.

triple

COROLLARY 3.3. One of the following alternatives holds for

(X., y .. , y .. ), Si, / = tl, 2�.
1 11 11 (_) )

(1)

each

y > X > Y y ..
is monotone decreasing, and y ..

ji - i - ii' Jl 11

tone increasing for all t:::. 0 ,

is mono-

(2) y ..
> X. > y .. , y ..

is monotone decreasing, and y,.
11

-

1
-

Jl 11 Jl
tone increasing for all t > O,

X. > y .. , X. > y .. , y ..
and y ..

are monotone increasing, and
1

-

Jl 1
-

11 Jl 11

X. is monotone decreasing for all t > 0 .

1
-

y ..
> X., y ..

> X., y ..
and y ..

are monotone decreasing, and
Jl

-

1 11
-

1 Jl 11

X. is monotone increasing for all t > 0 ,

1
-

Either (3) or (4) holds for small t, and becomes (1) or (2) for

is mono-

(3)

(4)

(5)
all large t.
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In all cases, the common limit Q. = p
..

= p
..

lies within the inter-
1 Jl 11

�val [m" M.], where m = min)X.(O), y .. (O), y .. (O)' and M. = max X.(O),
IIi Ll J1 11) 1 1

y .. (O), y .. (0)' .

Jl 11 � .

PROOF. (1) is a translation of two facts. Firstly f
.. (O) < 0 < £..(0)
Jl

- -

11

impliesf
.. (t) < 0 < f

.. (t) for all t > 0" Secondly y ..

= B.f ., > 0 and
Jl

- -

11 11 1 11
-

y ..

= B.f ..
< 0 for all t > O. (2) is proved in a similar way. (3) says

J1 J J1
-

f .. (t) > 0 and f
.. (t) > 0 for all t> O. By (3.29), X. = -[3(X.f .. +X.f .. ) < 0

Jl
-

11 - -

1 1 11 J Jl
-

for all t > O. (4) is the same situation as (3) with all inequalities reversed.

Theorem 3.2 says that either (3) or (4) hold, or one of the functions f
.. (t)
J1

and f
.. (t) eventually changes sign. This is case (5).
11

The following corollary can be proved in the same way that Corollary

3. 2 was proved.

COROLLARY 3. 4. For arbitrary positive initial data and any (f,

I r� �
-

a a � ( 0J \ S � 120 ( � + �)�e
q-V-

X� � v) )

where

In particular, when (f< 0,

Thus taking (f< 0 and �(f\ »0 forces Pjk to lie very close to Yjk(O).
We the r.efo r e find that a complete 2-graph with loops can remember its

initial data both when o > 0 and when (f< O.
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CHAPTER IV

A GLOBAL RATIO LIMIT THEOREM FOR GENERAL LINEARIZED

COMPLETE GRAPHS WITHOUT LOOPS

1. GENERAL LINEARIZED COMPLETE GRAPHS WITHOUT LOOPS.

In the previous chapter we consfdered a special case of an input-free

system whose coefficient matrix is

_i,_ -L- - • .. I
0 n-I Vl- I h - \

P 0 --'-- 0 0 0
- h-I h-

0 •

• G'

_1- .J_ (# 0 ,. .L; 0
\1-, h - \ y...- I •

The general input-free system with this coefficient matrix P is

Xe (t) .. =r»: (tJ + � .2 I.:� xf'lll--.:') � ",db), t =- I.) 2) '''I h

� ,(t:'
� � � (t) =

k � }
j

2J:.7 -2: �i Ct) (>:,)

\ () k+ t.� � t c�') =: - it =e ]q � (t) + f> X� (t --r; ) Xl- t i

:c:.;, (t) = 0 •

The system of Theorem 3. 1 is characterized by the choices n=3 and T=O.

In this case, we observed that the ratios X.(t) and Y, (t) of a system with
1 Jk

positive a, (3, and u , and positive locally reversible initial data always

have limits Q, and P'k as t-.?oo. If moreover o=u+2((3-a»0, these
1 J 1 1

limits are unique and equal Qi =

3" and Pjk=2(1- 0 jk)' That is, the variables

x.(t) and z (t) become independent of their indices i , j, and k , jlk, for
1 jk

large t , Any solution of C:') of the form x.(t)=y(t) and z'k(t)=o(t)(l-o'k) is
1 J J

called a uniform solution of ():'), (J' >0 thus implies that a uniform solution

is approached as t-;> 00 ,
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Each system (>!() gives rise to an infinite set of linearized systems in

a manner which will be described in detail in Section 3. Each of these linear­

ized systems has the same number n of vertices as ()!c), the same lag time I,

and describes a linearized flow over a graph with the same coefficient matrix

p as (�!(). These linearized systems arise, as in Theorem 3.1, from an interest

in the behavior for large t of the solutions of ()!c) whos e initial data has the

following properties: (1) Zjk(O»O, jfk, and (2) xi(v) is a c orit inuous and

positive function of ve [-I, 0], i=l, 2, ... ,n. Such a solution is called

a positive solution of (�:,) since by Theorem 1.1, z'k(t»O, Hk and x.(t»O,
J 1

i=l, 2, ... ,n for all t> O. In Theorem 3. 1 an arbitrary po s itive solution

with locally reversible initial data approaches a positive uniform solution as

t--? 00 if (f > O. In this chapter, we therefore compare, in first approximation,

any positive solution of r:') with a properly chosen positive uniform solution

of (*) as t-?oo. This comparison is expressed formally as a ratio limit

theorem for the linearized systems.

We will prove ratio limit theorems for linearized systems with arbi­

trarily many vertices (n� 3) and with an arbitrary lag time (I� 0). Our

goal is to see how we must change the condition (f::u+2 (�-a»O to guarantee

that a uniform solution is approached as t....,. 00 in linearized systems with

n> 3 or 1>0. The following results hold.

In all the linearized systems which we will treat, we will find a

sufficient condition on nand I, for fixed a,�, and u , which guarantees

convergence to a uniform solution for a wide class of initial data. For fixed

1 , this condition becomes weaker as the number of vertices n becomes

larger. We therefore say that stability properties of the linearized system

are graded in n , This condition is automatically fulfilled for all n3::_ 3 when

T =0 if (f > 0 , which is compatible with the result of Theorem 3. 1. Moreover,

if convergence to a uniform solution holds for a linearized system with a fixed

number n of vertices and a fixed 1 =10, then it also holds for all systems

with n vertices and 1 lying in a suitably chosen neighborhood containing

10 If also u> 2 (a- �) > 0 (i. e . , lim x
, (t)=O for all I> 0), then .for fixed n,

t�oo 1
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a uniform solution is approached for all Te[O, w (n)] , where w (n) is

monotone increasing in n and lim w (n)= co.

Befor '

t th ln�co. d
.

b t iti 1 t ie ca r rymg ou e ane ar iz e c ornpa r i son e ween po Sl rve so U Ions

and positive uniform solutions of (*), we summarize several properties of the

po sitive uniform solutions of (>:,).

2. POSITIVE UNIFORM SOLUTIONS.

The equation

X (t) = - oZ. X lb') + /3 X (t--r:-)
1 n

is obeyed by the average output x=
- L: x of (,:,). Given any positive
n k= 1 k

uniform solution of («), where we suppose x.=y> 0 and z
.. =o(l-o .. ), 0>0 ,

1 IJ IJ
it is obvious that

(4. 1)

since X,=X. Since 0= z,. for all i-l- j
1 IJ'-

� (c) = - U�(t) +- eo(i--c) ?feb) • (4. 2)

Equations (4. 1) and (4. 2) completely define a positive uniform solution of eo')
once its initial data is sp ec if'ied, (4. 1) has been thoroughly studied in the

mathematical literature, ([3], [9]). In the present account, we merely list

the known facts we shall need, and derive several simple new facts from

them.

We shall actually need some re su lt s for solutions of (4. 1) and (4. 2)

which are not necessarily positive, but which include positive solutions as a

special case. These results can be stated in terms of the following definitions.

Given any T >0 and any f e C[ 0, T] , let
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(4. 3)

where s(1) is the largest real part of the roots of the equation

P,; ( S') l! (4. 4)

Also let Cf (T):: u+2s{T) •

PROPOSITION 40 1 Let 5 and TJ be any solutions of the differential

equations

(4.5)

and

whose initial data is chosen such that 5 (v) is a continuously differentiable

function of ve[ 0, T] with KT(S)f 0.. Then

() g(e -T;)
_ -1;S(-C)-;�� stt)
- e (4. 7)

(40 8)

and

IfSl andSz are any two solutions of (405) chosen in this way, and "l i is

a solution of

(4. 10)

then

Moreover, there exists a to such that
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00

\
�Cs--c)

_

- 17 SLt:") t �sJb < C>O

s(s) e
, (4. 11)

0

s: \ A_ 3 (s--c) \ �s <: c::x:J

cl_ <3 g(s ') , (4 .. 12)

J
Cd

\ e:1.(s_-c) -..L ( ) --cs6:;) \ � s <.. c:x:2

(5 ) f>
c:r "C e

) (4. 13)
60 �

and

C><J
• (4. 14)

If the initial data of (405) is merely continuous in [ -'T, ° ] , then the

solution of (4.5) is continuously differentiable in [0, T], so that differentiability

in [0, T] is not a restrictive assumption. The proof of these facts relies

upon the following lemma ..

LEMMA 4. 1 For any fixed 1> 0, the root S1 (T) of largest real part

of the equation
- -C-S

P,; ( s ) == s +- cl - � e - 0 (4. 4)

is real. Thus s(T)= S1 (T). Moreover, only finitely many roots of this

equation have a. nonnegative real part ..

PROOF. Suppose that s=xtiy is a root of (40 4). Then

--r;'X
X+d.- Be CinL""C"d::' 0 (4. 15)

and

(4. 16)

Write (4. 15) in the form y(x)=zO(x), where y(x)=x, Zg(x)= -a+f3 Oe -Tx, and
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Q=cos Ty e [-1, t ], For each fixed Qe[ -1, 1], we consider the graphs of y(x)
and zQ (x) as functions of x , Every root of (4. 15) must lie at the intersection

of these graphs for some Qe[-l, 1]. For example, if a>f3>O we find Figure 22

Fig.22

It is clear from this diagram that the root Xl of y(x)=zl (x) is a simple root and

is the root with largest real part among all roots of the equations y(x)=zQ (x),

Qe [-1, lJ. When Q=I, cos Ty=l and sin T y=O. Thus by (4. 16), the imaginary part

Yl corresponding to Xl is YI=-f3e-TXSinTYI=O. The zero of largest real part of

P (s) is therefore a real and simple zero of P (s).
T T

Since P (s) is a nontrivial entire function of s , only finitely many zeros of
T

PT(s) can occur in any finite region of the s plane. For any zero sk=xk+iYk with

nonnegative real part xk' we have by (4.16) the inequality lyJ':::f3e -TXk\sinTYk\'::: f3.

