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ABSTRACT

In this dissertation, a theoretical model is presented for the bind-
ing of flexible ligands to proteins. The model explicitly accounts for
the ability of these chain-like molecules to bind in a large number of
configurations (including many in which not all segments are in con-
tact with the protein) and therefore is quite different from the theory
of multiple equilibria which commonly is used to analyze such interac-
tions. The latter assumes that the ligands bind rigidly to point binding
sites, neglectingkthe.'mternal degrees of freedom of the bound molecules.
Comparisons of binding data calculated using the present model with
those obtained experimentally indicate that this model, rather than the
theory of multiple equilibria, is the appropriate theoretical model for
the interactions between flexible ligands and proteins (e.g. the nonspe-
cific binding of substituted alkanes to proteins).

Formally, the model is similar to the statistical-mechanical
theories of polymer adsorptionata surface, since the protein surface
is represented by a lattice, each site of which binds a single ligand
segment. However, the lattice chosen has several features which
make it especially suitable for the treatment of protein-ligand inter-
actions. For example, the lattice has been folded over a closed sur-
face by introducing a small number of irregularities in the lattice

pattern, and chemically different sites (e.g. sites with ionic, polar,



and nonpolar character) in various arrangements may be included.
The binding sites may cover the entire protein surface or only a small
part of it. The number of configurations of the bound ligands is deter-
mined by counting the possible arrangements on the lattice, regarding
the placement of each ligand on the lattice as a Markov process. For
chemically homogeneous binding surfaces, an alternative form of the
model is possible which does not utilize a lattice for the enumeration
of ligand configurations.

The model allows a calculation of parameters which characterize
the average configuration of each bound ligand as well as the equilib-
rium properties of protein-ligand systems, such as the relationship
between the free ligand concentration and theaverage number of ligands
bound per protein molecule(which may be compared to an experimental
binding isotherm). Furthermore, the dependence of these quantities on
the specific characteristics of the ligand and the protein surface may be
determined. Among the most important of these results is that flexible
ligands bind in configurations with a larger number of desorbed segments
as the lattice sites on the protein become saturated. This variation in
the average configuration of the bound ligands produces a change in the
intrinsic affinity of the protein for the ligand, so that the Scatchard and
double-reciprocal plots of binding data never can be expected to be
linear for flexible molecules, even when all of the binding sites are
chemically identical. For chemically homogeneous systems, the theory

of multiple equilibria predicts linearity for such plots since it assumes



vi
an equal intrinsic affinity of the protein for all ligands, an assumption
which is not applicable to flexible molecules. The model predicts bind-
ing data quite similar to those observed experimentally. In fact, it is
found that only the present model which accounts for the flexibility of
the bound ligands can explain the experimental observation that the
strength of binding increases with the chain length of the ligand. Fur-
thermore, the model allows certain correlations to be made between
the chemical nature of the binding region and the general features of
experimental binding data. In particular, the binding data for several
substituted alkanes (long-chain anions) indicate that the binding region
must include a large number of nonpolar sites (which interact with the
hydrocarbon segments of the ligand) as well as ionic sites (which inter-
act with the ionic head group). Finally, the model may be used to illus-
trate the limited nature of the conclusions which may be drawn from
class analyses of binding data according to the theory of multiple equilib-

ria.
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CHAPTER I

INTRODUCTION

Complexes between proteins and small molecules, or ligands, are
important in many biological systems. Perhaps the most familiar exam-
ples are the highly specific complexes formed between enzymes and their
substrates. In addition, many proteins form complexes of a somewhat
less Spéc ific nature with a variety of small molecules, including the
alkanes and their substituted derivatives. In this dissertation, a theo-
retical model for the interaction of these chain-like molecules with pro-
teins will be presented. It will be seen that the model predicts binding
data which are quite similar to those observed experimentally, and
more importantly, accounts for several general features of binding data
which could not be explained previously or which were interpreted incor-
rectly.

Protein-ligand interactions commonly have been analyzed using the
standard formulae governing multiple equilibria (Klotz, 1953), in which
the bound ligands are grouped into classes according to the strength
with which they are bound. In the simplest possible case, all of the
ligands bind independently and with equal intrinsic binding constants.

