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INTRODUCTION

Consider a dilute gas composed of a very large number of
molecules moving in space according to the laws of classical mechanics,
and colliding in pairs from time to time, Assume that we can disregard
all external effects, such as gravity, so that the motion is completely

specified by giving the intermolecular forces.

One is interested in the number of molecules which at time t
have position r and velocity v, within drdv. This is given by
n(t, r,v) = Nf(t, r, v) drdv *

where f is called the density function. It is clear that this quantity is

going to change in time due to the motion of the molecules and to the

effect of the collisions.

Boltzmann derived an equation for the rate of change of f with

time. It has the form of a non-linear integro-differential equation:

£ e
1) 33+v) 3:°

Bf = ff[f(vj;)f(VT)“f(Vl)f(VZ)] l V1 =V2] I( Ivl -V, l, Q)sin@d@dq&dvz

Here f stands for f£(t, r,vl)o The integral part, containing the non-

linearity reflects the effect of the collisions between molecules;

N 1is the total number of molecules,




the term vl%f— reflects the motion of the molecules between collisions.
T

The integrals on the right will now be explained.

The intermolecular forces are supposed to be given by pair
forces, all interactions involving more than two particles being ignored.
Therefore, we deal first with the mechanism of an individual collision
of two molecules. For the forthcoming description, it is convenient

to refer the two colliding molecules, travelling with velocities v, and

1

v, to the center-of-mass coordinate system. Thus the situation be-

2’

comes that of a ficticious molecule, travelling with velocity v=v_-v,

2 1

scattered by a center of force placed at the center-of-mass, denoted

by O; see the figure.
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1
b
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Recall that if Vl*, VZ* denote the velocities of the molecules

after the collision, we have the conservation laws of




momentums: v.tv.=v., +v.

1 2 1 2
2 2 2 2
and energy: [Vl! +IVZI |v15| ‘i-]v2 |
and their consequence
| vy l=lv v,
If one also recalls that v = v, Yy and v = V2*=-Vl* lie in the same

plane, then it is clear that the impact parameter b and the angles ¢
and 0 in the figure :i.eterrnine the kinematics of a collision completely.
The impact parameter b measures the distance from the direction
given by v, 0<¢<<2m is the azimuth angle and 0<0<m is the
colatitude which measures the scattering angle formed by v and v*,

see figure.

Think now of a uniform beam of molecules coming from the left
with velocity v. Then the dynamical description of the collision pro-
cess, pictured here as a scattering process, is embodied in the ex-

pression
|vl=v2[bdbd¢ = Ivl=v2|I('V1=v2|,@)sin@d9d¢

which gives the number of molecules that pass through the shaded
area in the figure, per unit time. This formula defines the differential
scattering cross section I. Because © can be computed from b, v,

and the intermolecular force, I is uniquely determined by this recipe.




As to the meaning of the integral itself, the number of collisions,

in unit time, of a molecule with velocity v. with a molecule of

1
arbitrary) velocity v_, and parameters b and 0, within dbd¢, is
b7 y Vv, p
given by
2 -
(2) |vl vzlf(vl,t)bdbdgb.

Boltzmann goes one step further and puts for the loss, due to collisions,

of molecules with velocities v., within dv_ , in unit time,

1 1

(3) dvlfff[ vlnvzlf(vl,t)f(vz,t) bdbdg dv,.

Now he argues that a direct collision from vl, v, into vik, v;

* into v.,v. and that

is allied to a restituting collision from Vi:, v, 1’V>

both stand on the same footing. Thus the gain of molecules with velocity

Vl, in unit time should be

(4) av " Jff [ vy v, [ £v ], O)i(v ], t) bdbdg dv,* .

To get the expression for Bf given by (1), it is now enough
to combine (3) and (4) after appropriate use is made of the identity

dvldvz = dv1 dvZ and the fact that ]vl v, [ 1(] V-V |, 0)sin0d0dg

2

remains unchanged if vV, are interchanged with va;, This says

that a transition from (vl,vz) into (vl*, VZ) has the same chance as

one from (V;ﬁ,Vg) into (V ,VZ), a fact which is used over and over

1

again in this thesis,




We emphasize that we have not presented a derivation from first

principles., We computed the Stoss-zahl-ansatz (2) by invoking a

dynamical description whose connection with actual molecules in a

gas is not completely transparent. Then we accepted (3) on the basis

of molecular chaos, and finally from (3) we arrived at (4) on the assumption

of microscopic reversibility, The reader will find detailed explanations

of these terms in Uhlenbeck-Ford [17 ] or Grad [3].

To conclude this look at Bf, we remark that the total scattering

cross section [I sin@d@d¢= [ bdbdg is convergent only if two molecules

at a distance larger that some R <o cannot feel each other. In that
2
case, we have [bdbd¢=mR . This kind of restriction is usually

referred to as a cutoff interaction.

Although the form of the equation (1) does not depend on the inter-

molecular force, the quantity I(] ViV, 0) inside the integral does so.

2l

For the moment we mention only the cases of hard spheres and the

Maxwellian gas. In the first case, the molecules are hard spheres

which do not interact with each other except when they touch. Then they
exchange their velocities in a perfectly elastic collision and one gets
for I(] 8 -VZI, 0) = a constant multiple of sin(0/2). In the Maxwellian

case there is a central potential which is inversely proportional to r

and you find that lvl—vzl I( | ViV, [,0) is a function of © alone with




a pole at @ =0, The pole is customarily removed by making a cutoff,

There are many features of equation (1) - and (1') below -

which do not depend on the intermolecular force, for example:
(a) The Maxwell-Boltzmann densities,

2 (-l v| 2 2s?)

g(v) = (2ra’)"

are the only stationary densities for (1').

(b) The first and second moments of the density fﬁnction f(t, v)

are preserved in time, 1i.e.
2
[lv |k, v)av and [|v [f(t,v)dv
are constant.
(c) The H-theorem, which states that the entropy H
H(t) = -f f(t,v) log f(t, v)dv
increases with time,

For all these facts, as well as for related material, the

reader can consult Uhlenbeck-Ford [17] or Huang [ 6] .

We will be concerned with a special instance of (1): the so-called
spatially homogeneous case in which f(t, r,v) is independent of r, and

(1) simplifies to

(1) — = Bf




2
We also assume the interaction to have a cut-off, so that [I'8in©@d@d¢=mR <00 .

Under these restrictions the initial value problem for the Boltzmann
equation has been much studied. The ideal result here would be that a
finite second moment for the initial distribution assures existence and

uniqueness of the solution.

The problem turns out to be quite a difficult one. Carleman [1]
solved the case of radial solutions for the hard spheres case and
Wild [ 18] the case of a cut-off Maxwellian gas.%< Povzner studied a
slightly modified equation, which reduces in the spatially homogeneous
case to the classical equation with a finite total scattering cross section
(cut-off), He proves that a finite second moment for the initial dis-

tribution does guarantee existence, but he has to impose a finite fourth

moment to get uniqueness. See [13].

We are now in a position to explain the contents of this thesis.

Chapter I is devoted to the problem of approach to equilibrium for

(1'). Instead of considering the general Boltzmann equation, we deal

For the space dependent case, the only one of physical interest,
consult Grad [ 4 |.




only with a one-~dimensional caricature of the Maxwellian gas introduced
and studied by Kac [ 7]. This model has all the mathematical features
that are present in the actual Maxwellian gas but all manipulations are

simpler. From a physical point of view, it has the disadvantage that in

a collision, only energy, but not momentum is preserved.

For this simple example you can give a very complete geometrical
description of the convergence to the Maxwell-Boltzmann distribution.
All consideration are now localized near this Maxwell=Boltzmann dis-

tribution, denoted here by g.

First we prove existence and uniqueness of the solution for the
. L . 2
non-linear equation in some appropriate L  space. Then we see that

the rate of approach to g is governed by the first negative eigenvalue

-yt
of the linearization of B at g, i.e. | ftmg I < constant e Vi We

1 2
also prove that we have a contractive flow, i.e. H f‘E >-f£ )” is a de-

(1) (2)

creasing function of t if f and f are close enough to g,

But much more than this can be said. We prove that there is

an extremely smooth (actually analytic) non-linear “change of coor-

dinates" around g, so that if the non-linear problem is reexpressed in

terms of these new coordinates, then it is exactly the linearized problem.

In this picture the result mentioned above about the rate of convergence

appears as an innocent manifestation of the fact just mentioned,



Some straight-forward extensions of this to include higher-order
collisions are indicated in Appendix II, There one also finds a dis-
cussion of the difficulties in trying to extend the results to the general

Boltzmann equation (1').

The problem of the rate of approach to equilibrium for the
solutions of the (non-linear) Boltzmann equation has been treated
by Grad [4] and McKean [9]. Grad shows that for a general spatially
homogeneous case, the decay in some appropriate L space is
exponential and that the decay exponent can be taken as close as you
please to the first negative eigenvalue of the linearized operator,
provided the initial distribution is close enough to equilibrium. For
Kac's caricature of the Maxwellian gas, McKean gets an exponential
decay for the L' norm; but his decay constant is much smaller than
it should be. On the other hand the L' norm, and not the one used

by Grad or by us, is the one that makes more sense globally.

To explain the contents of Chapter II, we have to recall some

of the history of the subject.

It is well known that after Boltzmann derived his celebrated
equation, he spent most of his life involved in various controversies

arising from it.

His discovery of the H-theorem, while explaining success-



10

fully the irreversible approach to an equilibrium distribution, was
hard to reconcile with reversible Newtonian mechanics. There was
a deep feeling of suspicion of such irreversible behaviour obtained
from a time-reversible model, The two main objections were raised
by Loschmidt and Zermelo, and one cannot say that Boltzmann was

able to settle these points.

Remarkable and far reaching ideas were developed in trying
to find a scheme in which Boltzmann's statements would hold free of
inconsistency. In this respect the pioneering work of Gibbs and

Ehrenfest should be mentioned.

Since then some new insights have been obtained by recognizing
that more coherence is gained by converting most of the assertions
into probability statements, That this was an essential step was clear

in Boltzmann's mind, but not in the minds of most of his contemporaries.

One such development was first proposed by Uhlenbeck in a
similar statistical problem in the theory of cosmic ray showers [16];
see also Siegert [14]. This goes by the name of "the master equation",

and applies only in the spatially homogeneous case.

Uhlenbeck's idea is to start from scratch talking in probability
language and to exploit fully the interpretation of the "Stoss-zahl-ansatz"

(2) as a probability affair. He proposes to lock at a gas of n molecules
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which collide in pairs at random times, the "Stoss-zahl-ansatz"
being the law of random collisions. We call this construction "the

n-molecule gas," Let p= p(tl,v s+.v ) stand for the density of the
n

1

distribution of the n velocities. This quantity changes in time due

to the collisions according to the master equation

, o]
5) 2B = gp,
(5) Bt Gp
Here G takes the form
2 IS uz
=i o o o o o I.eo - e o o o & e o o = . 5@ ngdgd
Gp(v,... ’Vn) O z J [P( Vi v, ) p( Vi VJ )“Vi VjII(IVi le )sin o]

i<j
where the sum is taken over all possible pairs i<j. The map
(Vik,vzf)—”(v,»v,) described the result of a collision with scattering
i i

J

angle 0, and I is the differential scattering cross section,

Assume from now on that p is symmetric in v sV

U n
corresponding to the case of indistinguishable particles., This class

of distributions is closed under the flow given by (5) because G commutes

with permutations.