Thus at most finitely many zeros of P (s ) have a nonnegative real part.
T

We can now prove Proposition 4. 1. We follow [3], P: 109, for much of the proof.
s t
k -ts -1

Let e Pk (t ) denote the residue of the function e [pT(s)] p(s) at a zero

sk of P (s), where P (s) is defined in (4.4) and
T T

·c

� (9):: g (,,) e
--vs

-r ( S,_ 01.'») s(v-)e- vS ci)v-.
o

Let h�
parts. Then the solution

be the sequence of zeros of P (s ) arranged in orde r of dec reas ing real
T

§ of (4. 5) can be written as the iilfinite series



/
122

for t >17.

This series converges uniformly for t in any finite interval [to, tn where

to>T. Moreover if Re s < c< 0
k-

for all k= I, 2, ••. , then the s erie s

converges uniformly for t e [to, 00] , where to> T. At most one zero of

PT(s) is not a simple zero. We shall treat explicitly only the case in

which all zeros are simple. This case arises whenever 1/�Texp(1+aT). Our

results carry through to the general case, since the nonsimple zero is readily

seen not to he the zero with largest real part.

Suppose all zeros of PT(�) are s irnp Ie ; Then the residue of
t s . - ts P'(sk)

e [PT(s)] Ip(S) at sk is e k
,

and

P:f.sk)

s(t) (4. 17)

ck can be written in a simplied form as follows.

Pr; (Sfq.) =

II
(4. 18)

By Lemma 4. 1, the zero s
1

of largest real part of PT(s) is real

(i. e., s(T)=sl)' and only finitely many roots have nonnegative real parts. We
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can summarize these facts by writing the series (4.17) in the form

(4. 19)

s (T)twhere e F(t) is the finite sum

\')1 S�t-Z-�=2c\q_e
over the terms

sk t
( )

cke ,k > 2, with Re sk'::: 0 and esT tG(t) is the ihfinite sum

0<') St-��= 01+1 C" e �

skt
over the terms cke with Re sk < o. Since s (T) > Re sk' k > 1 , each of the

summands in

(S\q_ - S(-t:))t
t=(t) ::. 2_ �"': <, e

and in

� ( S� - S(.-c)')t
G-(t) =- 2. �:::W1+' C� e.

has a negative real part. We shall use this fact to write (4. 19) in the following
form

S(· )t ( e.- CJt
M (t\0,(L)

\.\;
+ JS � = e C, (4. 20)

where

\ + t3 "'C" e.
- -c- s b;. )

w> 0, and M(t) is a bounded function.
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(4.20) can be proved by writing F(t) and G(t) separately as a

product of an exponentially decreasing term and a bounded function and

then adding.

F(t) e
()<�- sb::))t N ( t-)

where

(L) _ <;
I'YI (S)q,- )< 2.')t

N � -

Lk=-� C" e.

is obviously bounded. Using F(t) as a guide, write G(t) as

where

Q (b) •

It remains only to show that Q(t) is bounded. This fact is an immediate

consequence of the following asymptotic formula for the roots s =x+iy of

PT(S)=O ([3], p.4l6)
.J_

X =

,;

and

where k is any-large integer.
xt

e therefore has the asymptotic form
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For sufficiently large t, Q(t) can be shown to be bounded by comparison
with the series L; _1

.

k k2
From (4. 20) , it is obvious that

� � (t--c')
_ e--csC'd

b�oo get) ., (4. 7)

The limit

o (4. 8)

follows from (4. 7) and the observation that

::::: o.

We can now prove (4. 9). By (4. 6), we have for all t> T,

t-

1(,( t) ::: e_-
ut ( 1t(-c-) e

IN""[;
+ ?> r e

L(,\T'
G (\i-""C).;( �clu-) •

't;
(4. 21 )

The integral in (4. 15) can be estimated using the equality
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Using (4. 22) in conjunction with the equation

otl..(o <, _

;Q.S(c)b- -.:tt:"S Gc)[ � - wt '0 C/)�S b-�)- e e. C1 +6 "i t;'J)
where RI (t ) is a bounded function, we readily find that

�
g!l.(b_�)

=- _L u(c)e--CS(:z;;)
b � 0<> 'YL Lt-) f3 •

(4. 9)
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Thus

(4. 10)

To prove (4. II), note that for t sufficiently large,

S(�)(t --v) (
- co Ct---c) II ))e c, + e M w -z;

( ).: - r:S 1:"

eS(-c)b- (CI +e,-wbM(b)) -e

-"'-5 (1;) (
- csi: IL \)

- (;5(1:)
=e l+-e Nn:,)-e

::: e.
- c..)t

e
-"C S (-t::) N (t) ,

where N(t) is a bounded function. (4. 11) follows immediately. The other

inequalities (4. 12), (4. 13), and (4. 14) can be proved in an identical way.

With these limiting relations in mind, we now turn to a comparison of positive

s olutions (>:�) and pos itive uniform solutions of (':�).

3. THE VARIATIONAL SYSTEM.

For convenience in the following discussion, we write (�:�) in matrix

form as
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(Ji)

in terms of the n
2

dimensional vector U=(x1, ... ,x , z12' zl-·· 3'
... , z

2
z

.1 )
2

n- n,n- , n,n-

and the n dimens ioria l vector f=(f, ... , f ,fl-'2' f13,···, f
2'

f
1 )

1 n n,n- n,n-

where
'

and

We shall linearize (;;') in the following way. Our linearization is motivated

by the desire to compare any positive solution U=(xl,· .. ,x ,Zl12'···' z
1 )

n n,n-

of ("'�) with a properly chosen positive uniform solution UOt=('Y'.'·' 'Y, 0, ••• ,0)

of e:') to generalize the result of Theorem 3. 1 that

X" Lt) _L

�k::'� X�(t) 3 o

to

x� It)
.L�o
Y)

as t =» OQ) �:=- I
) 2...) , "

')
h "

(4. 23)

This would be accomplished if it could be shown that V :U""UO _=-
(v.. •.. ,v ,v 2'··'

,v 1) satisfies
1 n 1 n , n-

v�C-t-)
=r:» 0

n
since if 'Y is chosen equal to x=�k=l xk' as can be done because both 'Y

and x are positive solutions of (4.5), then
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V-
j_ ( X�

- -!;)."
- =

2k;:� X�211t�7 V� h t - V)

An equation for V can be d.erived formally by simply expanding
in a Taylor's series as follows.

V (t) = u. (b) - u.Jt) = � ( U.lb) ) \A(\; -.)') - (? (lAo lb)) \..Lo (-\:-0;\')
= N lAo (t)+ Vlt\u, (t--c)+- Vo It-o;))- � (lto (b), uJ:k;-o;�}
= �g (u.. l�\ ll.lt-1;))Vll;) + {?

'-(Uolt\ "'-0 It-�I)\J (t-I:)
+ 0 ( \\ \J 1\ ') • ( H ')

fg(U0 (t), U
0 (t--T))=f� (�,�) �(�, It )={U0 (t), U

0 (t- T))
is the matrix of partial derivatives

of f(g, >t_) taken with respect to the entries in the vector g and, evaluated

at (g, 't)=(U0
(t), U

0 (t-T));\(U0 (t), U
0 (t-T))=\(5, It) Irs, 't)=(U0 (t}, U

0 (t-T))

is the matrix of partial derivatives of f(g,�) taken with respect to the entries

in the vector 'L and evaluated at (S,�)=(UO(t), UO(t-T); lIvl\=sup \V(w)�.
w{t, t-T]

Equation (.. *) is discussed in [12], Chapter 4 'i. In particular, when a> f3 ,

so that

LL(t) = o( e(8-cl)C J
L\()lt) '" O(eO-d.)C)
V({;) = O(e(B-cL)b)

and

and the higher o rde r correction terms 6' ( l\V l�) are exponentially small for

all large t. We will study (**' when all higher order terms 0'( UVU) are

ignored, We therefore consider the infinite collection of linear systems
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�he�� __

U
0

is any positive uniform solution of *). (t) is called the variational

system of (.. ) ([12] , p. 341 ).

We now study how the ratios of solutions of the variational system (t)
depend on the functions k(t)=�e

-Ts (T) and <T(T)=-tit2s (T) of T> O.

THEOREM 4. 1. Let the numerical coefficients of (:\=-) be chosen to

satisfy �>O, CT(T»O, and k(T)+<T(T» n�l k(T)(1+Ta(T)� Let UO(t) be

any positive uniform solution of (*) and, for fixed UO(t), let

W(*=)= (.all , .. , __a.n, -'ll:z., 0 •• , -R""n-I ')
be any solution .of the variational system (t) whose initial data satisfies

KT(:2;i=�i)+O. Then there exist positive constants WI and "z such that

--Rt Co(; ')

2�:��� It)
=

(4. 24)

and

(4.25 )2vn"� -«ci m
C* �

Vl1� �
Theorem 4.1 says that ratios of solutions of the variational system

for which K (:2;. n1 h. ).LO approach a uniform solution at an exponential rate
T 1= 1 T

if �> 0, -O"(T) > 0 and k(T)+(T(T» n�I k(T)(I+T<r(T». Equation (4.24) is

obviously the linearized version of (4.23), and (4.25) is the linearized
1

version of the limiting relation y 'k(t)- --1 ---?co. The condition
J n-

KT(:2;i=�hi)+O is automatically fulfilled if the initial data of W(t) is chosen

such that- :2;. �:(v);:::(l-n}y(v);> 0 for V'e[-T� Q]i- as we did for Vet) in the
1= 1

1
paragraph following (4. 23). The condition k(T)+<T(T) >

n-l k(T)(l +Tcr(T» is

automatically fulfilled for all n.:::, 3 when T=O if <T(O» 0 since it becomes

_
1

�+(T(O»--�. We shall show in a Corollary to Theorem 4.1 that
-n-I

(j(0 )=a_;-U+2 (�-Q:'). Thus the conditions on k(T) and O"'(T) are automatically

fulfilled when T=O if cr> 0, as was required in Theorem 3. 1.
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PROOF. The proof is divided into six steps. Step (I) consists merely

in writing out the variational system (t) in terms of its. components

hjk· These components obey the equations
• 6o(t-�') �" Lt)l L a) \--R �

= -0(. � t. +
(h-I):l.b'(t') L(I1-11 tt. - \-t+ tI J

+
h-I

-R (t-1;),

h. and
1

(4.26)

where

and

o

Step (II) shows that the sum h= L;k=�� of the solutions of (4.26) obeys the

equation

(4. 28)

and that the sum H=� h.. of the solutions of (4. 27) obeys the equation
1, j 1J

itj

H (t) =: - \-I, \4 (t) +- ('>( Vl-I)(() (t).R(i --c) +oCt -"C') �(t)). (4.29)

In step (III), we use (4.28) to simplify (4.26) in the following way. Each of the

n equations in (4.26) has a right hand side which depends on all n2
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variables h. and h
I jk

.

equation into an e�.ation in which only one unknown function appears,

the furrc t ion g. =
i

_
..!..