If a maximum of M ligands is bound, each with an intrinsic association

constant ki then the average number of ligands bound per protein

nt’

molecule, N, bears a simple relationship to the free ligand concentra-



tion, ¢ (Klotz, 1953)

Mkintc

Nz —— (1.1)
1+ kintc

Furthermore, the equilibrium constants for the binding of successive
ligands differ only by a statistical factor which accounts for the differ-

ent ways of placing the ligands on the protein

M- N+1
= .2
N N Sint (1.2)

k
where kN is the equilibrium constant for the binding of the Nth ligand.
According to equation I.1, the binding isotherms, expressed as N

vs. logc, will have a symmetrical, sigmoidal shape for single-class

binding. The binding equation may be written in two alternative forms

= k,th - k,th (1.3)
.1 1 (1.4)
N Mk, c M

int

Thus, plots of N/c vs. N and 1/N vs. 1/c (the so-called Scatchard and
double-reciprocal plots, respectively) will be linear when all ligands
bind as one class. Examples of single-class binding data are illustrated
in Figure 1.

In experimental studies of protein-ligand interactions, symmetrical
binding isotherms (and linear Scatchard and double-reciprocal plots)
rarely are obtained (e.g. Figure 32). Such behavior most commonly is

explained by assuming that the bound ligands belong to several classes
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Figure 1. Graphical presentationof single-class binding data. Top: binding
isotherm; center: Scatchard plot; bottom: double-reciprocal plot. All curves
were generated for a hypothetical protein with ten binding sites (M=10), each
with an intrinsic association constant of 5x 105 (kint:5x 105). N is the aver-
- age number of ligands bound per protein molecule and c is the concentration
of unbound ligand. M and kint may be determined from the x— and y—inter-

cepts of the Scatchard plot, or from the y-intercept and the slope of the

double-reciprocal plot.



(Scatchard et al., 1950)

n_ M.k.(i)t
R= 3 ——e— (1.5)
SR+ k,(l) c
int

where n_ is the number of classes.

There are two important reasons, however, why the theory of
multiple equilibria is not suitable to describe the interactions of flexi-
ble, chain-like molecules with proteins. First of all, the binding site
in the theory of multiple equilibria is defined as a point to which a ligand
binds in an all-or-none manner. Although this may accurately represent
the binding of metallic ions and other rigid, monofunctional ligands, a
chain-like molecule is composed of many functional units and, because
of its flexibility, not all units have to be in contact with the protein simul-
taneously. Thus, for flexible molecules it is more realistic to define a
binding site as an area on the protein which serves as a point of attach-
ment for a single functional group, or segment, of the ligand in question.
Secondly, in the theory of multiple equilibria the internal degrees of
freedom of the bound ligands are ignored, so that all ligands in a given
class are assumed to bind in the same configuration. Again, this is a
reasonable assumption for the metallic ions and other rigid ligands which
can bind in only one configuration (Figure 2a), but for flexible molecules
it implies that all ligands belonging to a given class are bound in an

identical, rigid configuration. Actually, such chain-like molecules can

assume a large number of configurations when bound (Figure 2b), includ-

ing many in which not all segments are in contact with the protein (con-
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Figure 2. Schematic illustration of the binding of rigid and flexibleligands
to a protein. a) Small ions and other rigid ligands (L) bind to a protein (P)
with no changes in configuration. b) Flexible ligands may assume alarge num-

ber of configurations both in solution and in the bound state.



figurations with desorbed loops and free ends). Therefore, a new
model for multiple equilibria is necessary if the binding of flexible
ligands is to be considered. The model developed in this dissertation
fulfills this need, since it specifically accounts for the flexibility of
the bound ligands. Although the model has certain formal similari-
ties to the statistical-mechanical theories of flexible polymer adsorp-
tion at a surface, several feature‘s have been included which make the
model especially suitable for the description of protein-ligand inter-

actions.