Now we want to see how the Boltzmann equation fits intc the
approach. The master equation describes the joint evolution for n
molecules; and Boltzmann's the evolution for one molecule. To

connect the two, let us define a family of contracted distributions by means of
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k)
6 ( = v V.,V v )dv v
(6) P (vlu.v) Ip( 17 Vi Vi1t )dkH..,d ,

one for each integer k<n., Here we use the symmetry of p, so

that it does not matter which n-k variables are integrated out.

If we now integrate over v .,v on both sides of (5)
n

200

and keep the integral over v_ on the right hand side explicit, we get

2

(1) -

3 _ (2)
= (v)=rlp

)i ox % :
(Vl . V2)~p (vl, VZ)] Ivl--’v2 | I(l ViV, [ , Q)s1n@d9d¢dvz o

Now, this would look like the Boltzmann equation if we had

(1)( (l)(

(7) p t, vl)p t,v,).

How can this be achieved? We canalways start from a "chaotic dis-

tribution"

p(o,vl,”.,v J=p

so that (7) holds at time t =0,

But we cannot assume that this state of affairs persists at

later times, because for t>0, p(t, vl, 555 3 vn) will be determined by

the master equation, and (7) is in fact false as soon as we have a bona -

fide interaction between the molecules. Kac [7] realized this and
suggested a possible mechanism for recovering the validity of (7)

by letting the number of molecules go to . The physical reason why
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(7) should be true for an infinite gas is that then a molecule that collides
with a specific one flies off and is never seen again; hence if no correlations

are present at t =0, they cannot develop later either.

Roughly speaking, we prove in Chapter II that if p(o, Vieeo vn)

is a "chaotic distribution" then this property propagates in time, 1i.e.

p(t,vl, oo ,vn) is also chaotic in the limit as n->oo.

Kac substantiated this conjecture for a model of the Maxwellian

gas [7]. His proof was later put in a more algebraic form by McKean [9].
Kac's proof requires some estimates which do not hold beyond the
Maxwellian case, and that approach cannot be pushed further. In

Chapter II we present a method which avoids those estimates., It

requires a larger amount of abstraction, and two very believable

but still unproven assumptions on the smoothness of the Boltzmann
flow, namely:

1) EXISTENCE AND UNIQUENESS hold in the class of all
probability measures under the sole condition that the second moment
of the initial distribution is finite.

2) SMOOTHNESS: at any fixed t>0, the solution of the
Boltzmann equation ft is a smooth (differentia.ble)*%< functional of the

initial data fo.

Incidentally, this model is the one we used in Chapter L
In a sense to be made precise in Chapter II,



The first assumption appears to be only a technical difficulty.
The second one expresses the smoothness of the Boltzmann flow, a

fact that should not be doubted,

14



14a

CHAPTER 1 THE LINEARIZATION PROBLEM
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l. KAC'S MODE L OF THE BOLTZMANN EQUATION

The purpose of this section is two-fold. First, we introduce
Kac's equation and give a condensed exposition of the L'(R) theory
going with it. This space is the natural place to look at Kac's equation

because the solution is a density function and [f(=1)< oo is automatic.

Once this is done, we try to prepare the spirit of the reader to
take up in sections 2-5 the study of the "change of coordinates" deseribed

in the introduction.

For all details omitted in this section and for a very interesting
analysis of many questions not touched upon by us, e.g. the central
limit theorem for Maxwellian molecules, the reader may consult

McKean [9] .

We consider the initial value-problem for a probability density

function f£(t,a)

(1a) %f(t,a) = [ [ [£(t, a%)8(t, b*) - £(t, a)£(t, b)] dbdw = BE
R S'

subject to the conditions

(1b)  f(o,a) =£ >0, [i(t,a)da =1, c2(f) = [ a%5(t, a)da < o .

S' is the circle 0<0< 2w, R is the line.
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Here dw =1(0)d0 is a probability measure on S' with

(Lebesgue) density I(6), and

a cos@ - b sin @

.
3¢
1

a sin@ + b cos @

A
3¢
1]

Usually the time dependence of f will not be written out explicitly.

McKean adapted a construction first used by Wild [ 18] for the
3-dimensional Maxwellian gas to express the solution of problem (1)

as a weighted sum of "products" of the initial datum fo with itself.

For that construction, one rewrites the Boltzmann equation

in the form

of
2 8L _ rwr L
(2) 51 fxf - f

where we define .
(3)  (£,%5,)(a) = [I1, ()1, (b*)dbaw

for functions belonging to the class D given by

2 2
D: 0<f, ff=1, ¢ (f)=[f(a)a da<oo.

This product maps DxD into itself, and for a general I(0) is

neither commutative nor associative. The first property can be

achieved only if one imposes some symmetry on I(0). To see this,
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Oone rewrites fl X fZ as

£ (a%)i5(b%)

2. .2 2
2 Afa*“+px -2

I(O(a*, b*))da*db*

(£, % £,)(a) = Iy
a*24p*2>,

so that is clear that commutativity is equivalent to I(0(a*, b*)) being

a symmetric function of the pair (a*, b*). One can see that this

amounts to the condition
™ ™
I(4-ar)_1(4'+oz) 0<a< 2w,

The nonassociativity of the product cannot be remedied by assumptions

on I(0) and it is an essential ingredient of the problem. e s

Without going into the details, see McKean [9] , we mention
that if the product defined in (3) were associative, one could express

the solution of (2) as a Wild's sum

-t.n-1
(1-e™)"7 £ w...%f (n-fold)

© .t
(4) I= 2 e

n=1

In our case, the associativity does not hold and the n-fold

products in (4) must be interpreted by putting parentheses between

' For a fixed a, 0 =0(a%*,b*) is uniquely determined as the

proper rotation needed to go from (a*,b*) in R% to (a,b) for
some b,

For instance, if I(0)=
but not associative.

> the product given by (3) is commutative
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the factors in all possible ways and averaging. . Each term of Wild's
sum is positive and is easy to see that it converges in L'(R) for all
t>0. One can also see that it gives a solution of (la). No other solution
of (1) exists since Wild's sum can be seen to be the smallest one, and

£ 3 . 2
its integral is already 1. One can also check that o (f) = ¢ (f ).

This completes our review of the L!'(R) situation for (1) and

we now turn to the study of the approach to equilibrium,

If the entropy of a probability density function is defined as
H[f] = -ff log f, the H-theorem says that this quantity will increase
in time, if f is governed by (1). Gibbs' lemma [9], states that the
maximum value of the entropy, computed on the class of all probability
density functions with a given second moment, is assumed only by the
Gaussian with mean zero. © These two facts have been taken as a proof
of the approach of the solutions of (1) to an equilibrium (Gaussian)
distribution. See, for instance, Uhlenbeck-Ford [ 17] . For technical
details needed to get a complete proof consult McKean [9] for Kac's
model, Carleman [1] for a 3-dimensional gas of hard balls, and

Grad [4] for a wide class of cut-off potentials.

A detailed study of this approach to equilibrium for Kac's model

is the subject of Chapter I. Our main concern will be to study the non-

2

3 1 -a /2 . :
For example, g(a)= - if the second moment is put

equal to one. We use g from now on to denote this particular

Gaussian density function.
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linear evolution given by (1) or (2) "close" to the equilibrium position g

and to compare it with the much simpler evolution that one gets by

linearizing the equation (1) around this equilibrium position. More

explicitly, if we put f=g+h and note that g*g =g, we can express (2) as

(]
f=fxf -f=(g*xh+hxg -h) +hx*h

or equivalently
o
(5) h=Ah + hxh

A is here the linear operator mapping h into gxh+ h%g - h, and
h#*h is a quadratic correction term. The linearized evolution referred

to above is given by ignoring h*h in equation (5), thus obtaining

tA

(5%) h,c = e h(0)
(6) f=gt h

This evolution (6) is to be compared, close to f= g, with the one given

by the actual solution of (2).

Although we have seen that the initial value problem (2) is well

posed in L'(R), we will find it convenient to work in a subspace of

2, =1, =
IL'(R), namely, L (g ~). The fact that this is a Hilbert space will

2, wi 2 TY
L(g )=L (2r e / ) is the space of all measurable functions

2 2 2
f(a) such that |||~ =J2r [f (a)e? /2 da< o, It is clearly a subspace
of L'R).
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facilitate the comparison between the nonlinear and the linearized flows.

In the next section, we will prove that the problem (1) is also
. 2, -1 ; : :
well posed in L (g ~) and we complete this section with some com-

ments on our choice of this space.

2, -1
The distance from an arbitrary function in L (g ") to the

2
Gaussian g(a) -‘/————1-— e /2 is gi b
=75 is given by

| e-gll % =5 (f-g) (a)g " (a)aa

This distance does not make much sense from the point of view of
statistical mechanics, see [17]. But we may see that for f close
to the Gaussian g it is related in a rather natural way to the entropy

of f. Namely, if f satisfies

Jfda=[gda and O‘Z(f) = crz(g)

and we write f=g + h, we have

H[f] = -Jf log = -[(g+h) log g(1+-§)=

+%(-}1)2=...)=

= -fglogg -[hlogg - [(g+h)(- .

[CEEvel oy
=

2
= H[g] + clfh-i- cth(a)a da + [h g =+ higher order terms in h
1 2 -1
= H[g] + th g + "smaller" terms.

2
Here we used the fact that both [h da and ¢ (h) vanish. Therefore, we
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2 - .
can say that “ f-gl 2 =[h g ! gives the first-order correction to the

expansion of the entropy of f about the point g.
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2. EXISTENCE AND UNIQUENESS FOR THE EVEN FLOW

We consider in this section Kac's model of the Boltzmann
. 2, -1 N .
equation posed in L (g ). In the previous section we noticed that
there was a special subset of L!(R) where the problem was well

posed, to wit: positive functions with integral 1 and a fixed variance

(1 for instance).

In the same spirit, what we will see now is that Kac's equation

2
is well posed in the subset of L (g ) given by those functions with

integral 1 and variance 1. It will follow that if we also ask that f

be positive, we will still have a well-posed problem,

We state now the theorem to be proved in this section, It
constitutes the backbone of all that comes after section 2. For simplicity
we assume that I(0)=I(-0), a natural restriction on physical grounds. In
fact, it says that the chance of a collision that takes velocities (a,b) into
(a*, b*) equals the chance of one with the reversed effect. This feature
of the Boltzmann equation was referred to in the introduction as

"microscopic reversibility, "

2, -1
THEOREM 1: On the submanifold of L (g ~) given by

the initial value problem
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.
f=f%f-f

is well-posed in a sufficiently small ball C centered about g. This

means that there exists only one family of operators Qt’ t Z_O, mapping

C into itself and satisfying for each fo e C

(1) Qf e Lz(g-l)’ f(Qtfo)(a)da =1, ch(Qtfo)E 1,

Moreover we have

P

(3) I Qf -g | < constant>< e_Vt,

in which -v is the top (negative) eigenvalué of the linearization of Bf at g,

@ e M) < M)

(1) and f(z)

O O

if f belong to C. The actual proof comes at the end of

this section.