9 A price is paid for this simplification.I
::E nh n

k=l k

We shall nonetheless be able to transform the ith

namely

g. obeys
1

a pair of coupled difference-differential equations, namely

, {4.30}

where

•

G� - -t.tG.:, -+ �v)(y)-2h(t--c)..Rd�· (4.31 )

Equations (4. 30) and (4.31) may be thought of as an "uncoupling" of the

variables h. and h.k in (4. 26). In' step (IV), we differentiate (4. 30) and
I J

use (4.31) to find a second-order equation for g. of the form
-

I

�.� + A(t)i� + B(t)��(t--c)+C(t)��4-D(i-)��({;-"C) (4.32)

o.
Such an equation, for general variable coefficients A(t), B(t), C(t), and

D(t} would provide us with little information about g. as t-?oo. It is
I

fortunate that in the present situation these coefficients are constructed

. .. h(t-T) d h(t-T) ·l(t-,}from a Igeb r-a ic c ornb i.nations of the func t rons
h() 'dt h(t)

,

oCt)d h(t)o(t) t. .

and
dt log y(t-T)

. Thus by (4.7), (4.8), (4.9), and (4.10) the Iimit s

A=lim A(t), B=lim B(t), C=lim C.(t), and D=lim D(t) exist. We can therefore

compare the behavior of (4. 32) for large t with the behavior of the solution

w. of the following equation with constant coefficients.
I

o
• (4. 33)
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It will actually be more useful to make a change of variables in (4. 32) and

(4 A t At \
. 33) to g i=gie and � i

=w ie where /\ is a sufficiently small positive
constant. In-terms of the new variables S i

and "l.i ' we find equations of the

form

�� + A(t;)i:_ + B (t-) i � (i-or;) + c (t)�.: + f5(f;) Sf, (j -"t") o
/

(4.34)

and

(4. 35)

We compare equations (4. 34) and (4. 35) to show that 5. is bounded whenever
1

11. is bounded, and in (V) we show that'!. actually converges to zero as
�1 1

t....;;.oo because all zeros of the exponential polynomial

have negative real parts. From these facts it readily follows that

which is the first conclusion of the theorem. In step (VI), we use the conclusion

of step (V) to imitate the method used on (4.26) as far as possible on (4.27).

From these manipulations, the conclusion that

���
2m=� ��W\

.." 4- d
converges exponentially to zero will readily follow.

n -,

(I) The Variational System in Component Form. We now write out the

variational system



,
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in terms of the components h. and h. of W=(h, ... , h ,h12,···, hi)'1 jk 1 n n , n-

where the vector function f(g,�)=(fl(5''t)'··· ,fn(S,�),f12(S'�)"" ,fn,n_l(�"))
of 5 = (51' ... '5 '$12"'" 5 1) and J1 = (" , ... ,71 .» 2'

... , 11 1) is
n nv ri- -l II In II (n,n-

given by

9:. e.g) \) = - ol€� -+- \3 L \It-t � 1'(,10. {; Iq_ � (2� t- � g"dY
,

and

Since the computation needed to do this is straightforward but tedious, we

merely give two examples of how the uniformity of Uo
(1) Clearly

o��
= P\.� I �1.l*J ';Jl{. -

� �� l
C> S J � L (:;r� * d gJ '" ') J

enters it.

Thus

\3(�- 2-') 'OCt -(:; ')
(n-l)!L�(t)

which is independent of i , j, and k just so long as j fi=k.
(2) Clearly

Thus

which is constant.
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Computing all partial derivatives in this way and substituting them into

(1=) yields after a rearrangement of terms the following system of equations.

(4. 26)

where H.��.�. h
.. J H-� h" H(i)_� h and h(i)_� h 1'-1 2 n

1 JT1 J1 "'_�i, j 1JJ -L-Ijfi ij , -L-Ij=1i j'
-

J , ••• , •

Moreover, i1j

(II) Equations for the Sums h = �k=�hk and H = �J' J kh"k' In the

J=lk
J

variational system (+)J the n functions hi and the n(n-l) functions hjk
play different roles, as the equations (4.26) and (4.27) clearly show. This

fact is a consequence of the different roles played by x
, and Z

ik
in (')f)

1 J
itself. We now show that this difference is clearly reflected in the behavior

of the s ums h=�
n

h and H=� 0 kh.k" uHhe:<two'kinds of functions 0 0

k=l k J J J
jtk

It is readily seen that the sum h obeys the simple equation

(4. 28)

s inc e summing over (4. 26) gives

+
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where (n-l)�._nH._nH+�. nH(i)=O and �oh(i)(t-T)=(n-l)h . (4.28) is the
1-1 1 1=1 1

same equation that is obeyed by the sum x=�k=�xk' This is no surprise
since (4) arises by linearizing (*), and equation (4.28) is already linear.

Since h has initial data that satisfies KT(h) =/= 0 , by hypothesis, (4.28)
is a special case of (4.5). Hence by Proposition 4.1,

� �(t -\; ') - -cS (�)
4Ct;)

:::.e
t -? 04

and

�
a Rlt-\;)

o.
� Rlb)t7�

(4.36)

(4. 37)

H also obeys a simple equation, and one which depends only on

y and h, both of which obey equation (4.28). This equation is readily seen

to be

by summing over (4.27). H is therefore independent of the distribution of

the functions hi and hjkO

(III) Uncoupling the Functions h. From the Functions hOke1
2 J

Each of the n equations of (4.26) depends on all n functions hi and hjkO
Because the sums hand H obey equations which are independent of the

distribution of the values of these functions, we can nonetheless transform

the ith equation into a coupled pair of equat ions in the single new unknown

h.
1... 1-

go
1

lc=�k
n
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It is clear from (4. 26) that this transformation can only be accomplished
if the function

(i)
G. � {n-1 )H. -H+H ,

1 1

which depends on all functions hjk, jlk, has some very special properties.
That this is true is suggested in (II) by the fact that the summand H is

•

independent of the distribution of the h jk' s. Indeed if we compute Gi
in terms of (4. 27) and rearrange terms, then we find after seve ra.l cancellations

of terms

o

G. = -uG. + �n{n-2 )y{t- T)hg.,
1 1 1

(4. 31 )

Since h obeys (4. 28), which is iridependent of the distribution of the unknowns

hi and hjk, Gi's dependence on all the hjk's is replaced by a dependence on

the single unknown g ..
1

(4. 26) can be written in terms of G. as
1

• �y{t- T)h =-ah +----
i i (n-1 )25{t)

G. + ��-h(i){t_T).
1 n-1

and on g. . We now transform
1

The first step in performing
h.

this transformation is to derive an equation for Ai = hi .

•

�t == t (.Q.� -_Q� �J

This equation depends on all h ., j =1, 2, ... , n

J
it into an equation which depends only on g ..

.

1

- �� (- r:J.. +

+- L .RU,)(t-,;)
\1-\

() .Q(t -"C')
�
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::: - �
.R(t-,;\,. -\- � tf{j; --c;)Q�

+L .e.Ct; -v) (i. ) (_ '\
-R. v

(V\- I ) '2.il� 1'\- I -e..._ >-. ,,-t - -c- ) )

(i) h (i )

A ==h·where Thus

�o(1:; -t) G �

(Yl - ,) 2-
-R.�

•

From this equation, we readily complete our transformation using the facts

=

• •
and .A. = g.. Thus

1 1

(4.30) and (4.31) together completely determine g. once the initial data
1

of h , '{, and e is known.

h.
1

(rV) A Second Order Equation for g. =---

1

�k=�k
1

In order to
n

eliminate G. from (4.30), we differentiate (4.30) and use (4.31) to
1

•

eliminate terms involving G.. Then we use (4.30) to get rid of G. itself.
1 I

T
.

Iif
.

1 K() �h(t-T) (t )
� y(t-T)

o SImp I y notation, we et t =

h
L t =(n-l )2 he

,and

M(t)=�n(n-2)'{(t--&)h. Then (4., 30) and (4.31) can be written as

(4.30' )

and
•

G =
•

N
(4.31')
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Differentiating (4. 30') gives

3':, = - \� (�;. + h':i- � � C:t-"!;'))- k Ci� + � g � (t -1;))
o ,

4- lG� +- LG� fI

Substitilting (4. 31') into this equation and rearranging terms gives

3:. ::: (LM-l< )d" - � I<;J" (t;-;;)
- \-< (q fI � _\_ q. (t -v- \ \

o "" h -I 0 lJ )

4- ( L -

IA- L) G-l, • (4. 38)

•

K 1 gi
By (4. 30'), G'-L {g.t-l g.{t-T\+-L' Substituting this expression into (4. 38)

1 1 n- 1 r
and r ea r rang ing terms gives

g.+ A{t)g. + B{t)g.{t-T)+C{t)g.+ D(t)g.(t-T)=O,
1 1 1 1 1

(4. 32)

where

A{t)=K(t)+u-
t(t)
L{t)

_
h(t-T) + +_i_ he

-f3 ( h ) u
dt log '1(t-T)

,

B(t)=_I_K(t)=-f3_ h(t-T)
,

n-l n-l h
•

C (t )=K(t)- L(t )M(t )+K(t )(u- �i: �)
=i3[ (h(t-T) )._ j3n(n-2) l (t-T) + h (t-T)

( + _i_ 1 hli) 1h (n-l)2 e h
u

dt og,,(t_T) ,

and
1

•

D(t)=-l (K(t)+K(t)(u- L(t)))
n- L(t)

=+[(h(t-T))\ (h(t-T) )(u+_i_10 � )].n-l h h dt g ,,(t-T)
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Equation (4. 32) would provide little insight into the behavior of g. (t)
1

as t---?oo if the coefficients A(t), B(t), C (t), and D(t) were arbitrary

continuous functions. Fortunately, these coefficients are c onstruct ed �r.om
'. h(t-T) d h(t T) '{2 (t-T)a.Igebra ic c ornb inat ions of the functions ,- -, ,

h(t) dt h(t) oCt)
d h(t)o(t)and
dt '{(t:T)

, where KT(h)rO and KT('{)t=g· We can therefore invoke

Proposition 4. 1 by letting g 1 =v , 5'2 =h, and 'tl =0. By Proposition 4. 1,

the limits A=lim A(t), B=lim B(t) , C=lim C(t), and D=lim D(t) exist. To

t--3KX> t�oo 'T"
t�oo

1
t�oo

- IS (T)evaluate thes e limits, let k.(T)= f3e and Q =-- for notational s im-
n-l

plic ity. Then

A=k(T)+u+( -u+cr(T))

=:k(T)+Q"{T) ,

B=Qk(T),

C=f3[o- n(n-2)
(J"'(T)e -r-rn., -Ts(T)(u_u+CJiT))]

(n-l )2

=k(T)Q"(T)( 1 _

n(n- 2b
(n-l)

=Q2k(T)01T) ,

and

D=
f3�(T)

e
-Ts (T)

n-l

=Qk(T)U-(T) .

Because the limits A, B, C, and D exist, it is natural to try to compare

the behavior of g. for large t with the behavior of the solution W' of the
1 V

following equation with constant coefficients.