CHAPTER II

DESCRIPTION OF THE MODEL

Limitations of Earlier Models

Several statistical-mechanical models of polymer adsorption at a
surface have been constructed (Silberberg, 1962; Roe, 1965a, 1965b.,
Further references are included in these papers. ). In these theories,
the central problem is to enumerate all possible configurations that a
flexible polymer might assume in the vicinity of a surface when at least
one of its segments is adsorbed to the surface. The enumeration of
configurations usually is accomplished with the aid of a lattice model,
Neglecting the self-excluded volume of the polymer, there is a one-to-
one correspondence between random walk paths on the lattice and poly-
mer chain configurations.

However, the currently available models for polymer adsorption
cannot be applied to the description of protein-ligand interactions since
each su.ffers from one or more of the following limitations. First of all,
infinite, planar surface lattices are utilized. The surface of a protein
is neither infinite nor flat, as most proteins have a fairly compact shape.
Secondly, the surface sites commonly are regarded as equivalent in their
ability to adsorb polymer segments, and the polymer chain is said to be
composed of identical segments. In contrast, a protein surface has

many different types of binding sites (due to the chemical diversity of its



constituent amino acids), and many flexible ligands contain segments
which differ chemically (e.g. the substituted alkanes). A third limi-
tation of most lattice treatments is that they are formulated only for
the limiting case of'inﬁnite or very long chains, while most ligands
employed in protein binding studies are relatively short (fewer than
20 carbon atoms for the alkanes and their derivatives). Finally, most
models emphasize the properties of a single polymer chain at a sur-
face, and the binding of additional molecules, if treated at all, is
assumed to occur in the absence of competition for surface sites among
adjacent molecules. Experimentally, protein-ligand interactions are
studied over a range of concentrations, throughout much of which
several ligands are bound to each protein. Due to the finite size of
the protein surface, the independence of successively bound ligands

cannot be assumed automatically.

Choice _-;f_ Model

The placement of a finite, planar lattice upon a closed surface such
as a cube or a sphere requires the introduction of a small number of
irregularities in the lattice pattern. Variations in either the coordina-
tion number of certain sites or the spacing between sites, or both, are
possible. As an example of an alteration in coordination number, a
square lattice may be placed upon a cube by introducing tri-coordinated
sites at the eight corners (Figure 3a). The placement of a square lattice

on a globe to demarcate longitude and latitude provides an example in
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Figure 3. The placement of planar lattices on closed surfaces. a) Asquare
lattice may be placed upon a cube by introducing tri-coordinated sites at the
eight corners. b) A square lattice may be placed upon a sphere by altering
the spacing between adjacent lattice sites and changing the coordination num-

ber of the two polar sites.
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which irregularities have been introduced in both the spacing between
adjacent lattice sites and the coordination number of the (two polar)
sites (Figure 3b).

In choosing a lattice to represent a protein surface, irregularities
in coordination number are to be preferred to large irregularities in
the spacing between sites, since the bond lengths between adjacent
segments of most flexible ligands are constant. Therefore, although
a sphere is a fairly good model for globular proteins, the square
lattice of Figure 3b is not suitable. A planar, triangular (hexa-coor-
dinated) lattice can be placed upon a sphere by introducing a small
number of penta-coordinated sites at regular intervals as illustrated
in Figure 4(Caspar and Klug, 1962), so that the lattice is character-
ized by two coordination numbers: z;=6 for the hexa-coordinated sites
and z,=5 for the penta-coordinated sites. This lattice has been selected
for the present model. !

The lattice of Figure 4 actually represents the outward projection
of the sites on an icosahedron (Marks, 1960), the regular polyhedron
with 20 equilateral triangular faces and 12 vertices (Figure 5). If each
face is subdivided into D? equilateral triangles (producing a division of
each edge into D segments), a lattice is formed which contains 10(D?-1)
hexa-coordinated sites and 12 penta-coordinated sites, the latter located

at the vertices. To treatthecase in which only a restrictedarea of the

!The choice of a triangular lattice is reasonable in terms of the geometry
of the ligands to be considered (Chapter V).
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Figure 4. The placement of a planar, triangular lattice on a sphere by
introducing a small number of penta-coordinated sites at regular intervals

(from Caspar and Klug, 1962).