To discuss this problem, we make recourse to a formal series

2, =
expansion of f in terms of the orthogonal basis for the space L (g 1)

given by the Hermite functions

2
a3
Hn(a):(-l)n pe2 / . n>0.

2
(5) h (a)=e™ /2

n
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Recall that

0 for 1i#j,
(0 o]

(©) [ hy(a)h(a) g™ (a)da =

-0 i 2r for i=j.

We express our equation

(7) f=fxf -f

in terms of the basis hn (n>0) in a purely formal way at first, Expand

f:ft as

(8) f=3% fn(t)hn

and assume that it is legitimate to write

To get the component-wise version of (7), we use the fundamental

relation, * Ser Bae [71,

(10) (b, * ) =271 [ cos'0 sin’0 I(0)do By
J

satisfied by the Hermite functions in connection with the product

defined in (1.3) .

A proof of this relation and of a generalization of it are found in
Appendix L

This means equation (3) in section 1, and the same convention is
used throughout.



From (9) and (10) we get the desired formula

(11)

k . .
f=V2r = £ 1 ifcoslo sin” 10 1(0)do £
1 -

Observe that because of the assumption on I(0) mentioned at the

beginning of this section, all integrals of the type

Jcos 0 s:'modd 0 1(0)d0e and fcose

odd v odd

M0 5in”"" 0 1(0)do

will vanish, and (11) gets simplified into an even system:

(11a)

= 24 2n-2i
fn:./ZTT Zfz,f Jcos 1o sin '
. i

> 2n-2i 0 1(0)doe - f
i=0

2n

and an .odd system:

(11b)

n ’ .

° 21+1 2[1-21
= 2 1 -

f2 1 J Tri:%; fZi+1 fz 2% Jcos 0 sin 01(0)do - f

25

2n+l1°

- 1
Note that a little more symmetry (esp., I(0) = -2-;) makes all the integrals

in the odd system (l1la) vanish too. We can therefore summarize the

situation for (1la), (11b) as follows:

a) the even components of f evolve by themselves, according

to a nonlinear system of the form

= F(f ,
even even

if we solve that system and insert the resulting even

components into the odd system, the odd components evolve

linearly according to an equation of form
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One can prove that all the f2n+l go to zero with t going to + oo;

in particular, if we have the extra symmetry mentioned after (11b), we

have simply

(12) font1(8) = e font1(0) -

1
This is the case when I(0)= > for instance.

The main objective of this chapter is a comparison between the

nonlinear flow given by (7) or (11), and its linearization at

1 -3 |2 ) .
f=g= Ve e . Therefore, we confine our attention for the rest

of this chapter to the even flow given by (1la) and compare it with its

linearization at g,

2
The restrictions, [f=1 and ¢ (f) =1, mentioned at the
beginning of this section, are expressed solely in terms of the even

components of f(a), namely

2 2
1 -a [2 a /2 B 1 %
fo:‘sz(a)e V2me )da—m
1 —a2/2 2 a2/2

= 5 ta) e PEE T P Y s yE 0T -

0

One:should not confuse this with the initial value of f. This is the

only place where confusion may arise,



Because of this we have to concentrate in the even flow given

by (11a) on the submanifold described by

and we have to prove that this problem is well-posed close enough to

2
1 -7 f 2

g(a):me .

We first make the linearization explicit by rewriting (11la),

subject to (13), as

2n . 2n
(14) £, = (f(cos™0 + sin"0)1(0)a0-1), +
n-2
21 2n-21
v 2m f.f . Jcos '0sin ™" 191(9)(19 n>2 .
o 2i 2n=21 —
1=

Except for the fact that (14) makes only reference to the even
components of f with n>2, it is clear that it is identical to equation

(1. 5). If we use x to denote the vector whose components are the

even components of f-g for n>4, that is

x =x_=0

. = 0: = _ >
o= %27 0 ¥y S0 %y, = (fog)y, 022

Z2n
we can reexpress (14) in the succinct form

(14") x=Ax +t x%*x

Here A 1is the diagonal operator acting on the space spanned

27
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by hzn(ﬂiz), by means of the rule

(15) Ah. = (f(cos’"6 + sin8)1(8)d0-1)h

2n 2n

h n>2.

:x2n 2n’

It is plain that A 1is selfadjoint with a totally discrete spectrum,

ranging from
4
)\4 = f(cos 6 + sin49)1(9)d9—1

down to -1, which is an accumulation point of the spectrum. For the
case I(0) = 2_11; that top negative eigenvalue is -1/4. To deal with

(lla) subject to (13) rewritten as (14), we need

LEMMA 1: The non-linear part in equation (14) satisfies a Lipschitz

condition:

16) e - gyl < 2lxeyll maxclxl, Iyl
PROOF: If we could prove

a7y Lyl < Il Tyl

then we could get (16) by means of the following string of inequalities

Fxrx - y oyl < Ixeste-y | + ey 2yl <

le-yll il + Uylly < 2ll-yll maxdll=l, Iyl
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2, -1
h_ . in L7(g )

The square of the norm of an even vector x= 3 x,.h,
=21 2i

i>2-
is given by

2
= =, (20 2
. 2i
i>2
and therefore we have from (13)
n-2

(2m)(2n)t [V 2w Iz x

2 i=2

8

2

. 2n 2
Zij‘cos '0sin "t

(18) [xryl®= VYo 01(0)do]

[y

5 © n-2 5 > n-2 2n 2
. . i
< ] - ]
(2r)” = (= (21).x2 (2n-2i) Y2n~Zi)_?2( 2; X Jcos “0sin

2n-2j

, 1=%o1
i

n=2i=2

(0)de] 2

where we made use of the Schwartz inequality.

Now we notice that

n-2

2 24 2n-2j 2
= (2?)[fcos 10 5in™" "0 1(0)de] =
j=2

n-2, 2
= = ljl)ff(cos o sin
. i=p 2

J—

2n=2_j;a cos Zjﬁ sinzn—zjﬁ )I(e)I(@ )dadB

= J[(cosa cosf + sina sinB)Zn I(a)1(B)dadp

[ cos ™™ (@ -p)1(a)1(B)dedp < 1

Observe that we made use of the property I(0)= I(-0) in the third line,
to pull the sum inside of the integral, If we apply this to our previous

inequality (18), we get



5 2 © n-2 N 2 ' . 2 2 2
Ixsyll < @2m ZE @y, @n-2i)tyy o= ]

This completes the proof of (16).
We are now in a position to prove that (14) is well-posed.

Recall that for I(9) = the top eigenvalue of A is -1/4. We

2
consider this case only, but it should be plain that the proof has to

be trivially modified to deal with a different I(6).

LEMMA 2: There exists a unique solution to equation (14) if

t/4.

Hx(o)“ is small enough. Moreover ”x(t)“ < Ce’

PROOF: Equation (14) is replaced by the integral equation

(19)  x(t) = e 10y + ff, L(E-5)A

(x(s) * x(s)) ds.
We are interested in a fixed point of this map because any solution
of (19) is such a point, so we must first find a domain mapped into
itself by H.

Take E to be the set of those continuous functions x(t)

from [0, o) into the subspace of Lz(gml) spanned by hzn(n_>_2),

such that “x(t)“ < yexp (-t/4) for all positive t and “x(O)“ < yz,

with a constant y to be specified later on.

Recalling that the spectrum of A lies to the left of -1/4

30
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and using the proof of the previous lemma, we get

lrce)]l < e xt)] + £ 4 x(e)]|% as <

IN

e—t/4“x(0)” N Y2 f’;e—(t—s)/él e-s/z ds <

x| + 4y &% = & A x(0)] + 442),

IA

2
so that H Hx(t)” < 5y exp (-t/4), and this is smaller than vy exp(-t/4)
if y< 1/10. For any such vy, the corresponding class E is sent

into itself by the map H. Note that Hx(0) = x(0).

We now construct a series which formally solves the fixed-

point problem Hx=x. The task is then to prove its convergence.
Take

1) t

and define
[¢'e)
(20) x =3
|

Observe that, for y < 1/10, each X(l) lies in E whenever

“X(O)H - YZ° Define



y,(0) = max (I @, =Dl

Zi(t) = max Hx(i)(s) = X(i-l)(s)“ .
t<s

We know that

y (s) < ve"s/4

2, = max |Vl < e *|x

tis
and
([0 [ ts) - ')l =
ma.}é ”eSA[x(iml)(O) _ X(i-Z)(O)] . J,S e(s-a)A_(X(inl)(a)*X(i—l)(a) _
tis o)
ey 5 B ey)ael]
<max |12 e 0 100y L 78 ) 20 4o |
tis
-(s-a)/4

<2 max [°e
- o

t<s z,l(oz) yi(a) da.

In the last line we used lemma 1 of this section.

Now we make the inductive hypothesis that there exists a

32
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number q such that

2.9 < [x(@] q'F 752,

This is true for i =1, and by induction you get
-(s-a)/4 e-a'/Z o =

) < 2] x©@] " i
2z, ®) <2[x©] q 6

< sllx o'ty e t4,

so that if we start with g = 8y (which we know is smaller than one),

we would have

-t/4

240 < Ix@1 o' e

proving the inductive hypothesis and making our series (20) absolutely

convergent:

Il < sl D)+ <O < Izl e 2 o' < o

i=0

In the same vein, one goes on to prove that the series gives a solution
of the original differential equation (14) and that this solution is unique.

This ends the proof of lemma 2.

Putting together lemmas 1 and 2 with the expression (12), we have

a complete proof of the main theorem of this section for the case
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I(6) 2 1/2 m. Lemma 1 is the essential ingredient for part (4) of the

theorem.

To prove parts (1) and (2) of that theorem for a non-constant I(6),

one has to deal also with the linear odd system (11b).
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3. THE LINEARIZATION PROBLEM

Suppose we have an equation of the type
(1a) % = Ax + F(x)

where A is linear and F analytic, with neither constant nor linear
terms. Very close to x =0, the two vector fields Ax and Ax + F(x)
look very much the same. A natural question is how is this reflected

in the flows corresponding to (la) and

(1b) x = Ax.

When x lies in R" or C' this question was answered first
by Poincaré [12 ]. ﬁe proved that if Mo NjaeeeaN are eigenvalues
of A and if

a) )\,1 # ij)\j for any positive integers mJ with ZmJ > 1
and

b) all the )\j lie on one side of a line }passing through the
origin,
then there exists an analytic map ;Lh which is locally invertible and
linearizes the flow near the origin. This means that if Qt denotes

the map sending the ihitial data x into the solution =x(t) at time t,
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for (la) and if Tt denotes the corresponding map for (1b), then U inter-

twines Qt and Tt in the sense that
-1
(2) Q =y oT, o
t t
near the origin.

If we want such a change of coordinates to exist for A irrespective
of the F, then conditions a) and b) are probably necessary, as an
example by Hartman [5] seems to indicate. Much less, nearly nothing
in fact, is required if we are contented with a smooth, but not analytic .

See Hartman [5].