(4.33)
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For technical reasons, we shall compare an equation related to (4. 32) with an

. Xt Atequahon related to (4.33). Thus let g .=g.e and 1[.=.e where,A is any
1 1 1 1

�tpositive constant. To derive anequation for 5.' multiply (4.32) by e and
1

use the equalities
o. � b _

c: II •

+ \.
Z

C'
:

�" e - S �
-- �).. � L. A '7"

and

We find

(4. 34)

where

A(t)=A(t)-2 A ,

and

B (t )=B(t) ,

C(t)=C(t)+ 'A2 -,AA(t) ,

D(t)=D(t)-AB(t) .

Similarly, 1ti obeys the equation

- -

?t. + Al'l. + B)t. (t- T)+C 11. + D�. (t- T)=O ,

1 1 1 II 1

.,

(4. 35)

where

A = A - ��
- �+(J-��/

B��
:: ��

,
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c.= C+'A'l--'AA
;- e

2. �(J + .x?_ � C�� <r")
,

and t> -:::. D-��
:=. e�(u-�) ·

If we can show that g. is a bounded function, say \ S J .::: k , then
. -At

1

\ gJ:Ske and since A > 0 ,

1 ��t
-

- = 0 (e ),
n

(4.39)

which is the first claim of the theorem. To do this, we wish to compare

the behavior of 5. for large t with that of 11. . If we can do this rigorously
1 -ll

and if?t. is a bounded function, our proof of (4. 36) will be complete. We now
1

show that this comparison can be carried out and that the boundednes s of ?t i

can be guaranteed by showing that there exists at least one positive A such

that all zeros of the characteristic exponential polynomial

(4.40)

of (4.35) have negative real parts.

The theorems which we shall need to ac-complish these aims are

applicable to (4. 34) when it is written in the matrix form

(4.41)

where

(4. 35) has the matrix form
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•
W. + V W.+ V W.(t-T) = 0 , (4.42)

1 0 1 1 1

where Wi=�:)' The first theorem which we shall need is the following ([3], p.312).

A sufficient condition in order that all continuous solutions of (4.41)
be bounded as t-s-co is that all solutions of (4.42) be bounded as t�oo, and

that

00

f \lV.(t)\ldt <00 , i =0,1 ,

t
1

o

00

f II v, (t)1 dt are certainly finite for sufficiently
t

1

o

large t by the inequalities (4. 10), (4. 11), (4, 12), and (4. 13) of Propos ition
o

4. 1. It therefore remains only to show that all solutions of (4.42) are bounded.

for some t > 0 .

o
The integrals

We shall be able to show more than this. In fact, by [3], P: 190, all solutions

of (4. 42) with sufficiently smooth initial data converge to zero as t�oo iff all

zeros of G��(s} have negative real parts. We now show that all zeros of

G�T(s} have negative real parts for a suitable choice of 13, n, T, and...\ .

(V) The Zeros of G(A) (s) We will show that all zeros of

(,�)
�nT 1

G�nT(s) have negative real parts if k(T)+c:r(T) >
n-l k(T)(1 +T6'(T)) and � > 0 is

chosen sufficiently small. This fact relies on the following lemma.

LEMMA 4.2. Suppose that the coefficients of the exponential polynomial

are positive and A> B + T D. Then all zeros of G�:�(S} have negative real parts.

PROOF. The proof is patterned after [18], in which the closely related

exponential polynomial
-�

lt1!:9- +h=e- + Ire + c
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is studied. Letting a=Ts ,
T> 0, the equation ��T(S )=0 becomes

{(r) :: eo.4- Ei?: + CFr+ tt) e-l!: + 0" -

0-,

where E=AT, F=BT, H=D�, and J=C�. The zeros of f(z) are the same

as the zeros of G��) (s) for all T> O. For T=O, it is obvious that all zeros

(.A) ynT
of G8nT(s)=O have negative rea'=_parts if � is chosen sufficiently s rna Ilg by
the positivity of A, B, C, and D. In the following, we therefore consider

the zeros of £(z) for T> O. In this cas e, E, F, H, and J are all pas itive

if .A is sufficiently small.

The main fact used in our analysis is Cauchy's Index Theorem:

Suppose w=f(z) is an analytic function of z in a simply -co nne cte d domain

D bounded by a clos ed curve C, where f(z)1 0 for z E C. If z travers e s

C in a counterclockwise direction, then f(z) will traverse a closed curve

in the w-plane and the number of zeros of f(z) in D is equal to the number

of times the w-contour encircles the origin.

This basic theorem is used to study the zeros of w=f(z) in the following

way. As z traverses C in a counterclockwise direction, w may cross the

real axis. Let 8+ be the number of times that w crosses the real axis in a

counterclockwise direction relative to the origin (i. e., from quadrant IV to

quadrant I or from quadrant II to quadrant III), and let 8 be the number of

times w crosses the real axis in a clockwise direction relative to the origin.
1

The number of zeros of f(z) in D then equals 2" (8 +
- 8 _).

We apply Cauchy's Index Theorem to the semicircular domain

D:Re(z»O and \ z l < R

in the z-plane. If \z\ >R and Re(z)�o, where R is chosen sufficiently

large,then
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2
and z =1= O. Rouche' s theorem therefore implies that f(z)1 ° for \ z\ � Rand

Re{z» 0, D is fixed once and for all by making a choice of a sufficiently

large R. For this choice of D, all the zeros of f(z) in the right half plane
will lie in D.

To apply Cauchy's theorem to this domain D, we divide its boundary
curve C into two parts

A • Be (�) :: 0 (U')o\ \ 2- \ � R•

and

B : Re (�J :?o Cl.VlJJ L�·\ - R.

Consider A. Letting z=iy gives

� l t'6l = -

�
';l.

-\- � eo... '3 +- F � � �
-+ 0" -\- l- (E � -+ V � <.co... '6-

- \+� d'))
where J> 0 and E>F+H by hypothesis. If y=O, then £(O)=H+J> 0. If

° <y� R , then

since \ Sii Y \< l.

�(�(�o\)= to-\- FOc..c.....'a--\t�O
-

� ( � +- Fc.o...� - lri � �)
� 0,

Thus w is in either quadrant I or quadrant II. f(iR) is in

quadrant II since R is large and f(O) is in quadrant I. If -R.:s_y<O, then Im(g(iy))=
sinyy(E+Fcos y-H--) < ° and w is in either quadrant III or quadrant IV. Thus as

y
-

z traverses A from +iR to -iR, w c ro sses the real axis once in a clockwise

direction relative to the origin.

Now consi�er ,f(z) as z traverses B from -iR to +iR. Since f(z)

is dominated by-z , the net number of times that f(z) crosses the real axis

in a counterclockwise direction relative to the origin is once. We have
1

therefore shown that '2 (6+ -6 _)=0, and thus that f(z) has no zeros in D, or



146

for that matter in the right half plane. This completes the proof of the Lemma.

We remark that [18] goes on to give necessary and sufficient conditions

for his equation. to have zeros only in the left half plane even when the inequalities

analogous to J>O and E> F + H are not satisfied. These conditions seem

to be difficult to apply in the present case.

We now apply Lemma 4. 2 to the present example. When T=O, the

zeros of G�T(S) 'obviously have negative real parts for sufficiently small

)t > 0 by the positivity of A, B, C, and D. Consider the case T>O, where

A is chosen so small that A, B, C, and D are all positive. The condition

J> 0 is satisfied since C >0 and 1>0. The condition E> F +·H becomes

AT>BT+D'l or A>B+TD. Since A=k(T)+�(T)-2A, B=Qk(T), and

D=Qk(T)(cr{T)-A):, this inequality becomes

1
If, as hypothesized, k(T)+cr(T) >

n-1 k(T)(1 +TO"'(T)), we can certainly find a

sufficiently small positive .A for which E � F + H. This shows that all

the zeros of G��T(s) have negative real parts if k(T)+q-(T) > n� 1 k(T)(I+TIJ"{T))

and � is chosen sufficiently small. For A =(.,..)1 chosen in this way, we can

therefore conclude that

(4. 24)

This completes the first part of the theorem by proving (4.24). We now turn

to the proof of (4.25), using the result (4.24).

h·k 1
(VI) An Equation for g. =_---=-J__

jk � �.h. n-l
mrJ Jm

the existence of an G)
2

> 0 for which

In this step, we prove
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\

(4.43)
ZYY\:, aJrn (t)

vYl*�
for all j» (4.43) is the analog of the statement proved in (V) that there

exists an WI > 0 such that

=- 0 (e. -W,tr\ '_ (4.24)
J ,

v= \) 'L
)

t •. IV)'

hi I
(4.24) was proved by deriving an equation for g. whose solutions

1 L;k=�hk n

behave like o(e
- (JI t) for large t. (4. 43) is proved by deriving an equation

h·k I
for g.k

=

L;
J
h n-l

whose solution converges exponentially to zero

J mfj. jm
as t�oo. This equation will have the form

(4. 44)

where -A.. j can be written as

_Ad ::: 1t � rd · (4.45 )

Integrating (4.44) gives
_ \'tA. ell.!.

[ \ (t)' '?\_. J.� n \
��I..(t)=e 0 d �JIJOJ+)/�'

0 G A�Gdk«V-J •

•

t r·(w) r.
Since exp[ -f ..A. ,duJ= r/ () and _/\_ ..

=
J Ir.

IN J .
t J J

J

(4. 46)

- €.U t
I

The facts proved in (1)- (V) will be shown to imply that Gjk(t)=o(e ) for

some W > 0 , and that
I
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(4.47 )

where jJ. =1= 0 , l\> 0 , and M.(t) is bounded. From these properties theJ
following conclusions can be drawn.

where R. (t)
J

is a bounded function, the term

<J 41..(0) r� (0)

r� Ct)
in (4.46) converges exponentially to zero as t�oo. Consider the term

in (4. 46). Since

(4. 48)

given any E> 0 we can find a T (E) such that t�v':' T (E) implies

\ r.(v-)
r· (tJ

d
(4.49)

Let e =�) and let To be the corresponding T (e). Then the

integral (4.48) can be broken into the two parts
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To

r; It) ) ���\rIG-ci�l�J.\)
o

for t > To. The first part converges exponentially to zero as t-?oo because

r -1

(j(t) does. The second part converges exponentially to zero by (4.49)

because Gjk(�) does.

We now derive equation (4.44) for gjkO Writing gjk as

1

gjk=Hjk-n_1,

h H =.�jk d H(j)..., h f' t d
°

to f H(j)were

jk H(j)
an =

�mt=j jm ' we IrS er rve an equa IOn or

and then one for Hok' It is readily seen by summing over kfj in (4.27)
(0) J

that H J
obeys the equation

·C·)�} (_" (1- \_a(�)l4 d = - (A. \-It + 6 (Vl- 0"O..Q � \,-t -""C ) + �D ,.--C) , (4. 50)

and

(\ �\..
= :(&) fD.i (t--r;)+ "¥�-1;)�k - \-l �� ((h-l)ot�(t-"t)+ o� --cla(6))]. (�. 51)

1
(4. 51) is now used to derive equation (4.44) for gjk=Hjk n-l by rearranging

terms in (4. 51 ). Thus
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• •

�;�= \-{��
= �l"6_Q�(t--c)+o(t--cJQ� (\.\4� ;:; I�VI-I)O.a.� Ct--c) + O(t--c\.a. (�')1

- LoRdEt-v)+- -tTo(b-�)�(�)13
= � {o�-1:l�\Q. - ;;-e.(�)} d�"-�VI-I\-tQ� <1--c}H(t --cJQ(.;� •

Letting

-A_. -

d

and

we find the equation

which has the same form as (4.44).