12

Figure 5. An icosahedron, the regular polyhedron with 20 equilateral tri-
angular faces and 12 vertices (marked in white). Each triangular face of
this icosahedron has been subdivided into four equilateral triangles (Dz=4),
thereby creating additional sites on the lattice (marked in black). The sites
at the 12 vertices are penta-coordinated (z, sites), while all other sites are

hexa-coordinated (z; sites),
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protein (i.e. a patch) is capable of binding ligands, a single triangular
face of the icosahedron, or part of it, may be used (Figure 6). Such
a single face can be placed on a surface of any shape and need not cover
1/20_@ of the surfac.e area, so that the model no longer is restricted to
spherical proteins when just a patch of sites is used. !

In addition to their role in adjusting the triangular lattice to a
spherical surface, the z, sites serve as reference points on the surface,
Within each triangular face, each z; site may be classified according
to its positional relationship to the z, sites, providing a convenient
labeling system which allows each type of chemical grouping found on
a protein to be represented by a different class of sites. The actual
classifications used will be described in Chapter III.

The enumeration of ligand configurations requires that a lattice
describe the solution surrounding the protein surface as well as the
surface itself, since configurations with loops and free ends are possi-
ble. The lattice in the immediate vicinity of the protein surface is
constructed of concentric layers of lattice points with patterns iden-
tical to the pattern of sites on the surface. Therefore, the classifi-
cation established for the surface sites may be retained in each layer
of sites in the surrounding solution. When a ligand segment is on a
site in a given layer above the surface, it is assumed that the subse-

quent segment can be placed not only on one of the z; (or z,) adjacent

!The projection of more than one face also is possible if the faces are
non-adjacent to each other and it is assumed that the ligands bind
independently to each. & : .
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Figure 6. The projection of a single triangular face of an icosahedrononto

a sphere, to give a patch of binding sites.
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sites in that layer, but on any of the z; (or z;) sites in the layers above
and below as well. Thus, the solution sites in the vicinity of the pro-
tein surface are characterized by coordination numbers 3z; and 3z, . !
A simplified, but somewhat more limited statistical-mechanical
model for protein-ligand interactions which does not require a lattice

for the enumeration of configurations also may be formulated. Appen-

dix A includes a brief discussion of this model and some of the results

predicted by it.

!1The use of concentric layers of lattice points which retain the pattern
of sites on the surface implies that the spacing between lattice points
within a given layer will increase slightly as additional layers are
added. Some objections might be raised, therefore, if long chains
were considered, some of whose segments might extend many layers
above the surface while other segments remained attached to the pro-
tein. However, as mentioned above, the ligands used in protein
binding studies are short so that the approximations involved in the
choice of solution lattice are not serious.
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CHAPTER III

STATISTICAL-MECHANICAL TREATMENT

Basic Formulae

The theory is formulated using the grand canonical ensemble, in
which the individual protein molecules, each with n, surface lattice
sites, are the constituent systems. The solution in which the protein
molecules are immersed serves as a reservoir of both heat at tem-
perature T and ligands with chemical potential .. Thus, each system
is characterized by the thermodynamic variébles H,no, T .} The solu-.
tions considered are sufficiently dilute in protein molecules to allow
the assumption of independence of systems.

The grand canonical partition function, &= (i,no, T) , has the form

M

RN/KT
’,.’-//(P"HO’T) = NZ:O QX(N,no,T) €

(1I1.1)

where Q. (N,ng, T) is the canonical partition function for the system
when N 1igandé, each with x segments, are bound. M is the maxi-
mum number of ligands which can bind to the protein and is defined by?

M = [no/x] (1r.2)

!The thermodynamic variable ny is analogous to the volume of the system

which is encountered most commonly as the extensive variable in appli-
cations which utilize the grand canonical ensemble,

2Throughout this and all subsequent discussions, the square bracket nota-
tion will be used to denote the integral part of the enclosed expression.
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The terms QX(N,no,T) are of the form

N
@ _(N,np,T) = — (111.3)

with
A (0,n,, T) = 1 (1I1.4)

where qx(i,no,T) is the canonical partition’ function for the placement of
the ith ligand on thé protein surface.