In Section 5 we will present such a change of coordinates W for
the even part of Kac's equation, see (2.11a). Of coufse the space is now
infinite-dimensional. In general, this is bound to produce difficulties.
They can be overcome in our case because A has a (negative) pure
point spectrum which accumulates at the point -[I{6)d0 = -1. See

the remarks after (2.14").

It comes as an unexpected bonus that Y can be expressed as

(3) y = strong lim T | Q,.
-t 't
t—too

A nice and trivial consequence of this fact is that for each small
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enough x, there exists a vector U(x) so that

T_(T00) - Q)

goes to zero as t—oo. Clearly U is characterized by this property.
A brief discussion of the relations between (2) and (3) in the case of

2
R will clarify the situation.

For simplicity, let us consider only the case of a symmetric
operator A. It is simple to prove that if the limit (3) exists and has
an inverse, then the U so defined intertwines Tt and Qt according
to (2). On the other hand, simple examples show that not all inter-
twining maps U can be computed by means of (3). Now we will see
where the trouble lies and indicate a way to modify (3) to get an inter-

twining map in general.

First we express Poincare's condition a) in terms of Tt. Take

A to be

o R

™ O

and consider the formal power series

W(x,y) = (zaﬂjxlyj, zbijxlyJ) = (x,y) + higher order terms.
i

Then we have
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§ 3 7 ohi el .
T_tWTt(X’Y) _ (Zaijxly.]e(la’ jB-a) 9 ZbijxlyJe(la B B)t)

and it is now plain that condition a) is precisely what is needed for an
arbitrary W- of the above form to be able to split T tWTt into I

plus a couple of formal power series
T = I+ o
-tWTt I W+(’t) W_(t)
where

(4a) each term of W+(t) converges to 0 as t - * oo.

(4b) each term of W (t) converges to 0 as t - - oo..

To understand why (2) will not imply (3) in general, suppose
that A satisfies Poincaré's conditions so that there exists an
analytic map U satisfying (2). Because of the previous comments,

we can write

T_tLJJ_thLb = (T # Lb;l(t) + t'u:l(t)) b =

(5) T .Q

votey o+ o

1}

Clearly (3) will exist only when \JJ:I(t) b= 0.

Expression (5) also suggests how to get an intertwining map

for ¢ for the pair Tt’ Qt' One has to split the formal power series
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expansion of T tQt into three pieces
6 =y + + U
(6) T_Q, =0 () + ()

where Lbl(t) and . kl,JZ(t) satisfy (4a) and (4b) respectively. To check

formally that the U so constructed does the trick (2) is straight

forward. Thus the real problem is to check convergence of this formal

series for .
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4. EIGENVALUE INEQUALITIES

In this section we prove an elementary inequality which surprisingly
contains the core of the future development. From it we derive important

inequalities concerning the eigenvalues of the linear transformation A

defined in (2.15).

Z 2
LEMMA: If X + x, = 1, then for every n, m>2, we have

2 2n+2m 2. 2 2 2
(1) (-1+ 3 x| ) > (-1+ 2 M+ (1 s % *
i=1 ! i=1 ! i=1 !

PROOF: For a fixed (Xi) satisfying the assumptions, consider the

function

Z 2
hin) =1 - = x,n,
i=1 1t

Our aim is to prove that h{n) is subadditive. For that purpose we

' -1
look at the derivative (with respect to n) of the function n h(n):

2n 2 2 2n -2

-2
. =] =3 :xinlogxi ] = n r(n).

( 'h(n) = 275 =
1 i=1

T Mo

-1
One checks that r(n) is a decreasing function of n, so that n h(n)

will be increasing up to some value of n and decreasing from there on.

ale
b3

\
We disregard the trivial case when one of the xi:O. The proof
is not the simplest one, and is made so as to extend naturally to
the case when there are more than two xi's; see appendix II.
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Assume for a moment that we could prove

2 h(2) . h()
2 4

From here and the previous comments, it is clear that ndlh(n) would
be decreasing at least from n =3 on. Therefore for n, m>2 we

would have

h(otm) = 'r;n;n‘ h(ntm) + ninm h(ntm) < n 1—‘-519—) + m %;—n—)- = h(n) + h(m)

and the lemma would be proved.

Thus we have only to show that (2) holds. This is equivalent to

showing that

2 2 - 4
2(1l-x - (1-x)) >1-x -(1-x) for 0<x<1

and this is trivially verified.
Now we can prove the

THEOREM 2: Irrespective of the angular scattering density I(6), the

eigenvalues of the linear operator A defined in (2.15) satisfy

+ & s
(3} )\Zn }&Zm )\2n+2m
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PROOF: Recall that

2

2
)\Zn = [(cos n@ + sin ne -1)1(9)d9’

and then notice that except for 6 =0,

NTE!

, m, 3/2 1™ we have strict in-

equality for the integrands involved in (

w

). This proves the theorem.

We can say a little more than (3) if we notice that when n grows

to too, )\Zn tends to -1; namely, there exists a c¢>0 so that

(4) A = {

+ > >0.
2nt2m e m) =

}\Zn 2

independently of n, m>2.
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5. INTERTWINING OPERATOR

Most of the work up to this point was of a preparatory nature.

In section 2, we singled out the even system (lla) describing the nonlinear

piece of equation (2.11); it is of the type
(1) ’ x = Ax + x* x

Here x is a vector belonging to the subspace of LZ (gnl) spanned by

hzn: n>2, A is explicitely given in (2.15), and the * product is defined

in (L. 3).

The point x=0 is critical for (1), and we know from section 2
that solutions exist and are unique nearby. Thus, we can speak of the
semigroup Qt’ t>0, relating initial data x=x(0) to the solution x(t)

at time t, at least if “x“ is small enough.
A much simpler evolution is obtained by ignoring the nonlinear
part xxx in (1):

(2) x = Ax.

tA
The solution of this problem is given by T’c = e acting upon x=x(0).
The exponential makes good sense, because A is self-adjoint and

negative definite.
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The purpose of this section is to prove

THEOREM 3: If |x| is small enough, the limit

(3) J(x) = strong lim T Q x
-t 't
t—+00

. 2, -
exists and belongs to the L (g 1) span of hzn(niZ). Moreover, the

map x-Y(x) 1is analytic close to x=0 with an analytic inverse, and

-1
4 = .
4) Q, =¥ T Y
We first introduce some auxiliary material and prove two lemmas.

Given operators K and L acting upon x, define K=x1L to be

the operator
K*L : x-(Kx)* (Lx).

then (1) and (2) become

(5) Qx = AQx +(Q,* Q)x,
(6) ’i“tx = AT x.

Now

(7) s, =T .0
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can be easily shown to satisfy the equation

, e -tA,6 tA tA
8 = b3 = .
(8) St e (e St e St), SO I
This is equivalent to the integral equation

t -sA, sA sA
87 = + sk
(8") St I fo e (e Ss e Ss)ds,

which we use to express St as a sum of contributions of different numbers

of factors. Namely, we put

_ © _(n)
(9) St =3 Rt
n=1

where the first three terms are

R’t = 1,

R(tZ)_ ft e--sA(esA eSA)ds,

ROV £ omsA(e A, o 2 (AL HBag as
£l TR S Fag e s

Now by induction, if we have defined R(l) for all i<n, we construct

t
Rin) in the following way:

a) split n in all possible ways as j+ (n-j);j=1,..., n-1,

(n)

b) define Rt as the sum of all possible pieces of the form
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(10) fZe—SA(eSARS)* eSARin_j))ds,

(n)

Having defined Rt )

n_>_l, in this way we can now check formally

that St defined by (9) solves (8). In fact

-tA tA t © n-1 _tA_j tA_n-j
e M5 x5 )= 5 (3 e PRI R = 8,
t t . t
n=1 j=1
and clearly
S =1

2 -
we need to prove that this formal series actually converges in L (g 1),
and therefore gives a bona-fide solution of (7).

For that end we prove

LEMMA 1: There exists a constant ¢>0 such that for all positive t

. 2, -1
and all x,y inthe L (g ) span of hzn(niZ)

(1) | lem*Ae™ vyl < e 2 lxll vl

PROOF: By (2.15)

sA sA
e hyx e th - ° by * th -
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. . (N, + X_.)s
=N2m fc03219 sinZJG I1(0)dd e 2l 2J h .. ..
2it2]
Thus
. ) )P DN .)s
-sA, sA sA 21 2] ( 2i 2j 2it2j
12 * = i .
(12) e (e hZ'i e th) 2w fcos 0 sin "0 1(6)d0 e h2'1+2j
If we now put
x=% a,, h , y== B,.h,.,
i>2 2i 21 i>2 21 2i

and use (12), we get

-sA,6 sA sA
e (e x*e y) =

fo'e} n-2 . . (N, . TN -\, s
=27 h 219 ) 239 0146 2i 2n-2i 2n
% 2n °Z,‘, aZiBZn-Zi Jcos sin 1(0)db e AR
n=2 i=2
Bring in now the inequalities (4.4) to get
- + + < -c.
Mant gy T R S -0
Now this is used to get the bound
-sA A 12
”e ° (eSAx S y“ <
co n-2 : . .
2n-2 2 -2
< 2% 2nf [z N2wa, . B . fcoszle sin“ 7740 1(6)d0]" e s <
- n=2 - 2i 2n-2i =
= =

< e 2] 2 Iyl %
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In the last line we used the same way of estimating as in (2.18). The lemma

is proved.

We are now in a position to prove the crucial

LEMMA 2:

t n-1

C
== dm

IA

(n)
(13) | R x

PROOF: We get the estimate (13) by induction on n. To begin with,
(1)

R "'=1I, so (13) is trivial for n=1. Now use (11) and the inductive

t
hypothesis to get from the definition of R,En)

1 _ s _ A
(14) IlRin)Xll = “n . SA SARi”x*e SARi J)X)dSH E
n-1 t n-1 ¢ _e-—cs n-2 es n
< = ;1 llass = 1 ) 528 g ] =
j=1 j
-ct n-1
- (== ) sl

The lemma is proved.
Finally, we can use this lemma to estimate the formal sum (9)

as follows: if HX“ <c, we have for all t>0

sl < Sl < £ el® < o
1 1
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and therefore StX is well defined as the sum of an absolutely convergent

series. Now we can complete the proof of Theorem 3.

To get the existence of the limit (3), we estimate

(0 0]
(15) | =% o5 ROY
n=1 2 n=1 tl

as in (14). The result is that for tlitzioo, (15) is bounded by

t -cs n-2

o) ,
S () £0 e =S ) asx]® -
n=1 t]. c
B 00 1- -ct t=t
- 2 (= ML
n=1 t=t
1
-ct -ct 0 n
< e Le A% o 1
n=] Cn—

in the last step we used the fact that

B"- a"< n(B-a) if 0<e<p<l, n>L

Closely related estimates show that U(x) is an analytic function of x,
if Hx“ <c. This stems from the fact that U is expressed as an

absolutely convergent power series:

n-2 . o -sA, sA sA

= + *® NN
il el = e 22 iz2 %i%an.2i Jo & (& By e By py)ds

Notice that

T = =
Tt —(t+s)Q(t+s) T—th+s T=stQt’
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so that if we keep t fixed, while s- o0, we get

(17) T4 = §Q.