To complete the proof, we must show that (1) G
ik converges exponentially

to zero as t�oo, and that (2).Ao can be written as �o= dd log ro wherer', J J t J,
•

0 can be written in the form given in (4. 59)J

(1) Cons ider G
ok' We must show that G. converges exponentiallyJ Jk

to zero as t-?oo. Dividing numerator and denominator of GJok by h=L;k=�kh. 1
.

and invoking the definition go = hI -
-

, we find that1-;> n
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G�1q_ =

in-1h.R.j (t--r:;)
+ o (-f,-1;) {;LC,;)

--tL -.fv

The denominator can be rewritten as follows.

Thus

(4. 52)

=.:L
?

- "" t
whereas by (4.24), there exists a Cc)1>O such that gk =o(e

.

1
), for all

- £:.)1 t
k=1, 2, .. ,n. By (4.52), we readily conclude that Gjk =o(e ) as well,

j/k.
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We first show that...A.. can be written as -'L. =� log r.. Integrating (4. 50)J J dt Jwe find

� C�) (t) :: e
-lit

[+t(�\ 0) + ��! �u- [Cn-,)IfQd (IT-vi +0 (IT--r;) .e_(6)].&� •

o

Letting

r. (tJ = \-l�)(o)+ �)t6 U.\T"[CJl1-I)O.e.� (IJ--r;\+o(IJ--c)Q Cd')] �\)
a 0

we therefore find that.A.= dd log r
..

J t J

It remains only to show that r. can be written as in (4.47).

r. Ct;)::: �elA.t [CVl-I'cd?'3 (t-(;�+ C5(t-<:'Ht cd)]d
Co)

� ¥e
u-t LC n-I) 0' � (t -<;)(��(��:n+ C5 Ct--r;) £1 (�� ) 1

= �e
v..t [(h-,h-Rlt--r;)(?r� Ct--v) + -t; ) +0 (t --r;).Q._(2" �� ci � iQ.

+ n�, �.
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Since KT('Y):iO and KT(h):::;fO, we can by (4.20) write 'Y and h as

-k t

v=e
s (T)t(c +e 'Y M [t )

'Y 'Y

and

s (T)t -kht
h=e (ch+e Mh [t I},

where c =0, ch=O, k > 0, k > 0, and M (t ) and M (t ) are bounded. Thus
'Y 'Y h 'Y -n

P d (-t).:= �e
- -';'SC;C)

e
cr(t:) b [ Cfl� 1)(C

()'
T e

- "'"IS t;
MlS' (t)) •

( ca. -\- e-.k.(. tt -'I;)
M,e,. (-t--r;)) ( �; (t-"(;) + � ')

+ ( Co + e.-.-e..rCt-cl
Mt (t�';l)( C-R_ + e-kJ..t M-e_l{;)).

l � kef � � � + 7')1.
-cJ t

Since gk=o(e 1), k=1,2, ••• ,n,

where k is a number such that 0 <k <min[,?", ky' � land M(t) is bounded.

This complete s the proof of The orem 4. 10

4. THE GRADATION OF STABILITY PROPERTIES

WITH RESPECT TO nAND T.
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By Theorem 4. 1, if the coefficients are chosen to satisfy (3 > 0 ,

<J'"(T) > 0, and k(T)+CJ"(T)> _1-k(T)(I+T<T(T)), then the ratios of the solutions
n-l

become uniformly distributed as t�oo. These conditions imply the

following relations between systems with diff�rent nand T but the same

a, (3, and u.

A) For every T� 0 such that <T(T» 0, there exists an n=n(T) such

that the theorem holds for nand T. This is true because

1 .

lim
n-l k(T)(1 +Ta'(T) )=0.

n-?oo

B) If Theorem 4. 1 is true for fixed n=n and T=T , then it is
o 0

true for all n>n and T=T , since then
- 0 0

k(T )+V"(T ) > _1
-I k(T )(1 +T Q"'(T ))

o 0 n- 0 00
o

Thus the stability properties of the variational system are graded in n.

C) As in (B), it readily follows that if Theorem 4. I holds for n=n
o

and T=T , then it holds for n=n and all T in a neighborhood of T
o 0 0

The case where £1'> (3)0 is of special interest since then the outputs x.(t) of
1

(*) approach zero as t�oo for all n � 3 and T> O. This is the case in which

(*) has a prediction theoretic interpretation.

COROLLAR Y 4. 1. If £1' > (3 > 0, then o'(T) and k(T) are monotone

increasing functions of T, T� 0, such that 0"(0)=<J;u+2«(3-£1') and k(O)=(3.

PROOF. By Lemma 4.1, for any fixed T�O, the zero seT) of

-Ts
largest real part of PT(s)=s+£1'-(3e is real. The proof of Lemma 4. 1 also
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shows that s("'G)<o whenever a>!3>O. Thus

-Ism) +<>=j3e T!s(Tl! (4. 53)

Suppose any two nonnegative values TI and TZ of T are given such that

Then by (4. 53)

Since !3 >0,

TIl s (TI )l T
Z \ s (TZ ) \

e > e .

and thus

(4. 54)

(4, 55)

(4. 55) along with (4. 54) implies

or

T >T .

I Z

We have hereby show n that TI"s TZ implies l s (TZ)\.,S Js (TI ) \. Since

(T)=u+Zs(T)=u-Z\s(T)\, TI.,STZ implies <r(T} ).,S(T'(TZ).cr(T)is therefore a

monotone increasing function of T, for T� 0 .

s (0) satisfies the equation
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p (s )=s+ a�(3::: O.
o

Thus s (0) = (3-a and

= u- 2 (a- (3)

= u+Z «(3-a)

= cr.

By (4. 53), k(T) =a� \s (T)I where) s (T)l is monotone decreasing in

T> O. Thus k(T) is monotone increasing in T > O. Also k(G) = (3e O� (O)L(3.
This complete s the proof.

By Corollary 4. 1, if tJ"' > 0 and T=O» then

k(O)+<T(O )=(3+�� n� I
= ���) (1 +00"(0))

so that Theorem 4. 1 holds for all n> 3 when 0- > 0 and T =0. Since k(T)

and �(T) are monotone increasing funct.ions of T'::: 0, if �>O then there

exists an interval [0, c.J (n I}, where W [n] is monotone inc re a s ing in nand

lim W (n)=ro , such that Theorem 4. 1 holds for all Te [0, W(n».
ri-s-co
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CHAPTER V

GLOBAL RATIO LIMIT THEOREMS FOR

GENERAL COMPLETE GRAPHS WITH LOOPS

1. GENERAL COMPLETE GRAPHS WITH LOOPS

In Theorem 302 we considered a special case of an input-free system whose

coefficient matrix is

p= (..L.
...L- .... r.. ,,>

V') V\
•

i;)

. ..L- j_ ,p."

y) n

. ..L
v,

"

"I'he general input-free system with this coefficient matrix P is

• n Tx
, (t)=-ax. (t)+�� x (t- )y . (t ),
1 1 kr=l k ki

i=1,2,000,n (50 1 )

Z .k(t)J j,k=I,2,000,n (50 2) �)Y·k(t)=J n
� IZ. (t)

m= Jm

and Z
jk (t)=-UZjk (t)+�Xj (t-T)� (t), j,k=I,2,00. ,n, (50 3)

and the coefficient graph is (eo go when n=3) given in Figure 23.

I
"3

I
"3

Fig.23
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The system of Theorem 3. 2 is characterized by the choice s n = 2 and

-,; = O. In this case, we observed that the ratios Xl and Yjk of a sys­

tem with 13 > 0, c > 0, and positive initial data have limits Q. and P'k1 J
which always obey the constraints Q. = p

.. , i, j = 1, 2, and that any prob-
1 Jl

ability distribution Q Q2 can arise as a limit.
1,

In particular, when X.(O) = y .. (O), for all i,j = 1,2, X.(t) = y .. (t) =

1 Jl 1 Jl
constant so that Q. = p.. and the system doe s not Ii forget" its initial

1 Jl
data, This fact differs substantially from the result of Theorem 3. 1 for

the 3 -g raph without loops which says that Qi = � and P
jk

= i(l- Sjk) if

rr > 0 , or that the initial data are forgotten"

In this chapter, we generalize this fact to systems with arbitrary n > 2

and "'C' > O. We then show how this fact is reflected in the eigenvalue s of

an equation related to the variational system of (�:�) and contrast these

eigenvalues with those of Chapter 4. The first theorem describes the

limiting behavior of the ratios

n > 2 and -,; > O.

x·

and X =
1

i n

�l Xk

as for any

THEOREM 5.1. Suppose 13 > 0 and cr{-,;) > 0, and let (':<) have arbitrary

nonnegative and continuous initial data. Then the limits Q. = lim x.u)
1 f....co 1

and p. = lim Y; (t) exist and satisfy the equations p
..

= Q .• Moreover
jk t-+oo Jk. Jl 1

Q. e [m., M.J where rn
,

= min[x.(O), Yk'(O): k = 1, 2p ... ,n
2 and

1 11 1 1 1 5

M. = max
<' X

. ( 0), Yk' ( 0): k= 1, 2, 0 • • , n r1 tIl

other cases are then easily treated using the convention that

We consider only the case in which all initial data is positive.
o

All

-

o
o for

the ratio s X. and y'k. The proof depends on the following lemma"
1 J

LEMMA 5.1. The ratios X. and y'k obey the following equations
1 J

(5.4)

and
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with A (3x(t-T)
and B =(3 Xj (t-T)x

x j z (j)

159

(5. 5)

of

n
where x=�k=l xk is a positive solution

..

x=-ax+(3x(t-T)

and z
(j) =�

n
z

m=l jm

PROOF. (5.4) is proved as follows.

� -L(;. - X'
i__ '\

X '" '" X )

,.. t [ -

oL)<� -+- e,Lk.=� x.... l-b--cl '0 k�
- Xt, (-at ...

'= �x(t-"t:) (�� r -, \
X Ck_=\ X\Q_\_t--C)d\q_�- X",)

::: A LI«-=� x"'- Ct--c) C� kt
- x�) .

•

x·v

(5. 6)

)]

needed.

The following estimates on the coefficients A and B. shall also be
J

LEMMA 5.2. lim A(t)=k(T» 0, and there exists a T such that t> T

t�oo
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implies B. > QX. (t-T) where Q> o.
J

-

J

PROOF. That lim A{t)=k(T) is obvious by Proposition 4.1 and the

t-?oo
positivity of all initial data since then KT(x)/o.