To compare the predictions of the present theory with experiment,
the most important thermodynamic quantity which can be calculated
from,f—j(p,ng,T) is N, the average number of ligands bound per protein
molecule

M
2o N2, (N,ng, T) e

,’-:'_: (i“‘: g, T)

BEN/KkT

"

N(p': g, T)

an=

= kT "

(1I.5)

The equilibrium constant for the binding of the Nth ligand may be calcu-
lated from the terms of = (,n,, T)

QX(N’ g, T)

Kk = Vv
N @4(N-1,n4,T) qx’u(V)
\' v

D« (N,ng, T)
@, (N-1,10,T) a_ (V) -6

=V

where a4, u(V) is the partition function for the unbound ligand in a volume
L

V of solution.
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The Binding of a Single Ligand

In this section, equations will be developed which enumerate the
possible configurations of a single bound ligand, leading to an expres-
sion for q_(1,ny, T). Except for a correction eliminating immediate
reversals, the self-excluded volume of the ligand will be neglected.

A general method of correcting for excluded volume and some of the
results of such a cal.lculation are described in Appendix B.
A given configuration of a bound ligand consists of a series of

stretches of adsorbed segments separated by loops of desorbed seg-

ments. A state of adsorption of the ligand (Roe, 1965a), S, is defined

by the set of parameters
5=4do,s1,d1, 52,4, N PR L L do' } (111.7)

where s, and d; are the number of segments in the ith adsorbed stretch
and desorbed loop, respectively, and £ is the number of adsorbed
stretches. The parameters dg and dy' represent the number of seg-
ments in the free chain ends; if the segment at an end is in the adsorbed
state, dg and/or dy' is assigned the value zero. Since at least one seg-
ment of the ligand must be adsorbed, £ has the range of values

1€2¢ [ (xt1)/2] (1II.8)

In addition, the following restriction must hold
£2-1
= = ! .
x do+p=1(sp+dp)+s£+do (1I.9)
Any state of adsorption is allowed provided that equations IIl.8 and

[II.9 are satisfied. It should be noted that many possible configura-
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tioﬁs are included in a single state of adsorption. Not only could a
ligand with a given S be placed on different parts of the lattice, but
different arrangements of its segments are possible once the first
segment has been placed.
dyx (1,10, T) is calculated by assigning a statistical weight, t(S), to
each state of adsorption
(=]
Ay (1,10, T) = IEL {E} t(S) ' , (II1.10)

where the summation over {S} refers to all possible states of adsorp-

tion for a given £ consistent with equation II[.9.

The Totally Adsorbed Ligand In order to write general expres-

sions for the weights t(S), a method for enumerating the configurations
of a bound ligand must be developed. The counting procedure used may
be illustrated most -clearly through a discussion of the totally adsorbed
ligand, for which £=1 and

s = {0,x,0} (TIT.11)

’i‘o obtain an expression for t(O,x,O), the random walk of the ligand on
the lattice is regarded as a Markov process, each step of which corres-
ponds to the placement of a ligand segment on a lattice site. The states
of the Markov process are defined in terms of the classification of
lattice sites presented below. Thus, the ith state of the Markov process

is defined as the placement of a ligand segment on a class i site. The



20

relevant stochastic matrix is?

\
(wll WIZ WB s 00 0 00 0 0 WlC
le sz W23 o 0o 0 0 000 0 wzC
w= e 0000000000000 (III.lZ)

LWCI W2 Wc3........ WCCJ

whose elements wij are transition coordination numbers, representing

the number of ways in which a ligand segment can be placed on a class
j site given that the preceding segment is on a class i site. If a given

lattice has C classes of sites, the transition coordination numbers

must satisfy the relations?
C
Z P = i= coo e
j=1w1.] z; =6 for i=2,3, C
C (T11,13)
P2 P = i=
j:lle z, =5 for i=1

if the z, sites are said to form class 1.
The number of ways of placing the first ligand segment on the

lattice is given by a vector of initial configuration numbers

a(l)z (aﬁl) agl) a3(1) ag)) (111, 14)

1Throughoui: this and all subsequent discussions, underlined upper case
letters will be used to represent matrices, while underlined lower case
letters will represent vectors. All vector products represent scalar
products.