(4) would be immediate from (17) if U(x) were invertible. The gradient
of Y(x) at x=0 1is the identity map, so the inverse function theorem
for analytic functions, see Dieudonn& [2], guarantees the existence and

.. -1
analyticity of close to x=0. The theorem is proved.

We citose this section by observing that the knowledge of J comes

close to determining the scattering density I. If we perform the indi-

cated integrals in (16), we will get in the denominators of the quadratic

part all possible combinations of the type

A, - (X ).

+.
2n 21 )\Zn—Zi

This is actually enough to determine the spectrum )\2,1 because

we have
X - -1 if n-o00.
If we recall that
Ny, = f(cos?lo + sin®le - 1)1(8)a0

we see thatto find I we have to deal with a classical moment problem;

especially, the quadratic part of Y suffices to determine
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(18) 1(0) + I(w - 6) 0<6<m.

It is clear that the even flow cannot give us any information beyond (18).
If we want to recover the whole of I, we have to deal also with the

odd eigenvalues )\Znﬂ:

2ntl 2ntl
= + si -1)I(6)d6b.
x2n+1 [(cos 6 + sin 6 -1)I(6)d

The reader will easily see that the set of all eigenvalues determines

the scattering derisity I unequivocally.
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6. REMARKS ON MORE GENERAL CASES

We want to put an end to this chapter by indicating briefly how we

could handle two different problems along the same lines.

The first problem might be of physical relevance. The second
one is motivated by the hard-sphere model of the Boltzmann equation

and poses serious mathematical difficulties not resolved here.

For the first problem, consider a gas undergoing multiple (instead
of only binary) collisions. At the end of an exponentially distributed
random time, m particles collide together with probability

n
km, with b k]
mzZ m

Consider the vector (al, ...,a ) comprising the velocities of the
: m
m i)articles, For simplicity we consider ohly one-dimensional veloci-
ties. The effect of a collision of m particles is a proper m-dimensional

rotation

If we now distribute 0 according to the law Im(O)dO, we get a higher-

order Boltzmann's equation for the density f(al) of the number of

particles having velocity A
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of n (m)
rrl b2 kmf - f.
m=2
Here
f(m) = % sk Sk
- (al) I - fso(m>f(a1) f(a2>,...f(am) Im(O)dOdaZ., .da_.

R

The reader should compare this with (1. 1a).

If each of the densities I has some symmetry properties
m
(compare with the assumption I(6) = I(-0) in section 2), we get the

same splitting that we had for (2.11) into an even and odd system. For

the case of section 2, we had the numbers
N, = Tleos®™8 + sin"" - 1) [E}40

as the eigenvalues for the generator of the linearized flow. The Hermite

functions were the eigenfunctions. They are still eigenfunctions for the

corresponding linear generator in this case, and the eigenvalues are

changed to
1) A== k [ 2k w21 (0)a0

= x .. .tx 1)1

21m:2 mX2+ ,+X2:1 1 m m
where x =0, i=1,...,m. This assertion comes from the formula
— 1 11

) T * 0)d0da_,...,d =
(2) j“,.,‘,fhi (al) h,1 (am)lm( )d aL2 am
1 m
= constantX h‘,1 ¥t (al)
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which follows from (5) in Appendix I. The restriction

implies, for all i, j>2

2it27 it21;
(3) (-1 + x itej, ot 21 2_])
1 m =
5 (It E . Fx PN
- 1 m
Foltx el 1k 2Jy.
1 m

For m=2, this is the lemma proved in section 4, the general

proof will be found in Appendix II. Using (3) one gets

N W
21 "2j 2i+2]

for the \'s given by (1), and from here

> .
(4) )\}_*,Zn, 2)\Zn#
i i

Using these inequalities (4), plus the fact that the spectrum of the genera-

n
tor of the linearized flow accumulates at - k = -1, one can get
m
=2

a proof of the existence of

¢ = strong lim T tQt
t - oo
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in the same fashion as we did in section 5.

This finishes our consideration of the first problem, and we look

now at a different situation.

Consider a problem of the form
(5) x = Ax ¥ x%x

Here x belongs to some Hilbert space and x*y is a bilinear product
from H>\H into H. Assume finally that existence and uniqueness can
be proved for equation (5), so that it makes sense to speak of the semi-

group of operators Qt satisfying

Qt: AQt+ Qt::< Qt,

We take up again the problem of comparing Tt: etA with Qt,
We are mainly interested in finding conditions on A and the s« product
guaranteeing the existence of
¢ = strong lim T_tQt.
t—- oo
In the previous sections we have seen how to deal with this problem in
the case when A has a purely discrete spectrum (N ), with corres-

n

ponding eigenfunctions f,n: we have to express f, % f  in terms of the
1]
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set fn, and if f * fj has a non-zero component in the n-th direction,
1

then we have to be sure that

N - (Nt N)>c >0
n 1 _]

for some ¢ independent of i, j, n.

In the same fashion, if A has the spectral resolution f)\dE}\,

and if we can find a constant ¢ >0 so that for every \,pu

(6) (I-E\)H* (I-E JH c (I-E }H,
B

Ntutc

then the limit

b = strong lim T " Qt
t = 0o

exists.

We feel that one is perfectly justified in considering (6) as a
rather useless condition. Much more ingenuity is clearly needed to
find handier conditions to tackle the problem of the existence of the

limit (5) in actual cases such as hard spheres.
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APPENDIX I: PRODUCTS OF HERMITE FUNCTIONS

Here we prove a property of the Hermite functions due to Kac [7].
Actually, we generalize the relation he found. Such a generalization was

used in section 6. Recall that the Hermite polynomials are defined as
2 2
2 -
(1) Hn(a)=(-1)nea/ e /2 s Lz

and that this set is complete and orthogonal in L2 (g) with

2 0 7]
- 2
(2) iﬁ e H,(2) H (a) da =
] i'NZw i=j
, 2 2
LEMMA:* If XI +,...,+xn = 1, then
3 + .., =
(3) Hm(xl a1 Xn an)
m m m
1 n
=3 x x H (a)...H_ (a)
1 n 1 m n
m_t +m m._. m 1 n
n 1 n
=

PROOF: It is convenient to think of the n-tuple (a_,... ,an) as a vector

1

in R denoted by a. Let O be an orthogonal matrix having the num-

n
bers xl, ...,x as its first row. We define a map in R by means of
n

a - Oa. Setting b = Oa, we observe that

b3

This result is well known, but our proof is elementary.
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ab. ~*i 3a.
1 i
and that
2 2
a, = $b.
i i
We know that
m
0 0
4 OGRS - =
(4) (Xlaa T tx 57 )
1 n
m ml m
m 1 Ph 9 5 °
= = (m m ) X x — —
m+...+tm 1 n n 9a, 1 d9a ' 'n
1 . 1 n

Therefore, if we apply the right-hand operator in (4) to the function

2 2
exp(-1/2 lal ) and then multiply the result by (_l)m exp(l/2 |a| )s
we get the right-hand side of the equality (3).

But now the rest is clear, because the left-hand operator in (4)

am

is pouy Thus, if we apply it to
abl

exp(-1/2 |b]%) = exp(-1/2 |a]?)

2
and then multiply the result by (-l)m exp(l/2 Ibl ), we get Hm(b )

1
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on the left-hand side of (3). Finally

b = +...+
Hm( 1) Hm(xlal xnan)
and the lemma is proved.

Now we are in a position to prove

THEOREM 4: If O =(x ) is an orthogonal matrix and if aeR",

1)
then
-(a2+. oo +ar21)/2
5 el . vt o w =
(5) J---JH ((Ca))...H ((Ca) )e da,...da_
1 n
- p
) i _al /2
- (2m) 2 1 B (a.) e 1
R W Fal T+
1 n
This result is due to Kac [ 7] for n=2.
2
—2y /2
PROOF: Except for the factor e the integral in (5) is a poly-

nomial in aL1 alone, and can therefore be written as

2
-a1 /2
za/k Hk (al) e .

We integrate this against Hm(al)dal to pick out ozm. In the left side

of (5) we change a into O_lazo*a so as to have

) f.fH @)..H @)H (©O%4))e | da...da = o

1 n



60

Now expand Hm((O*a)l) using the previous lemma, converting
the left side of (6) into a sum of several integrals. Each one of these

is an n-fold integral which splits as a product of one-variable integrals.

Using the orthogonality relations (2), we observe that most of
these integrals vanish; the only one which gives a contribution is the

one coming from the additive decomposition of m as m-= i1+o .o T in-

This surviving integral can be easily performed, and the stated

formula drops out.

For instance if n=2, which is Kac's case, we get

2,.2
(a_tb )

. . 2
(1) JH (2%) Hj(b*) e = db =N2r cos'6 sin’f H,.(a) ot AE

J

in the notation of sections 1 and 2.

If we integrate against I(6)d0 and use
2
h (@) = e & /2 H @)
m m
we find

(8) (hi>!< hj) (a) = N2mw fcosie sinje 1(0)do hi+j(a)

which coincides with (2.10). Formula (6.2) is derived in the same way.



APPENDIX II: AN ELEMENTARY INEQUALITY

Here we extend the lemma proved in section 4.

2 2
LEMMA: y x1 F e s Xk =1 and n, m>2, then
k 2nt2m k 2n k 2m
(1) (-1+ > x, ) > (-1+ 3 x, )+ (-1 + > x. )
1=1 . i=1 1 i=1 L

PROOF: A look at the proof presented in section 4 will convince the
reader that it is enough to check relation (4.2) i.e. 2h(2) > h(4),

where h(n) is given in this case by

We will actually prove that, at least for k>3,

which clearly suffices because of the comments of section 4.

Inequality (2) is equivalent to

k 4 k6
(2") 3zx,. - 2% x. < 1
. 1 . i
i=1 i=1
k
under the restraint 3 x, = 1. Using Lagrange multipliers to
i=1

maximize the left hand of (2'), we find that at such a maximum, the
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quantity

2 2
w:Xi (I_Xi) i=1,...,k

has to be independent of i. We want to conclude that all the x.'s have
i
. .. . 2 2 2
to coincide, and this is seen as follows. As a functionof x , x {(l-x)
2
takes the value w once at a point vy 51/2 and once at the point

k 2
l1-y >1/2. Because k>3 and 3 x. =1, the x.''s have to coincide.
- - i

i
(-1
> i
Thus each one of the x, 's takes the value 1/k, and it is enough to
i

check that

3(1/k)2k s 2(1/k)3k <l.

Thus the lemma is proved.
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CHAPTER 2 THE PROPAGATION OF CHAOS
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1. THE N-MOLECULE GAS

In this chapter we consider the general 3-dimensional Boltzmann
equation. The only restriction imposed on the interaction is that two
molecules at a distance larger than some R <oo cannot feel each other

(cut-off).

First we describe the construction of "the n-molecule gas." Then
we state what we mean by "propagation of chaos." The proof of the latter
will keep us at work for the rest of the chapter, and so the reader may
wish to look back at the introduction for moral encouragement, if needed.
There one finds the reasons why propagation of chaos is a property

worth proving.