By (*') and Proposition 4. 1,

(3 x- It -,;') ><
e

p.. Ct --,;-') xC-\; -""(;") X •

Q

Since x{t) obeys (5.6) and is positive, we have by Proposition 4.1 that

where c
1

>0 ,�>O, and M(t) is nonnegative and bounded. Thus

�(.) (.) C '\ 'Q.s(-c.)b
� 6 = - u. � d -\- � X� t --r; J e 0

(C � e. -"C'sC""C) � e-Jt-t N (� 'oil, (5. 7)

where N{t) is nonnegative and bounded. Integrating (5.7), we find after
2 - Ts (T) _1t..,tletting N=s up (c L

e +e N(t)) that

tE[O,OO)
t

6-(0) (t.) z: e
- lLt (�(�J(o) -+ �) e 0-6:) "X� (IT" -""(;') •

o

(c,'Z.e--vSld +e-'>\..Ir N(,,)) &\J )
� e

- U- \; (�Cd 1 ((')) + � N r:e�-cJ "Qu-)
- e

- LLt CZ/6) CO ') -\- ��-c) ( e
�&:) \;

- I)') .
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Since CY-(T) > 0, there exists a T such that t > T implies

z{j)(t)< 2�N (tJiT)-u)t
_ cr(T)

e

Thus

�x. (t- T)x

Bj= C)
z

J

> Q""(T) (u-cr(T))t
( )

_ 2N
e Xj t-T x

O"(T) 2 -Ts (T) -�
=

2N X/t-THC1 e +e N(t))

2 -Ts (T)
(T)ele (f'

>------ X.(t-T)
J

Letting

2N

c � e

- Ts (T)(1"(T)
Q =--------

2N completes the proof.

The remainder of the proof of Theorem 5. 1 requires that we introduce

the functions Yi=maxfYki:k=I, 2., .•. ,n5 and yi=miil[yki:k=l, 2, •.. ,nt The

following facts concerning these functions are obvious from Lemma 5. land

the positivity of A, B., and X., j=1,2, ... ,n.
J J

1) If for any t > 0 X.(t )E [y.(t ), Y.(t )], then X.(t)E [y.(t), Y.(t)]
0- 10 10 10 1 1 1

for all t>t , where y.(t) is monotone increasing and Y.(t) is monotone
- 0 1 1

decreas ing for all t > t .

- 0

2) If X.(O» Y.(O), then x.u) is monotone decreasing and all yk1.(t) are
1 1 1

monotone increasing until the first time t=tl>O at which X.(t)=Y.(t). There-
1 1

after y.(t) is monotone decreasing and y.(t) is monotone increasing by (1),
1 1
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so that Y.(t) changes sign at most once and y.(t) is always monotone increasing.
1 1

3) If Xi(O )<Yi(O), then Xi(t) is monotone increasing and all Yki(t)
are monotone decreasing until the first time t=t1>0 at which X.(t)=y.(t).

1 1

Thereafter y.(t) is monotone increasing by (1), so that �.(t) changes sign
1 1

at most once, and Y. (t ) is always monotone dec r e a s ing , These alternatives
1

are illustrated in Figure 24.

Cases (1), (2), and (3) exhaust all possibilities. We conclude that

X. (t ) and all Yk. (t ), k=L, 2, ... ,n, lie in [m., M.] for all t> 0, and that
1 1 1 1• •

Y. or y. change sign at most once. In particular the limits y.(oo)=limy.(t)1 1
'

1 1
t...;;:-oo

and Y.(oo)=lim Y.(t) exist since y. and Y. are bounded. The remainder
1 tIl 1

,
, -?oOO

of the proof falls into three cases that exhaust all possibilities.

Case A. X. > Y. for all t> o. Then by (2), X. is monotone decreasing
111

and all Yk. are monotone increasing. Hence all limits Q. and Pk. exist and
111

••

Q. > Pk.. It is readily shown using (5.4) that X. is bounded. Thus by Lemma
1- 1 1

•

2.3, lim X.(t)=O. By (5.4) and Lemma 5.2,
1

t-?oo

o = k(T)limL;k=7Xk(t-T)(Pki-Qi)
t�oo

or lim L;k=7Xk (t)(P
ki -Qi )=0.

t�oo

(Pki -Qi )lim Xk (t )=0 for all k=l, 2, ... , n.

t�oo

Since X > 0 and P -Q < 0 for all k=l, 2, ... , n ,

k- ki i-

for all k=l, 2, ... ,n. Since X (t»m.. >0,
k - k

Either P .=Q. or lim Xk(t)=Okl 1
t'?oo

Pk.=Q. for all k=L, 2, ..• ,n.
1 1

Case B. X. <yo for all t > o. The proof is the same as for Case A.
1 1 -

Case C. X.(t)e[y.(t), Y.(t)] for all t>t. If y.(oo)=Y.(oo) we are done
1 1 1 -0 1 1

since then all Q. and Pk. exist and equal y.(oo). The only remaining case
1 1 1

is Y.(oo)-Y.(OO);E. > o. We now show that this case cannot arise.
1 1 '1

Consider y.(t). For convenience we write y.(t) as y (�
. (t ) to

1 1 ktJ, 1

explicitly display the index k=k(t) of that Yk.(t) which equals y.(t) at every
1 1
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t

Yi

(3)

Fig.24



,
"

164

t. Since each yki(t) is bounded, the integer-valued function k(t) is constant

in intervals of positive length. Using also the fact that ·Yki is bounded for

every k=L, 2 •...• n , Lemma 2. 3 and (5. 5) imply lim Bk(t)(t)/Xi (t)-Yk(t). i (t)! =0.

t�oo
By Lemma 5. 2,

B (t) cr'(T)k(t) >-- X (t-T)
- M k(t)

> �(T) . I. ,
_ �mmtmi:1=1,2, ... ,n) >0

for t sufficiently large. Thus lim (X. (t)-Yk( )
. (t))=O� Similarly,

t
1 t , 1

-700

so that tlim (Yk(t), i(t)-Yk(t), i (t))=O, or e i=O, which

�ootlim (Xi(t)-Yk(t), i(t))=O,
�oo

completes the proof.

2. GRADATION OF STABIL.lITY PROPERTIES WITH

RESPEC T TO THE LAG TIME T .

In Cor ol Ia ry 4. 1, we showed that a> f3 > ° implies u(T) is a monotone

increasing function of T � ° and cr(O }=c:r�u+2(f3-a). Thus if f3 > ° and (j (T ) > 0,
o

then Theorem 5.1 holds for all systems with T> T and any n> 2. Moreover
, - 0 -

if <J" > 0, then Theorem 5.1 holds for a11 systems with T�O and n> 2. That is,

the condition needed to guarantee convergence of the ratios as t700 becomes

weaker as the lag time becomes larger. We therefore say that the stability

properties of (*) are graded in the lag time T.

This gradation of stability properties in T can be heuristica11y

interpreted if we think of (,*) as a flow on a graph in the obvious way. Let

each edge e.. of the graph associated with �) have a length, which we take
1J

to be 1 for a11 edges. Then the lag time T can be interpreted as the inverse
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I . 1
ve OCIty - of the flows along all the edges. Theorem 5.1 says that if the

v

ratios have limits when the flow velocity is V , then they have limits also
o

for all smaller flow velocities. If we regard the velocity of the flow as an

indicator of the strength of the interaction between vertices, then Corollary
4. 1 says that it gets harder to guarantee the stability of this flow as the

interaction gets stronger. This fact is intuitively plausible.

The fact that we can guarantee stability for all flow velocities if

u> 2{a-�» 0 has the following interpretation. The parameters QI, �, and

u can be thought of a s characterizing the materials which go into the construction

of each separate vertex and each separate edge of (*). From this point of

view, the parameters a, �, and u are "local" quantities, since they do

not take into consideration the various ways in which the vertices and edges

can interact. In constructing these vertices and edges, it is natural to ask

the following question: Can we choose our materials once and for all in such

a way that (*) will be stable no matter how strongly the vertices and edges

interact? , Theorem 5. 1 and Corollary 4. 1 guarantee that the answer to this

question is "yes" because Cf'(O) =\r.

3. THE VARIATIONAL SYSTEM.

The familiar notion of a variational system was introduced in Chapter 4

to discuss the linearized behavior of a general complete graph without loops.

The variational system which we studied in Chapter 4 had the form

W (-t) == �g (QJ-\:\ U)l--c)) W (t') tt 'It(LtJi)) llol-b--c\) W (t-"G\ �)
where U is any positive uniform solution of the general complete graph

o

without loops. To facilitate comparison with the results of Chapter 4, in

this chapter we again study the variational system with Uo chosen as an

arbitrary pos itive uniform solution of the general complete graph with loops.
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For this system, a positive uniform solution is one whose initial data

satisfie s (1) xi (V-)='{(U-) >0, \f' E [ - T, 0] for all i, and (2) z

jk
(0 )=5 (0) > 0

for � j and k.

Since the strategy for studying the variational system of the graph
with loops is essentially the same as the strategy employed to study the

graph without loops, we shall often state only the most important points

in the following discussion. Before actually proving anything about the

variational system of (*,), we qualitatively summarize the main differences

between the variational system of a graph with loops and one without loops.

The solution of the variational system of the graph without loops is denoted,

as in Chapter 4, by W =(hI, h , ... , h ,hI , ... , hI). The solution of the
2 n 2 n,n-

variational system of the graph with loops is denoted by

w = (hI' h2, . . . ,h ,h
11

' hI 2'
. . . ,h , h )

n n,n-I nn

to facilitate comparison between the two systems. No confusion shall arise

in this way.

Firstly we bring together some salient points concerning the variational

system without loops. In Chapter 4, we found an equation of the form

(5. 8)

for the unknown

�t
e

where,.A is a sufficiently small positive constant. Since the limits A=limA(t),
t"';>m

B=lim B(t), C=lim C (t), and D=lim D(t) exist, we compared this equation with
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(5. 9)

and showed that all the zeros of the characteristic exponential polynomial

(5. 10)

of (5. 9) have negative real parts for an appropriate choice of .A , 13, n , and T.

From this follows that

C
- At)6 e �

In this chapter, we shall find an equation of the form

(5. 11 )

for the unknown

of the variational system with loops. Notice that no terms of the form

B(t)�.(t-T) or D(t)g.(t-T) occur in (5.11) as they did in (5. 6)� This
1 1

dramatically simplifies the mathematics of a graph with loops. Moreover,

the limits A=lim A(t) and C=lim C(t) exist. A is po s itives if Q'(T) is, and C is

zero.
t-?oo t�CQ

Thus we compare the SOlutions of (5.11) for large times with those

of the simple equation

(5. 12)



,
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The characteristic polynomial of (5. 12) is

�
G(s )=s (s+A) (5. 13)

which has roots s =0, A where A is negative iff (J'" (T)+k(T) > O. Thus not all
1\

zeros of G(s) have negative real parts, as was the case for G(s) in (5. 10).

It is not difficult to see that the zero solution of (5. 13) corresponds to the fact

that the limits Qi and Pjk of (*) are not unique.

With this introduction in mind, we now prove the following theorem

concerning the variational system of a general complete graph with loops. We

shall need the functions (f"(T) and KT(f) to state this theorem, and refer the

reader to Chapter 4 for their definitions. We again concern ourselves with the
�. �.

behavior of the ratios H�:: � "1I\.a and �.::. Q h..
as t--?oo .