2When binding to a patch of sites is considered, somewhat different
_ relations will be necessary for values of i representing sites on the
edge of the patch.
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whose elements agl) represent the number of class i sites available

to the first segment of the ligand. In the vector

i(n) - aDyn? (1II.15)

each element agn) represents the number of ligand configurations
which terminate with the nth segment on a class i site. Thus, the
number of totally adsorbed configurations of a chain of x segments,

v(x), is

v(x) = a(x)e = i(l)wx- 19_ (I1I.16)

where e is a column vector of dimension C, all of whose elements
are unity.

To determine the elements of i(l) and W, the classification of
sites must be specified. Superficially, it might appear that a satis-
factory classification could be obtained simply by grouping the sites
according to their distance in lattice steps, r, from the nearest z,
site, Although such a classification is perhaps the simplest one possi-
ble, rigorously it cannot provide the basis for defining the states of a
Markov process. For example, of the sites at r=2 in Figure 7, the
site labeled g has three neighbors at r=3, while the sites labeled h
have only two neighbors at r=3. Thus, if all sites at r=2 were treated
as one class, the value of w,; would have to be some sort of average of
the values of three (for sites such as g) and two (for sites such as h).

This averaging, or lumping process, is not allowed because it would
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Figure 7. Detail of surface lattice in the vicinity of a z, site. The lattice
sites cannot be classified according to their distance in lattice steps, r,
from the nearest z, site. For example, the sites labeled g and h are located

at r=2, but the g site has three neighbors at r=3, while the h sites have only

two neighbors at r=3.
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destroy the Markovian character of the ligand random walk. ! There-
fore, the more refined classifications illustrated in Figure 8 must be
used.? Actually, the larger number of classes for a given lattice size
is an ad\}antage, increasing the number of ways in which different types
of sites may be arranged. Furthermore, the classifications of Figure
8 also are applicable to the single face a}nalogufes of the lattices,

(1)

although some modifications in the elements of a

and W are neces-
sary (Figure 9).

The classifications chosen possess a high degree of regularity,
since each face not only has a three-fold axis of symmetry about its
center but appears 20 times in covering the surface as well. The lat-
ter source of regularity is eliminated when only a single patch of sites
is used. Furthermore, it will be shown that the precise arrangement
of different types of sites has little effect on the results and the conclu-
sions which can be drawn from them (Chapter V).

t(0,x,0) may be calculated using the above enumeration procedure if
each configuration is weighted with Boltzmann factors for the site-seg-
ment contacts formed. Thus, the elements a}l) and Wij must be multi-

plied by

()
fj(n) o ey /KT (TI1.17)

!Under certain conditions, lumping of states in Markov processes is
allowed (Kemeny and Snell; 1960).

2Calculations performed using the lumped states, however, show that the
resulting errors in v(x) appear only in the fourth significant figure for
ligands as long as 30 segments and are considerably smaller for shorter
ligands.
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Figure 8. Classification of lattice sites. The initial configuration vector,

0,

and stochastic matrix, Y_V, for each lattice also are presented. D isthe

number of lattice steps between adjacent z, sites and ng is the total number

of sites on the lattice.
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D=6 (ny=28)

(0200000\

o
o
N
o
o
~
o

(o o
o
o
o
(=]
o
C_

Figure 9. Single face of the lattice D=6, Although the classification of
sites is the same as that for the corresponding lattice which'covers a com-
plete surface (Figure 8), the initial configuration vector and stochastic
matrix must be modified. A somewhat less angular patch may be obtained
if the class 1 (corner) sites are omitted to give a patch with nyg=25, which
requires the deletion of the first element of 3(1) and the first row and column

of w.
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where ej(n) is the energy of interaction between the nth segment of the
ligand and a class j site.! For the case in which all segments of the
ligand are identical and only one type of lattice site is included, the
same Boltzmann factor is used for all elements

f= o ¢/ET (TI1.18)
Furthermore, in the absence of a detailed correction for self-excluded
volume (Appendix B), all elements Wij in matrices describing segments

following the second must be multiplied by a correction factor to exclude

immediate reversals of the ligand

i (II1.19)

where z, represents the coordination number of a class i site.?
i

1
For notational clarity, i( ) and W will refer to the initial configu-
ration vector and stochastic matrix, respectively, when only an enu-
meration of configurations is desired (e.g. equation III.16). When