3n
Take as state space R and let. v= (Vl, ce ,vn) with vieR
5 .
be a point in R " Let Ta indicate a random time distributed accord-

ing to

P(T>t) = o 27 1E,

Construct the n-molecule gas as follows: if you are at
v={v.,...,v ) at time t=0,
1 n 1

n
a) pick a pair of indices i<j according to the uniform distribution (2);

b) if v.= v., you do not jump, but if v, # v., you wait for time Ta with
i ] L J
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a= IVi- Vj} and then

c) jump from
(Vl,..,v_,..,v,,..,vn) to (vl,..,Vf::,,,.,v‘:.:,,.,v)

where the scattering parameters (6,d) are chosen with distribution

I(l Vi" VJI s 6) S 11’19d9d?{ properly normalized. sk

This recipie is now repeated using a new pair i<j, new holding
times, and new scattering parameters (0,¢), independently of every-
thing that went on before, etc., etc. Clearly the random process so

defined is Markovian; it can be viewed as a sort of "Poisson process. "

The joint density pf(t,v) = p(t,vl, . s ,Vn) of the n-molecules is

fully determined as the solution of the equation

) 2 () = G"p(v) =
= n-1 lz‘,J lvi- le f[p(vl-, . ,vi"‘, .. ,vj*, .. ,Vn)—p(v)] I(,IAV.I" vjl ,0)sinfd6dd

n
which reduces to the initial density at t=0. This is the so-called

"master equation. "

One notices that G commutes with any permutation of the argu-
n

ments V;,...V , SO if p(0)=p(0,v

1 ,..,v ) was a symmetric function
n

1

Look at the Introduction for the definition of v, vj*.
i
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of MK A the same will hold for p(t)= p(t’vl’ ..,v ) atany later
n

time, and we can restrict our considerations to such densities.

We are now ready for the technical formulation of the propagation

of chaos.

Define the exterior product of two measures u and v on R

3
to be the measure on R3><R determined by (v&v) (AXB) = u(A) v(B)

for A,B subsets of R3° Let

3
be arbitrary bounded and continuous functions defined on R, fO a
3
measure on R , and fon its n-th exterior product fo®' o .a@fo.
Let p be the solution of equation (1) which reduces to (the density of)

n
fo at t=0. Notice that p depends on n. Then the statement of

PROPAGATION OF CHAOS is that for each fixed m

f;n g{,’[(vl)" . ﬂ{m(vm) p(t, ViV Ve vn)

converges as n-»00 to the m-fold product

Lé0 .. (4.0

3 . . .
of a time-dependent distribution f on R . Moreover this distribution

is the solution of the Boltzmann equation
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@) 55 (v,) = [Etv, M, 5 £ )] | | 1l |, 6)sin6dbadav,, *
at ‘1 vy vy )-E(v v ) vy - v, (vl--v2 ,0)sin Vo

which reduces to f at time .t=0.
o

We prove this statement under the assumptions of EXISTENCE,
UNIQUENESS, and SMOOTHNESS mentioned in the introduction and in

section 4 of this chapter.

Here and in the future, we write the Boltzmann equation making
use of a formal density for the distribution f, which is denoted
also by f.



67

2. PREPARATIONS

. n
Consider the set D~ of symmetric probability measures on
31’1 . n
R . The n-molecule gas gives us a flow on D . Notice that when we

change the n, the place where the motion occurs also changes.

It seems desirable to find a way of visualizing the D"'s asa
family of subsets becoming dense in an ambient space; presumably this
ambient space ought to be the set of symmetric probability measures
on (R3)OO.

To do this we start by observing that D" is a convex set. The
extreme points of this set are exactly those measures that charge, say,
the point v=(v_..... Vn). and all those points in R3r1 that one gets by
permuting Vv Voo giving the same mass to each of these and no
mass to any other point. Clearly such a distribution can be visualized
as a unit mass placed on a point of R3n/S. Here R3n/S stands for

3
the set of equivalence classes into which R " splits under the action

of the group S of permutations of n letters.
: . . 3
We denote with &(v.) a unit mass located at the point vieR .
i
3n . : .
Now we put the set R /S is correspondence with a special

3
set of measures in R~ according to the recipie

(1) (Wreeesv ) 2 3 B(v.)
ni:1 1
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We denote with M the set of these special measures, and by
00 3
M the set of all probability nieasures on R~. We have therefore

established a one-to-one map between the extreme points of D" and

the set Mn,

n
Now any element B of D is the barycenter of a unique mass

distribution 913 supported by the set of extreme points «:

[ eda, (@).
R3n/S

(2) p

The expression (2) is shorthand for the following state of affairs: if

3
U is a bounded continuous function defined on R n/S’ then

(3) JUB = Y(B) = BW) = J¥(a) dQﬁ(a):

: 3
U(ae) being regarded as a numerical function defined on R lrl/S or on

n
M, as the occasion makes preferable.

. n
's is now achieved. D

: n
The desired visualization of the D
n
has been identified with the set of probability measures on M , and
for each n this later set is part of the set of probability measures on

M.

Now we go back to our propagation of chaos problem and try to

get some profit from the identifications made above.
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n
Recall that each n-molecule gas process gives us a motion on D .

Let 52{1, ce ,g{n be bounded continuous functions on R3 and let p(t) be

the solution of the master equation that coincides with p(0)=f at t=0.

Then according to (3),

(@). *

n

4) POG® & 4) = «f@.. .34 )ae
R3n/S

(t)

We can, in agreement with our identifications, think of this as an
integral of the numerical function ¢(a) :a(g{I@. ..®d ) defined on M"
n
against a measure that changes in time. But we could equally well try

to put this formula into a "dual form"

n —_—
(5) £(Tt sl{)(a)dﬂﬁ(a) = J; d(a)dﬂp (@),

M M

(t)

where T::l is the mapping dual to the (l:i'near'. ) map QB- Q acting

p(t)’
n
on functions defined on M .

The strategy of the proof of the propagation of chaos is now as

follows:

STEP A: Compute the generator T" of the semigroup T? introduced

in (5);

STEP B: Check that, as n—oo, this generator converges (in a sense to

. ~7 00 .
be specified later) to the generator G- ofa semigroup Tt acting

((g{:l@. ..@ﬁn)(v
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. . oo o} . .
on functions defined on M . Tt will be found to be the translation

semigroup associated with the Boltzmann flow on M.

STEP C: Check that if ;51, . ’¢'rn are bounded continuous functions
. 3 ,
defined on R, then the function ;zfn(a):oz(;z{1®. .. RF @®+-®1)goes
m
; 00 _ ww 1
to the function & (a)-a(g{lx. on(ga/m), as n==00, thinking of the a's
now as belonging to Mnc: M.
STEP D: Check that if I3=fo®...®fo:fn with ueM™ then dQ, con-
o

P

verges weakly to the unit mass at f ¢ M.
o)

Suppose we were able to show that the convergence of /51’1 to
o implies the convergence of T? to T:O on a sufficiently wide class
of functions defined on M . Then we could try to patch all these steps
together to obtain the propagation of chaos as follows: take 52{1, . oo ,gKm

and B :fz as above, and let f be the solution of Boltzmann's equation

which reduces to f att=0. Then we would hope to be able to verify that
o

(6) PO)F®. - @Y, @l ..@1) = [T g da,

oo 00 . B
-~ th g Xthe unit mass at oz—fo

= f(FX. - XEE )

Of the program outlined above, the only deep point is to infer the

convergence of T? to T:o from the convergence of the generators.
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This problem has been dealt by Trotter [15], and we reproduce here

his result.

Let 2 be a topological space and X =C(f).* For each n, let
n n
27 be a subset of 2 and let X be the Banach space of restrictions

n
to € of functions in X. Define

lell = sup |5l

n ~
ue 2

and assume that the Qn become dense, so that as n — oo,
“f“n - “fll for any feX.

We say that a sequence of linear operators An acting on x"
converge strongly to A acting on X if Anf is defined and
lim |a f- af] = o0
n n
n-> 00

for any f in the domain of A.

For each n, let exp (tAn) be a strongly continuous contraction
semigroup of operators on Xn with infinitesimal generator An, and
let exp(tA) be a strongly continuous contraction semigroup of operators
on X with generator A.

Trotter's result may now be formulated.

C(f2) is the space of continuous functions on €, with the supremum
norm.
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THEOREM:* Suppose C is a dense subset of the domain of A such

that

———

1) the closure of the restriction of A" to C coincides with A.

2) for each feC, Anf is defined and

lim A f-af] = o.
n n
n =00

Then exp(tAn) converges strongly to exp(tA).

We close this section by giving a "geometrical picture" of propa-

gation of chaos.

The solution of Boltzmann's equation gives you a deterministic
motion on M ; this motion is non-linear. However, we can induce
from it a linear motion taking place on a class of function F defined on

M by means of
m o] A}
(6) (TS FNE ) = FEh

Details are found in section 4. We call such a flow, lifted from the

phase space MOO, a trivial flow.

Now for each n<oo, we construct the n-molecule gas governed

by the master equation in M". This gives us the linear motion

For a very useful presentation of semigroup theory, the reader
can consult Kato [8]. There one finds extensions of this result,
due to Trotter and Kato.



(7) F-T:F

described in formula (5); this motion is not trivial. Propagation of

chaos could be thought as saying that the triviality of the motion is

recovered for n=oo0, i.e., the sequence of nontrivial motions (7)

approximate the trivial one (6).

73
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3. MC KEAN'S 2-STATE MAXWELLIAN GAS

We do now a simple case of the program outlined in steps A, B,C,D
in the previous section. For that purpose we study a very much simpli-
fied model of Boltzmann's equation, the so-called 2-state Maxwellian
gas. McKean introduced it in [10], as an instance of a new class of
Markov processes having non-linear generators. In [10] he proved the
appropriate propagation of chaos for this model using the kind of esti-

mates employed by Kac [7] for the one-dimensional Maxwellian gas.

There are several reasons to take a look at this model before
taking up the actual Boltzmann equation in section 4. The identification
of D" with a set of measures on M" , presented in section 2 for the
general case, becomes extremely clear and suggestive. Then the
proof of propagation of chaos can be carried out in detail along the
lines indicated in section 2 with a minimum of abstraction. An extra
bonus is that we can apply Trotter's result directly without having to
make assumptions as to existence, uniqueness and smoothness which

are needed for the general case.

The 2-state Maxwellian gas is simpler than the general case in

two points:
3, .
a) R is replaced by a 2-point space Z = {+1, —1} ;

b) Lqe scattering rule is changed to



(e..e eZ) with probability 1/2

1" 1

(elez, ez) with probability 1/2

where e denotes an element of Z.

The Boltzmann equation for the 2-state Maxwellian gas takes the

form

of
5’;(e1) = ff[f(ef“)f(ez*)—f(el)f(ez)] dezdo

=f(-1)2+f(+1)2-f(+1) if e, =+l

(1)
= 2f(-1)f(+1)-£(-1) if e =-L

Here fde2 means sum over e, = +1 and [do means sum over the

two possible outcomes of a collision. The evolution of a measure in

Z is described by the evolution of the mass ascribed to +1, ft(+1):x(t):x:

. 2. 2
(2) x, = (1-Xt) +-Xt - x = (1—xt)(1-2xt).