...=, � d\Q. 2"""� t(J�
THEOREM 5.2. Let n> 2 and T:::' 0 be chosen arbitrarily. Suppose

for this choice that (3) 0 and �(T» o. Consider the variational system (=t=)
of (�, where U

0
(t) is a fixed but arbitrary positive uniform solution of (*).

For arbitrary initial data of (t) satisfying KTP::;k=��)1 0, the limits

�t(t)

and

exist and satisfy the equations

\ + •

(5. 14)
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(5. 14) shows that linearizing *) changes the distribution of its

solutions as t""?oo. (5. 14) replaces the condition Pjk =Qk which a'ppear e d
I"V

in 'I'he o rern 5. 1. These two conditions are compatible for positive Q. iff
� '" 1 J

Pjk=Qk =

�' since if

then

and ...L
V).,

The strategy for proving Theorem 5. 1 is the same as that used to prove

Theorem 4. 1. We therefore display only the most important equations.

PROOF. (I) The Variational System in Component Form. For any

positive uniform solution Ll =(",,,, ... ,,,,0,0, ... ,0), the variational system
o

(-t) can be written out in component form as

(5. 15)

and

•

(50 16)

(j) -where H "-�k=�kj·
Letting h=Lk=�hk and summing (5. 15) over all i gives

•

h= -ah + �h(t-T), (5. 17)

as in (4. 28).
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hi 1
(II) A Second Order Equation for g � fih - We now show

h
- i �k=1 k n

. 1that the variable g. = --2:
_

- satisfies a coupled pair of equations of the form
1 h n

•

g. = -Dg. + EG.
111

(5. 18)

and

•

G. = -uG. + F'g
111

(5.19)

�h(t-T) �y(t-T) (i) (k)
Letting D , E , and Gi=(n-l)H -�\-liH ,we find

h n2cSh T

• 1
H. =-D(H.- -)+EG.

1 1 n 1

1 ••
Since g =H -

- and g. =H.,
i i n 1 1

g.= -DH.+EG ..
1 1 1

(5.18)

2
We now derive equation (5.19) for G., where F=�n y(t-T)h.

1
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By (5. 14),

G• .
.: C _

"\ � (t)
_ " \·1 (10..")

�
Vl, ' ) e: � f �

\\

::: - u. G� + f-> (1'l-11 [holt--v').e.t -\- O.QCt--r;)]
- � [h 'O(�-"(;JLkt � _Qk_ + CVt-ll({J2 C-t.--C-")J

-

- u..G� +- �"'O&--r;) [(I-1-I)..Qi, - L R.:f � .(Z1o.]
=

-

«, G � +- � 1-1 0 It --C;-l r VI..e._l, -

...e.]
- - LLG-� + �n '2-0 Ct---C') R 2r �

(5. 19)

(5. 18) and (5. 19) allow us to derive a second order equation for g ..

1

Diffe rent iat ing (5. 18) gives

(5. 20)

Substituting (5.19) into (5.20) gives

��L=lE�-D)O(, -1)it + (E-u-E)G-: ·

By(5.18)



172

·+Dg. g.
G =

1 1

i E

Substituting this into (5.20) gives

•• •

g. + A(t)g.+ C(t)g. = 0
III

(5. 21 )

where

A(t) :: D Cb') + L\-
ECt)
E (-b)

��(t-"t:) &
�

O(t-� ')
=

+ u.,-
JJv clj- ��

and

C (t') = D (-t ') ( !,l- ��) ) + D Lt) - E t= Ct")
_ f.e..Ct--c) ( _!Q_ �(1--c))+�(.tlt-t;)\� f'l5'7.Gt--r;')

.e; \u, d:t 6 �R -R) � 8

Because 'I and h obey (5.17), where by hypothesis KT('Y)/O and KT(h)/O ,

Proposition 4. 1 implies that the limits A=lim ACt) and C=lim exist. These

t�co

limits equal

A== kC'C)+ LL -(�-<r(-Cl)
- � (;:; ") + cr-L-c;') "> 0)
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Clrnd

c - �l-c) L l,{_-(lA-cr(:t;)')] + 0 - ClL"G)k.C-c)

k.C-c ') 1r"L-C ') - kl-c') cy-C-c)

o.

We therefore compare the behavior of (5.21) for large t with the behavior

of the solution of the following system with constant coefficients .

.,

W·v o. (5.22)

This comparison is made rigorous in [3]. (5.22) implies

(5. 23)

where A is an arbitrary constant. (5. 23) can be immediately integrated

(when ArO) to give
( -Ab)A �\-e

A
•

Since A>O, lim Wi (t) exists and equals � , which is an arbitrary constant

t�oo

since .A is arbitrary. From this follows the existence of all limits

lim g. (t )=lim
1

t�oo t�oo

h. (t )
1 1

n

and thus of all limits
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-
-

I
�

°t is easily seen from this argument that the limits Q. ex ist for all values
1

of A, and hence for all values of Q', f3, and u. A> 0 merely guarantees
that these limits are finite.

hOk
(III) An Equation for H. =

J /L:- -?h. . We now use the existence
Jk m=l Jm

r'" -

of the limits Q. to prove the existence of the limits P.k=lim H.k(t). The
1 J t700

J

proof proceeds exactly as in section (VI) of Theorem 4. 1. We therefore

merely sketch the essentials.

Hjk once again obeys an equation of the form

(5. 24)

where ..A. j= :t log r
f

In the present case

""6(t -"1;W � + If _Q ; Ct --c')
G � �:::.

?5 tt-"1::1 R -1-- Y\ 0' .R � (± --c;')
(5. 25)

and

I', ==

o

A.:> AJ

Q�+ Q�
r»:»

\+V\qd (5.26)

It is readily shown that
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To see this, divide numerator and denominator of (5. 25) by

� L + 71 1..Q.4 (t-l;)
� 7fCt--c �

y(t-T)h. Then

+
oCt--c)

\+
(5. 27)

By Proposition 4. 1,

'I h(t-T)lim (t-T) h
= 1 ,

t..;:.oo y

fV

while by section (II), the limits Q. exist. Letting t'?oo in (5. 27) therefore
1

immediately gives (5. 26).
,-.oJ

The remainder of the proof that Pjk exists and equals

.,...., -"

Qk+Q·
lim Gjk(t)= l+nQ�

t�oo J

now goes through just as in Theorem 4. 1 (VI). The only change is that

Gjk does not in the present case necessarily converge to zero.

Theorem 5.2 shows that the variational system of �) also has

stability properties which are graded in the time lag T.
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CHAPTER VI

CONCLUDING REMARKS

This thesis introduces a prediction theory who s e goal is to discuss

the prediction of individual events, in a fixed order, and at prescribed
times. We have studied herein only the simplest cases of this prediction

theory, but these cases already reveal some mathematical features which

seem bound to reoccur in later discussions of more complicated cases.

1. THE GEOMETRY OF LEARNING.

A basic fact seems to be that the way in which a system learns from

its input experience depends critically on its geometryo Thus an input-free

outstar (Figure 7) never forgets, an input-free complete 3-graph without

loops (Figure 4) eventually forgets everything (if rr > 0), and an input-free

complete 2-graph with loops (Figure 15) remembers quite well (even if

rr > 0). Chapter IV and V suggest, moreover, that the differences in the

way in which the se "small" systems of a given type of geometry remember

generalize to systems composed of arbitrarily many vertices n interact­

ing with an arbitrary lag time t:::::.. 0 0

Because of these diffe rerc es in learning due to differences in geo­

metry, we can ask the following kind of que stion within our systems with­

out ever contemplating a change of dynamic s. Given a set of sequence s

of events to be predicted, what kind of geometry is best suited for the job?

2e SOME FA THS FOR FUTURE RESEARCH.

Concerning the present theory, it is clear that a great deal of further

mathematical work remains to be done on how lists of events ABC ...

composed of more than two letters and occurring at varying speeds are

learned and stored by the se machine s. A substantial amount of heuristic

work has already been done in this direction and will appear in an applied

context. Some computer work has also been done and is illustrated in
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Appendix B. This question is really one of classification, since we wish

to assign to every semistochastic matrix P the function space of vector

input functions from which the system characterized by P can benefit from

experience. That the geometry induced in the machine by P is closely

related to the geometry of this function space is clearly seen by the follow­

ing almost trivial example.

Consider the out s tar of Figure 25 whose border is initially uniform

under two different input vector functions;

00

(1) I1(t) = I2(t) = � J(t - k(w + W)),
k=Q

I. (t) :: 0, j I- i , 2,
J

-

and
00

(2) 12 (t) = I (t ) = � J (t - k (w + W)) ,

3
k=O

I.(t)==O, j=I,4, .. qn.
J

In case (1), lim y 12 (t ) = 1 by Theorem 2.2.

t�oo
for all t� 0 by symmetry. An outstar whose source stands for the symbol

A can learn the list AB but not the list BC.

F'r orn this example, it is clear that if we want a system to be able

to learn from a large set of vector inputs, then we are well advised to construct

a system whose edges connect many different vertices. On the other hand,

Theorem 3. 1 shows us that there exist systems in which every edge is con­

nected to every other edge which nonetheless forget everything that they are

taught very quick ly, Theorem 3.2 suggests a way out of this dilemma by

suggesting that we connect many different vertices together, but also

connect vertices with themselves by way of loops.

The above remarks suggest that the number of connections between

different vertices is an important factor in determining how these systems

learn. So too is the actual distribution of the semistochastic coefficients

p which weigh the connections. For example, consider a complete n
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graph without loops that has uniform initial data. Any vector input function

of the form 1= (.J, J, •.• ,J) can occur in this graph without distorting the

uniform distribution of the graph's data. A uniformly distributed complete

graph does not" see" a uniformly distributed input. Changing the distribu­

tion of coefficients P changes the input vectors which the graph can see.

Fig.25



/

179

APPENDIX A

PROOF OF THEOREM 2.4

PART 1.

A. Derivation of

=
f� ( D2- Ck-I)-t-Cn-�) 1>3 lk- 1\)

D/�-,)C � � +- 1>2- Ck-,) + (n-2-') D3 Ck-I))
\\_ Clot.')

_ D:L (t.t-I)
D3 (k.j \)30..-1)

The equation for each w. in (2. 25) is a first-order linear equation
J

in each interval of the form [n(k-l), n(k)) since w l(t- 't') and 12 are known

functions. For t e [n(k-l), n(k)),

Similarly (2. 26) has the integral form

Substituting (A. 2) into (A. 1) and forming the ratio D2(k)/(D2(k) + (n-2)D3(k))
gives
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DJ�-,)+ �2-I'IQ.-1 ill 10.. + ��
------------ ---------------------------

D:z. Ck-,}+ CI'l-2.)�(\..-')+ �k + �k '

(A. 3)

or

Since

A,z k-l
= DZ(k-l)/(DZ(k-l) + (n-Z)D3(k-l)) ,

,

�k

Thus
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and

.l>J_ (�')
_ 1\ CIt- I)

<::

'1>7> C�) D3 (k-I)
B. De rivation of

By (A. 1) and (A. 2), We know that

and
D2(k) = R(D2(k-1) + A ili + � )2, k-1J::k k (A. 4)

D3(k) = R(D3(k-1) + A � )3, k-1 k (A. 5)

where R = e -u(w+W). Thus

D2(k) + (n-2)D3(k) = R[DZ(k-1) + (n-Z)D3(k-1) +

(AZ, k-1
+ (n-2)A3, k-l)f�+�kJ

= R[DZ(k-1) + (n-2)D3(k-1) + f� �kJ .