Boltzmann factors and/or immediate reversal corrections are used,

as in the following calculation of t(0,x,0), 39) and Wg will be used. Thus,

1) x-1
£(0,x,0) = ig Jw* e (TII.20)

General Equations for t(S) Based on the principles discussed above,

it is possible to write expressions for the weights t(S) for states of adsorp-

tion containing desorbed loops and free ends. The total number of config-

!The zero of energy corresponds to an infinite separation of the segment
and site in question, surrounded by the appropriate solvent.

ZAny rigorous correction would depend on j as well as i. Equation TII. 19
represents an average over all j.
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urations of a loop or free end may be equated to the product of its
vertical and horizontal configurations if it is assumed that the vertical
and horizontal motion of the desorbed segments can be treated independ-
ently. Such an assumption may be made for the present model because
the lattice points in each layer above the surface are labeled in a man-
ner identical to those on the surface, allowing the classification of
sites presented above to be retained as the basis for defining the states
of the Markov process. !

If H(d) and Hy(dy) represent the number of vertical configurations of

a loop of d segments and a free end of dy segments, respectively, then

2-1
t(S) = _fil)w? lHo(do) T_Il( PWSPH(dp)) sflw Ho(do)e (1II.21)

for the chain with free ends and

2-1
t(S) = ag )ws; B (w ngp H(dp)) wile (II1.22)

p=1
when dg=dgy'=0. a(l)

ag and Ws are the vector and matrix described above

(1)

for adsorbed segments, while aj’ and W4 are the vector and matrix

1
for desorbed segments. To form the latter from the elements of a( )
and W, the only modifications required are immediate reversal correc-

tion factors for the elements of matrices representing segments following

the second of a desorbed loop or free end

3Zi.-1

_—?’-Z_i— (1I11.23)

10n more typical lattices, the assumption of independence is a good one
only for small extensions of a long chain (Flory, 1953).
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Expressions for Hand Hy The parameters H(d) and Ho(dp) may be

calculated in two ways. The first method is of interest primarily
because it treats the vertical motion of the ligand as a Markov process
and thus is more similar to the methods presented above for the hori-
zontal motion of the ligand. The second method, however, gives
closed expressions for H(d) and Hy(dg). For a loop of d segments,

the first and dth segments must lie in the layer h=1, while the inter-
mediate d-2 segments may be placed in any vertica} layer h21l. One
possible vertical configuration of a loop of ten segments is illustrated
in Figure 10. Only the most proximal segment of a free end is con-

strained to the layer h=1,

Markov Method The vertical motion of the ligand may be treated

as a Markov process in which the ith state is defined as the placement

J

of the stochastic matrix Y represent the number of ways of placing a

of a ligand segment in the vertical layer h=i. Thus, the elements V.

segfnent in the layer j given that the preceding segment is in layer i.
Since steps to adjacent layers or within the same layer are the only

ones possible, Y is a tri-diagonal matrix of the form

(110000 ......
111000 ......
Y = 011100 ...... (11L.24)
001110 .....
k ........ .'....J

The first segment of a loop or free end always is in the layer h=1,
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Surface h=0

Figure 10. A possible vertical configuration of a loop of 10 (=d) segments.
The first and dth segments are constrained to the first layer of lattice points
above the surface (h=1), while the intermediate segments may be placed inany

layer above the surface.
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(1)

Hence, the initial configuration vector b is

b(l)=(1 00 0 ) (TIL.25)