Now we go over formulas (2.1), (2.2) and (2.3)*. We observe
that an element of Zn/S is specified by the number of +'s, say Kk,

that it contains and may be put in correspondence with the measure

This means formula 3 of section 2. In this chapter there is

no reference to chapter I, so no confusion can arise.
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2 n
belonging to M (Z) in agreement with the general scheme of (2.1).
There are ntl of these extreme symmetric measures in z" and the

barycentric representation of an arbitrary symmetric measure B reads

(3) B = Zakﬂﬁ(ak)

where the summation extends over the grid of points {k/n , =0,1,..,n
in [0,1]. This set is identified with Zn/S in the obvious way. Here

@, stands for the measure on Z' charging all those points with k

n -1

pluses, giving each one of them the mass (k) . It is useful to note
for later use that
(4) Qﬁ(ak) = (;)5(+1. S T I k pluses, n-k minuses.

n-m n

Let (i, m-i,Z ) denote the set of points in Z having i pluses
n

and m-i minuses among its first m coordinates, and let U denote

the characteristic function of this set. It is clear that we have*

(27
0 )= o (i, 2R = if i<k<n-(m-i)
k= k (n) P
k
=0 otherwise.

Using the notation introduced in (2. 3).
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We have then

L)
B(i,m-i, z8 ™) = 5 K21
T

Q (a.).
¢ Pk
k :
Now we start the proof of the propagation of chaos. Recall that
the n-molecule gas is a stochastic process in Zn, and thus the way to

achieve the situation described in section 2 is to construct a stochastic

process in

Zn/S = the grid {k/n}

so that the associated semigroup T? satisfies

n —
(5) B(T]) )9 @) = g0 g, @)

Next we look closer at the n-molecule gas. Suppose we are at
a point of z" with k pluses and n-k minuses, indicated by (k,n-k).
A collision can send us to any of the following places

n-k
(2)

(k+1, n(k+1)) with probability - p(--t-) =¥
(,)
k
(G)p(H+, ++)tk(n-Kk)p(*t-, *-)
(k, n-k) with probability - Z €

(k-1, n-(k-1)) with probability
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We can now write the master equation as

(6) g—? (k,n-k) = G"P(k, n-k) =
= ;1[crkﬂP(kﬂ,n-(k+1))+rk_1P(k-1, n-(k-1))+(¢, -1)P(k, n-K)],

and we are ready to go over steps A, B,C, D of section 2.

STEP A: The simplest way to compute the generator T" is the
following. First we look for a measure m on Zn/S which is

"symmetric" with respect to the process, i.e.,

(7) m, y< for all k.

k¥ k T Tkt %kl
Then we recall that with respect to such a measure the transition kernel

becomes self-adjoint, i.e., if (f,g) denotes [fgdm then (Kf,g) = (f, Kg).

The reader can find a neat presentation of this fact in Nelson [11 .

n
One immediately checks that m, = (k) is a symmetric measure,

namely

n n

(7") SR LA Y L

This fact is a very fortunate one in view of (4). In fact from (4) we
get

@)| = 2de )G Pk, n-k)
t=0

0
5t = %(ak)ﬂ P(t)
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and now using the above mentioned self-adjointness of G" we get the

equivalent expression

o] n
57 (T )0y )

Bt = (G P ) ()P, n-k).
t=0

Invoking (4) again this is reexpressed as
= (G e )2 (@)

o N

kK" Bk

The moral is that the generator of our process in Zn/S cannot
be distinguished from the Gn of the master equation. At any rate,

n
we denote it by G to indicate that it acts on functions and not on
measures. See Nelson [11 ].

Summarizing, we have

~n 1
(8) Ehle) = S o, o) o dla )+ (e -DFla)]
= 2K 1) (@) (@) + (n-2k-1) Ada)].
n k k
Here

Bhe,) = da) - o)

and

2
@) = e, ) - 24@) gl



REMARK: Clearly we could reverse the procedure that led us from the

master equation

P -1
(6" 50 (¢) = (G P)(e) = == » [[P(eX)-P(e)]do *
By i<y 1]
(2)
to its form (6), and thus go from (8) to the expression

(8") @) == 5 fldle2)-p)] do
() <]

° ° . n
The only important point in the computation of G has been to

notice the identities (7'). They are in no way automatic, but rather
the consequence of the way in which we built up the n-molecule gas,

coupled with the following property of the "scattering rules"

*¥) = Pr(e*,e*=e_,e_ ).

Pr(el,ez—- ei",ez [es e

This is of course just the property of "microscopic reversibility"
which is present again in the actual Boltzmann equation. This will
allow us to write in section 4 an expression similar to (8') for the

) )
corresponding G .

STEP B: Define G = acting on nice functions on [0,1] by means of

2
GOOF(X) = (1—x)(1—2x)g£. Clearly for any FeC [0,1] we have
x

e,,;:Jf and a{; are obtained from e and a by changing the i
and j components into eX,e* and a*,a* respectively.
1 1 J
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~n_  k ~co_ k
sup |G F('r-l-) - G F(H)l - 0 as n-o00.
k

We will refer to this fact by saying that e converges to T on

cz[o, 1].

G is easily recognized as the infinitesimal generator of the

translation semigroup

00)
Tt . F—bF(Xt)

with

&t = (l—xt)(l— th)

and
FeC[O0,1].
The flow X, is precisely the "Boltzmann flow" as the reader will see

at once from (2).

n B . : . n-m
STEP C: If y is the characteristic function of (i, m-i,Z ), then

G
n k k-
Vi) = ) = = =

)

n (n-it1)

k... (k-itl) >< (n-k). .. (n-m-(k-i)*1
R i (noi
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- . o
converges when k/n—-x to y (x) = xl(l—x)m ' uniformly on [0, 1],

: k k
l.e. max I\pn(—)—\y (H) l is small for large n.
k<n

STEP D: Ilet fO: x06++ (1-xo)6 be a measure on Z and let P

n k n-k
denote the measure f =f c..®@f . Q -
ure £ B R o Then the measure B(ozk) (k)XO(l Xo)

converges weakly to the unit mass at x . This is immediate from the
o

weak law of large numbers.

Finally we collect all these steps to get a proof of the propagation
of chaos, which may be stated in the form

I n n-m 1 Im
(<] f 1, M-1, Z - X 1-X

Rewrite the left hand side as

SV @) L) = ST ) e ) 2 (@) =

P(t) k 13( k

= =T )00 + ST T IR, @) + 2T

5 CAE

B

On the right side, the first summand goes to zero, as n-» 00,
because ” T: H <1 and HL{JH-QJOO“ goes to zero by step C. The last
. I ©
summand goes to xé(l-xt)m ' by step D and the definition of § ~ and
0o

T
t

The middle integral tends to 0 in view of
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sup l (T?— Tio)(\boo) l -0 as n--oo.

This follows from Trotter's result of section 2, and step B. The

2
fact that (with respect to GOO) C [0,1] satisfies the conditions of

Trotter's theorem is well known.
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4. THE GENERAL CASE

To prove propagation of chaos, we perform steps A, B,C, D of
section 2. The situation is now technically more involved than for the
2-state Maxwellian gas but the plan is just the same. Previously, the
action took place in the Banach space C[0,1]. As a preliminary step

we introduce a Banach space appropriate for the general case.

THE BANACH SPACE X: Consider the set Q of all probability meas-
3
ures on R having a finite second moment and provide it with the

customary weak topology. Observe that
2
o - {ten:s®(n = rlv]% v <al

is compact in this topology, and therefore, Q is exhausted by an in-
creasing family of compact subsets. The compactness of Qa is a
consequence of the fact that we can control uniformly the tail of any

measure in Qa, and that if f converges weakly to f then
n

2 2
o (f) i lim inf ¢ (fn).

3 .
For any bounded continuous function h on R, we define a

linear (continuous) function on 2 by means of the recipe

F(f) = fh(v)f{dv).
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Taking finite linear combinations of finite products of such functions,
we get an algebra of bounded continuous functions (polynomials) on Q.
The Banach space X is the completion of this algebra under the norm
I¥l = sup [F0] < oo
fe

We retain the symbol F for a generic element of X. We geta

sequence of "approximating" Banach spaces x" by restricting the
. n .
functions of X to & = Man. * We denote by Xa the set of continu-
ous functions on Qa and recall that the Stone-Weierstrass theorem
implies that any element of Xa can be uniformly approximated in Qa
by the above mentioned polynomials. Finally, we introduce the family
n n - n
of subsets Qa'—‘ Qaﬁ M of Qa and define Xa to be the Banach

n
space of functions obtained restricting those in Xa to Qa.

There is still one more preparatory step before we can go into
steps A,B,C,D. To apply Trotter's result we have to prove that all
the semigroups involved are strongly continuous and contractive.

This is plain for the "approximating" semigroups, ‘and now we deal
with the "1limit" semigroup T:O defined by means of translations along

the solutions of the Boltzmann equation:

n
* Every measure in M has a finite support and therefore belongs
to S2.
/ \S"f)n/;’ t\?; o



1 2 -
M (T, F)(f) = FE,).

To start with, we have to show that if FeX then f- F(ft)
a
is in Xa. Once this is done we will know that Tfo acts on Xa.

First of all Qa is invariant under the Boltzmann flow, and now from

the fact that

fo f
t

is weakly continuous , one infers that f»F(ft) is in Xa, first for
polynomials and then by the Stone-Weierstrass theorem for any F
in X .

a

That Tt is a contraction is obvious, because

sup | ()l < sup [FEOl < [IFllg, -
feQa feQa a

oo
To get strong continuity for Tt it is now enough to prove

HT:"F- Fll- 0 as t=0

for each F of our dense algebra of polynomials. T:O acts multipli-

catively on this algebra:

oo 00 0o
TO(FF,y) = T, (F) T, (F,).

Thus it is enough to look at linear polynomials. Now the total varia-

See appendix I to this chapter.
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: 2 2
tion of Bf is bounded by 2wR (1 + 2¢ (f))*. Then it is clear that
sup | fhf - fhi| < t sup|h| sup 20+262(f))= 0 as t- 0,
t —
fe Qa fe2
a

and the strong continuity of T:O is proved.
Now we are ready to go over steps A,B,C, D of section 2.

STEP A: The n-molecule process, put in dual form in formula (2. 5)
gives us a semigroup acting on Xn, The property of "microscopic
reversibility" has here the same effect that it had for the simpler
2-state Maxwellian gas, see (3.8"). Arguing in exactly the same way,

one can see that the action of the corresponding generator is given by

Il

(2) &FH == = v v JTFE - oIl v v | 0)sinasay

i<j

for Fe Xn; and

n
from £, where

X 1 ste %
£ = & (Blv))he . FBII I H8 (v I (v ).

n A~
The semigroup Tt = exp(th) is contractive and strongly continuous

n 2- 2 sk
acting on Xa because ¢ (f) = ¢ (fiﬁ)'

STEP B: We consider now the class of "continuously differentiable"

3 See appendix I to this chapter.
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functions F on Qa, such that
F() - F(©) = JHOE-H@v) + o( ] - )"

3
where Hf is a function on R which is bounded independently of f
and llf - f! “ stands for the total variation of f-f'. We refer to this

class of functions as C'.