Iter;:tS�C�::�i�Ci�)S� ���� R_�-�+I(��+ <I �)+�k(�_'ID,�(o�
== R_1<>.(V\.t+C)'

(A. 6)
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c. De rivation of



PART II

A. The sequence �1'�2' . •• is monotone increasing.

W /t) � w /t+m(l)) for all t > ° since II (t) <_ \ (t + n(l)). In partic­

ular' w1(v-"'C+n(k-l)) < w (v-1;+n(k)) for v e [0, n(l)). Thus by (2. 29),
- 1

5
n(,) ( , \r

i 1<1+,
= �:>.. e

u..-d.. sr

WI (U--"C +Y1( I.. '\1 (' e
� lAw- ((,l-1:;" + 1-1 ()<L ))ol..t.colr-

o )0 I

B. The sequence �l' �2' .• 0 is monotone increasing.
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The inequalities w1{s+n{l) -"ti) > w/€ -0") and 12{S+ n{I)) � 12(�) imply

"""2,. (h .«, �'\ � e
- 01..( b+v,(I..)1

[2".
�-\

\
. �';.H )01..$

0=0 A2)�+\j e.. (J

V\ (. )
(�I.I\ (e -"t;"') {- I'2..C%)) � e

�

-b+-n(k)
+ �

2.) hi) e.. �5 Cf vJ\ Cs -I;} +I2. (e ) ') � g] •

Vl(�)

Consider the coefficients A
Zj appearing in the right hand side of

this inequality. Since

�2.� .: D2.(�)/LDz (J)+ (�-2.)1>3 (:l))
D2. (� ')/ D3 CJ)

,
))2. Co )/� ( J ) + (�- 2-)

A
2j

is monotone increasing in j if D Z{j¥D3{j) is monotone increasing in

j. D2{jVD3{j) is obviously monotone increasing by (2. 27), since the co­

efficients of the summands in this series are nonnegative. Since A2j is

monotone increasing in j, A
zj

> A
2, j -1

and

l'l(J+I)
Wz_ Ct hCk+I)) � e-olChV)CIo.)/[2.k-1 A • \ e

ag
•

�=o 2J J
V1 (� )

- ""2. (t + � ClotI).

From the inequalitie s w2{t + n{ktl)) > wZ{t + n{k)), WI (t+n(ktl) � WI (t+n(k)),
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and 12(t + n(k+l)) > 12(t + n(k)), it readily follows by (2. 25) that the sequence

�1' �2'· . • is monotone increasing.

PART III.

De rivation of

> s

where S = R
-1

= eU(w+W) > 1 .

Let

u.t-t = S
\- t

V;__\ _ 2:.::1' (�I.. +- 9?k) 1\ L.-k_..
We will show that

�+�
S - \

and thus that

�+�
s-\

o

(A. 7)

Since (!+�)[S �-!_ I] \

v. (S-I)\
v. + c

S-l

���� lS�-� I}-C
- I v-\

-

.

)
-I

(Sv� {)(!+� (�+ J)(s (_-� ,1

+C)s-,

« v� _, j+ �

(;:�7 j

'-

S
�-l

- \ s - )
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(A 7)' 1 �+I' i-l -1
. Imp ie s lim(V. + c)( (S - 1) + c) :;:1. Similar ly one can show

�� 1-1 S-lN -,.0dJthat

Dividing these two equations then gives
:f+� ( �-I \ ;r:-S�-l
s-\

s -I)+C.+�
- j_ �

But

:::

�+:¥
+ ¥S - l

$-1

since S > 1. Thus we will be able to conclude that

n. \}�_\+C
�

_
�+��

fTj \,-\

t�OQ v�-\+-c+�us p+S�
.i;
S-

by the po sitivity of � and]Z, which will complete the proof.

It remains only to show that

Ll�_1 g?+ill
S-l

Let Q(i) = ffi. +�....t"1 1
and Q = P + e ,where

Then lim Q(i) = Q. Consider
1+00

\ _ S
- �+ \ •

(?)
\- 'S

- t+-I
_ Lt. = t:) - :2._t.::-) I

(� lot +.f )0. ) f( -I.._
� �-S \1-, � S-l R
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where

if i is even

if i is odd .

Given e > 0, the inequality
l- F(

l + �CX
6

holds for all sufficiently large i, Thus for a fixed large i and all

j > <i),
Q - Q(j) <

1-R

1 + 2Q
e

since f l' � 2'·
•• and �l' �2' . •• are monotone increasing sequences.

From this follows

\ {.'j
\-c>S_- \�+

,

'""\ -;::>--- Lt�-\\� 2�; (q+q(lll) R
t- k__

� -l

\ ( ) I �- let
+ '?h_=<t>+l � - � � f\

::; � � R
� -.( i, >

.»: c>
R.

<' i- > - k._
+

I - R e"
� - I t- "-

R� I l+.:LG .c._ R.
-\ k,:(t>+ I

..c .:l. r.
\- R

G =:
c-o

R.
\...

+
\ - R

& ,,00 '\.:') k.
-

'\. t + � � R.: 0 \ + ;t,<") c:::::_ r,
'\ k:::- 0



\ b

t+�
- G

or
- �+ l

� (� \- S -U.l,-I� 0,
---

S - \#I

l.I-7 �

Since S > 1 ,

-it!
lim (i-s ) = 1 e Thus
i�

which is the same as

s-\
The proof is therefore complete.
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APPENDIX B

COMPUTER DATA FOR COMPLETE 3�GRAPHS WITH LOOPS

Some computer data have been gathered for the system with coefficient

matrix

p� (�; 1 '\
l � �)

and t:=0. This has been kindly done by P. R. Stein and J, Neergaard at

Los Alamos. For the case "C-O, we have Theorem 3. 1 at our disposal.

Several graphs of this case for different choices of initial data of the

ratios X. and Y.k are illustrated in Figures 26, 27, and 28. Two cases with
1 J

-c a 1 are shown in Figures 29 and 30 .. Six cases with,;-=2 are given in Figures

31 through 37 ..

When -c-- 0, Theorem 3. 1 tells us that y�. can change sign at most once ..

lJ
In the Figures 29- 37 with v > 0, we see that this is not a general result

since several of the y ..
s change sign at least twice" Nonetheless, the

lJ
same limits are approached for these particular choices of T'> 0,

suggesting that there is a range of positive "'C'" for which the same limits

are appr-oaohed, This suggestion is compatible with Theorem, 4. 1 for the

variational system associated with this P.

In these graphs Y( 1) stands for Y12' Y( 2) for y 21'
and Y( 3) for y 31'

while X( i) stands for X., i = 1, 2, 3.
1



zw=o

x

y 0.40

190

0.80

0.60

0.20

o
6

Time

8 102 4



·0.80

X 0.40

t'=o

y 0.40

191

0.60

0.20

o

0.80

0.60

0.20

o
6 8

Time

102 4 12 14

Fig.27



i=O

x

y

192

1.00

0.80

0.60

0.40

0.20

o

1.00

0.80

0.60

0.40

0.20

o
2 8 104 6

Time

Fig.28



t: = 1

193

1.00

0.80

0.60

x

0.40

0.20

o

1.00

y

0.80

0.60

0.40

o
2 4 6 8 10

Time

Fig.29



194

0.20

X 0.40

o

't=1
0.80

y 0.40

0.60

o
2 4 6

Time

8 10 12

Fig.30



i=2

195

1.00

x

0.80

o

1.00

y

0.80

o
2

Time

Fig.31



i=2

196

1.00

x

0.80

a

1.00

y

a

Time

Fig.32



X 0.40

i=2

y 0.40

197

0.80

0.60

0.20

o

0.80

0.60

0.20

o
2 64

Time

Fig.33



t'=2

x

y 0.40

198

0.80

0.60

0.20

o
4.

Time

6 82

Fig.34



X 0.40

't=2

y 0.40

199

0.80

0.60

0.20

o

0.80

0.60

0.20

o
4

Time

6 82

Fig.35



X 0.40

'i=2

y 0.40

200

0.80

0.60

0.20

o

0.80

0.60

0.20

o
6 82 4

Time

Fig.36



201

REFERENCES

1. Atkinson, R. C., and Estes, W. K. (1963). In "Handbook of Mathe­
matical Psychology" (ed., Luce, R. D., Bush, R. R., and Galanter, E.),
p. 121. New York: Wiley.

2. Bellman, R. E. (1953). "Stability Theory of Differential Equations".
New York: McGraw-Hill •

3. Bellman, R. E., and Cooke, K. L. (1963). "Differential-difference
Equations". New York: Academic Press.

4. Berge, C. (1962). II The Theory of Graphs and its Applications".
New York: Wiley.

5., Bush, R. R., and Mosteller, F. (1955). "Stochastic Models for Learn­

ing". New York; Wiley.

6. Busacker, R. G., and Saaty, T. L. (1965). "Finite Graphs and Networks".
New York: McGraw Hill.

7. Cesari, L. (1963). "Asymptotic Behavior and Stability Problems in

Ordinary Differential Equations". New York: Academic Pre s s.

8. Coddington, E. A., and Levinson, N. (1955). "Theory of Ordinary
Differential Equations". New York: McGraw-Hill.

9. Ell sgo P t s , L. (1964). "Qualitative Methods in Mathematical Ana l.y s i s ",

Providence, R. I.: Amer. Math. Soc. Translation.

10. Feinstein, A. (1958). II Foundations of Information T'he o ry!". New York:

McGraw-Hill.

11. Ford, i., R. Jr., and Fulkerson, D. R. (1962). "Flows in Networks".

Princeton.

12. Halanay, A.

time lag s!".
(1966). "Differential equations; stability, oscillations,
New York: Academic Press.

13. Hartman, P. (1964). II Ordinary Differential Equations". New York: Wiley.

14. Khinchin, A. 1. (1957). "Mathematical Foundations of Information

Theory". New York: Dover.



202

15. Krasovskii, N. N. (1963). "Stability of Motion". Stanford: Stanford
Univ. Pre s s.

16. Osgood, C. E.

Psycho logy" .

(1953). "Method and Theory in Experimental
New York: Oxford Univ. Pres s.

17. Shannon, C. E., and Weaver, W. (1949). "The Mathematical Theory
of Communication". Urbana: Univ. of Illinois Pres s.

18. Sherman, S. (1947). A Note on Stability Calculations and Time Lag.
Quart Applied Math. 2., 92.



THE LIBRARY

1111111111111111111111111111111111111111111111111111111111111111
19010000022599



 


	Some Nonlinear Networks Suggested by Learning Theory
	Grossberg, Stephen_1967