Theoretically, E(l) and Y have infinite dimensions, although for a

loop or free end of d segments a d-element vector and a matrix of order
d are sufficient since h cannot exceed d. The number of vertical config-
urations of a loop or free end which result in the placement of the dth

segment on a site in layer i is given by the ith element of the vector

L@ (1) d-1

(1II. 26)
Since the last segment of a loop must lie in the layer h=1, the total
number of vertical configurations of a loop of d segments, H(d), may

(d)

be equated to bj
(1)Yd‘1e' (II1.27)

H@ = b1 = Ve - b
where e' is a column vector whose first element is unity and all other
elements are zero. On the other hand, the final segment of a free end
may lie in any vertical layer above the surface. Hence, the total num-
ber of vertical configurations of a free end of dy segments, Hy(dy), may
(do)

be equated to the sum of all elements of b

Ho(do) = E(d°)3 = E(I)Ydo-le (III.28)

Combinatorial Method Closed expressions for H(d) and Hy(dg) may

be obtained by modifying some combinatorial theorems for one-dimen-
sional random walks(Feller, 1957) in which the outcome of each step
is in one of two possible directions (from level h to level h+l or h-1).

In the present model, three possible outcomes exist for each step, as
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discussed above. However, any vertical configuration of a loop can be
visualized as a one-dimensional random walk interrupted by steps which
retain a constant value of h. Thus, for the loop illustrated in Figure
10, steps 2 and 3 (the placement of segments 3 and 4) and 5 through 8
(the placement of segments 6 through 9) perform a one-dimensional
walk, while steps 1,4, and 9 remain at positions of constant h. For a
loop of d segments (d-1 steps), any number of steps 2j may be involved
in the one-dimensional walk, subject to the restriction

0£;iL[(a-1)/2]" (1I1.29)
which insures that segment d of the loop can return to the layer h=1.
In addition, all segments of the loop must remain in layers above the
surface. The total number of configurations for such a one-dimensional

walk is (Feller, 1957)

1 (2))
ST (111.30)

Because the remaining (d-1-2j) steps at constant h can be placed any-
where along the loop, the total number of vertical configurations of

the entire loop for a given j is

(d-1)t 1 (2 1 (a-1)t
(2j)t (@-1-2j)4 j+1 Gt gt 7 G+l §igt (d-1-2j)t (TI.31)
Hence
= (
1 d-1)t
HA = % 71 7y (d)-l-Zj)'. (1I.32)

Similarly, a free end of dy segments (do-1 steps) may be visualized
as an interrupted one-dimensional walk. Any number of steps m between

zero and do-1 may be involved in the one-dimensional walk as long as all
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segments remain above the surface. The number of configurations

for such a one-dimensional walk of m steps is (Feller, 1957)

m!
III. 33
m+l ( )

[STs [
These m steps may be distributed in any manner among the remaining

(do-1-m) constant h steps of the free end. Hence, for a fixed m, the

total number of vertical configurations is

(do-1)! - m! (do-1)1
= (1I1.34)
@o-1-m)t mt  [2 [, (do-1-m): [ 271 [
Therefore
- | ,
‘Ho(do) = %3 (do-1)% (111.35)

M0 2R (do-1-m):

Evaluation of g« (1l,n5, T) Equations III.21 and III.22 may be com-

bined into a single, more general one with the aid of the Kronecker

delta

6(5) = (alPwiteg,0 + (1-6doo)3§”vx3°'lHo(do))

2-1
d s d.!
X =1(Y-Vspvl’de(db)) w.t (Gdo'o + (1-6g410) Wa’ Ho(do'? e

p
(1I1.36)
so that equation III. 10 becomes
x+1
where
(1), -1 1), de-1
EO(dO) = ES )WS 6d00 +i((i )Wdo Ho(do) (1-6d00 ) (111.38)
s
V(sp) = WgP (111.39)
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(TII.40)
o' (do') = (5d0'0 + (1-8g,10) 1v§°'Ho(do'9 e (I11.41)

Equation III.37 cannot be written in closed form. However, an exact
evaluation is possible for relatively small values of x, such as those
of the ligands commonly used in protein binding studies. As a first

step in this evaluation, the generating function of <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>