Now we compute '(‘}JnF for FeC', using the notation of (2).

o3 R

owl) e sk 1
SF () = lvi-vjlf[Hf(v;)-Hf(viHHf(vj )-Hf(vj)]I(lvi—vjl ,0)sinfd6dd

i<j

= rotller - ey lvi-v.l.6) sindadag .

i<j
The first summand equals the integral of the function Hf against the
(sighed) measure Bf (from Boltzmann's equation). Therefore, this
first summand can be identified with G F(f), where G is the infini-
tesimal generator of the semigroup ’I‘t , acting by translation along

the solutions of the Boltzmann equation.

To get an estimate for the second summand observe from the

definition of flJ that

e - ¢l <

]
ij n

, Lslv]®fm<a
n 1

s The ¥little o% involved in o(H f'- f“) is permitted to depend upon
f.
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and
(T"RZ)-‘IIV.‘V.IJ‘IdV.-V.\,G)Sin9d9d¢ = lv,—v,l< 1+ Iv,|2+ lv,lz.
i ] i i = i i

Thus, we can bound the second summand in ’E}’nF by

1 4 ' n 2
omX ¢ = Ta+lv vl <o<1)>(fz[<§)+2<n+1)z |v.| " 1o,

.. n
1<J i=1

We therefore get

(4) sup |G"F() - TF()| - 0 as n-o.
feQn
a

STEP C: Let a be the extreme symmetric probability measure in

3n 3
R™" that charges the class in R rl/S consisting of

n, copies of vy n copies of Vareses By copies of v

2 k

with r11+, ne +nk =n and all the v, different among themselves. Re-
call that according to the .scheme of section 2, @ is also thought of as the
measure on R3 given by 1; Eniﬁ(vi). For fixed bocunded continuous
functions g{l, e ,¢m we have to study the limiting behaviour of the

difference between the functions

g (@) =o(® - .®f ®1® ...®l) and 4% (@) =alg)...ald ).



We assume first that the p{i have pairwise disjoint compact supports
Aia We have to compute the possible ways of arranging our n points
that give a contribution to the integral of Qfl®. .RF RI®. .. ®1

m

against «. For an illustration, consider the situation described in

the picture

v
) V3 Vi
o P i o
[ M| | % I[ - ;
A A
1 2 Am

In this case the non-zero contributions to the integral come from all

the possible rearrangements of the points v , v

7 Vigereaa Vs plus all

the possible rearrangements of the points VoV PaVy and so on.

37"
If we add over all this contributions, we obtain in the general
case the value

m-1

(5) «@®...@F ) =a@ )X ... Xalf) ~

n’ (n-1)...(n-m+1)

n

with @ = 5 — 6(v.) on the right side. Explicitly, for the case m=2,
n 1

we get
n-2 n-2
(nl—l,nz,n3—1) : (nl,nz—l,n3-1)
+ ; =
?{1("1)%1("3) ( a ) ?fl(vz)?fz (V3) ( " )
nl,nz,n3 nl,nz,n3

n g (v )ﬂlz?{ (VZ) n ?(Z(V )
- 1n 1 >< 3nt—l = - a(gfl)a(¢2)>\:r%f ’
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With some extra combinatorial complication it is possible to see that

if the supports of the ¢’ are not disjoint, then
i

(6) la(,Jl@..@ ¢m®1®..,®1)-a(¢1)>(...Xa(,z{m)l £ enla(yfl@..@sz{m@l@--

Here € is arbitrarily small for large n and is independent of a. The
same result holds even if %2{)\ do not have compact supports through an
i

appropriate process of approximation. Therefore, for fixed 52{1, c e yf_m:

sup l’¢,n(a/). = ?{OO(CY)] —- 0 as n--0o.
n
aeM
STEP D: We have to prove that if F is a bounded continuous function

on 2 and P=f®...@®f, then

J F(o) dQﬁ(oz) - F(f) as n-oo.

Observe first that we can restrict the domain of integration to a

set Qa with an arbitrarily small error because

2

o (@) _
a2, = | F|

| s> f)
a

| 1 Flaa. el < ¥l

o2 (@)>a

P

If F is the monomial on M” defined by

Fl(@) = [gaX. .. X[

.®)|



92

then it follows from (6) that
I .
| (F (@) - a(gflg...@,z{m@@...@1)d95(a)l ENLENOREE

Now fo‘(?{1®- .. ® SD/m@l- . -@Udﬂﬁ(a) is just a complicated way of
writing* ﬁ(;%l@. .. @gﬁ'm@l, ..®1) = f@{l). .. f(g{l) = Fl(f). Therefore

for a polynomial F

[ Fl@)dQ (@) - Fla)

P

if small for large n.

The proof is now complete because on Qa we can approximate

any continuous function by means of polynomials.

Steps A, B, C and D being now completed, we put them together

to prove our theorem.

This goes essentially in the same way as for the 2-state
Maxwellian gas. However, there is one point which cannot be dispensed

with so easily as we did then. **

We have proved in step B that anFa'(fooF in an appropriate

sense for functions F from the class C'. Trotter's result®** says

o See formula (2. 3).
Aok See last paragraph in section 3.

*%% See section 2.
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that this convergence would imply the convergence of T? to T:O if

A0
we could prove that the closure of G  agrees with its restriction to

C'. But the proof of this fact eludes us. Instead, we make a smooth-

ness assumption® on the Boltzmann flow T,

SMOOTHNESS ASSUMPTION: If F is a polynomial and if ft denotes

the solution of the Boltzmann equation with initial data f , then the
gt ——

map fo-> F(ft) is of class C' for each time t>0.

A proof of this assumption should come from a very careful look

at the proof of existence for the Boltzmann flow.

Using this assumption and step B, we exhibit now a subset of
the domain of = satisfying the requirements of Trotter's theorem.
Let A be the class of polynomials on 2, and let R be the resol-

1

& - f(o)o e—té(ft)dt. R. is bounded and in-

-1
’ 1

00
vent operator (1-G )

vertible, and therefore maps A 1:1 onto a dense set B.

We prove now that B has the required property. Let & be in
~00
the domain of T and approximate (1-G )@ by polynomials

F = (1-G )& from A = (l—ﬁm)B. From the continuity of Rl’
n n

»#C0
$ =RF - R({I-G )3=29%
n n 1

1

Therefore from

Already mentioned in the introduction.
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(0.0}
= (-8 )~ %8s .
~00 A0
one concludes that G @n_.c, & , completing the proof.

Now we need to know that the kind of convergence described in

step B occurs for functions of B, i.e., if F is a polynomial, then

~n 00 -t ~00.00 -t
G £)dt - G
fo e F(t)dt G f‘o e F(ft)dt,

which is evident from step B and the smoothness assumption. At this

point, we can invoke Trotter's result to get the strong convergence of

T? to T:o and complete the proof precisely as in section 3. Clearly

{7} f¢® 852{ ®®. . .®L p(t) = [(T, D4 ((@)d (@) =

B

@’ d%) @)dg, (@) + f(T - T, gP @ya (@) + fT:ogfoo(a)dQ (@).

P p

Each one of these integrals can be restricted to Qa with an arbitrary

small error because all the semigroups involved are bounded (by 1) and

(f)
[odRgE) < —

2
o (f)>a
Now we look at each of the integrals in the second line of (7), restricting

the domain of integration to Qa and making n- oo.

The first integral is bounded (in absolute value) by “ 9fn— y{OOH

which goes to 0 according to step C. The second one is bounded by
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! n 00
‘2 (Tt - Tt )?{00“ which goes to zero on account of Trotter's result.

For the third, observe that

f(T:O ) (@)dQ (@) = f;z{oo(ozt)dQ

8 (@) =

P

= I @)X . nym(ozt)dﬂ (@)

P

where @ = B[ozt], and @ =a. * The function g(oo(a/t) is, for each t,

a bounded continuous function on @ and therefore we may use step D

to conclude that

[T #7)@)ag @)~ ¢ = g ()X XF (-

To sum it up:

THEOREM: Under the present assumptions as to existence, unique-

ness and smoothness, if gfl, - are bounded continuous functions
n

on R, and if f denotes the solution of the Boltzmann equation with

initial datum f , then
5 ==

lim f,z{l@. . .®g{m@ 1®...®1 plt)

= 14t X X1d_t

Here p(t) denotes the solution of the master equation with initial

fn
data 5"

% at is the evolution of a/o under the action of the Boltzmann

flow.



96

APPENDIX I: WEAK CONTINUITY OF THE BOLTZMANN FLOW

Here we prove two statements used in section 4, i.e. the useful
inequality (1) below and the lemma. From the definition of the Boltz-

mann operator B, we get

1 | Bl

In

f(l f(Vik) f(Vz‘t)l"' lf(Vl) f(vz)l )lvl- VZl I(lv1~ vzl ,e)sinededgfdvldvz

IA

2f(1+ lv1|2+ IVZIZ)WRzlf(Vl)f(vz)ldvldvz

21rR2 (1+ 202 (£)).

1l

Now we can prove the

LEMMA: ft 'is a continuous function of f in the weak topology of
o

Q. *
.

n n
Take fo in Qa converging weakly to f . Because ¢ (ft)<a,
- s
we can choose for each fixed t a weakly convergent subsequence from

{f:} By a diagonal process, we may obtain a subsequence (n’) so

B

that f? converges weakly to ftoo for all rational t, and part of the

task is to show that this holds for all t.

>

Each f? is a solution of the Boltzmann equation, so that

. 2
5« Qa is the set of those measures f with ¢ (f) <a.
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Because of the comments preceeding this lemma, the total variation of

n n’ 5
ftz ) ft is bounded by ltz' t1l><3(1+ 2¢ (f ). This permits us to
1 ‘ o

extend the weak convergence of f? to fso to all t<oo.

oo
Now we prove that ft solves the Boltzmann equation with initial
datum fo- By uniqueness this completes the proof of the lemma. For

any bounded continuous h

2 ’

n n’ t
fotv) £ (av) = [h(v) £ (@v) + [ dv [h(v) (Bf: )(dv),
and to take the limit n'-co0 we only have to worry about the last inte-
gral. This can be split into 4 integrals of which the most complicated
is

Bl 3

2) fi da ffé[lvl- v, iy - v,|.0) h(v¥)sinfabag] £ (dvl)f: (@v,).
R

The function

Plvpv,) = lvl- vzl J‘I(l‘v:lgvzl;,B)h(vl’*) sinfdfdg

is a continuous function of (vl, vz) and can be uniformly bounded by a

n
constant multiple of Ivl— VZI . The second moment of f is under
s

6
control, so that we can restrict the R integral to a compact set K

with an arbitrary small error. On K, frs1 & f converges weakly
S
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)

@ oo n"_ n
to fs ® fs , and thus [ff fs® fs converges to what it should.
6
R

This last convergence is bounded, and we can pull it inside the

time integration in (2) and obtain for every h
(3) [h() £ (@v) = [hiv) £ (av) + j‘z ds [h(v)(BEY )(@v),

that is to say

(3") €= 4+ fas Be®.
t o o S
This can be written also in the customary form because 'f:o is a
continuously differentiable function of time. In fact from (3"), if we
use the fact that Bf - has total variation bounded by a constant
s
. 2, 00 00 ;
multiple of (1+2¢ (fS )< c(l+2a), we see that ft depends continu-

(0.0] o0} i
ously on t. Therefore, Bft is continuous and ft has a continuous

derivative, allowing us to write
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