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SUMMARY

We investigate the asymptotic behavior of the inelastic
electron-nucleon structure functions within the framework of ladder
models of the virtual Compton amplitude in the limit |q2|+e with
w=2q.p/|q?| large and fixed. (q is the electron four-momentum
transfer and p the target nucleon momentum.) The leading log-
arithmic behavior of the ladder diagrams is obtained by Mellin

transform techniques. Our results are:

1. The structure functions do not scale (i.e. become non-
trivial functions of w ) in our neutral vector meson ladder model
and our pseudoscalar meson model because of the appearance of
factors of 1n|q?| . We also find the neutrino-nucleon structure
functions in analogous ladder models and they exhibit the same
non-scaling behavior. In all cases WW,, W; andv W3 (in the case

of neutrino scattering) diverge as |q2|+w :

2. In a truss bridge diagram model similar to that of

Bjorken and Wu VW, scales while W; does not.

3. To fourth order in the meson-nucleon coupling constant,
g, ladder diagrams are the only Compton scattering diagrams con-
tributing to the leading logarithm for each order in g in the
neutral vector meson theory and pseudoscalar meson theory. Ladder
diagrams with nucleon loops contribute to the leading logarithm
in the neutral vector meson theory but do not contribute to the

leading logarithm in the pseudoscalar meson theory.

4. The leading part of the Bethe-Salpeter for the Compton
amplitude in the neutral vector meson ladder model is closely
related to Jackiw's Bethe-Salpeter equation for the electromagnetic
vertex. (MTi which is the trace of the spin-averaged virtual
Compton amplitude is equal to Jackiw's off-mass-shell solution

for the vertex where M is the nucleon mass.)
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CHAPTER I

Introduction

A. The Experimental Situation

This thesis describes investigations of deep inelastic
electron-nulceon scattering in several field theoretic models.
The current interest in this topic was based on the point-like
nature of the electron which enabled experimenters to directly

probe the electromagnetic structure of the nucleon.

Thus experimenters and theorists spoke of "seeing" the
electromagnetic structure of the nucleons in electron-nucleon
scattering experiments. The interest in deep inelastic
scattering was further stimulated by the striking form of the
initial experimental data of Bloom et al.! In order to describe
the data it will first be necessary to define the kinematics

of the experiment.

The typical experiment consists of an electron scattering
off a nucleon and producing a final state consisting of an electron
and a collection of other particles, denoted by n. The initial
and final electron four-momenta are k and k' respectively. The
initial nucleon momentum is p, and the total momentum of the

particles, n, is P

Qﬁantum electrodynamics suggests that the scattering event
is well described by an electron—nucleon interaction consisting
of the exchange of a virtual photon of momentum, q=k-k'.

Fig. (I.1) depicts the scattering. It is possible that scatter—
ing through the exchange of several virtual photons may not be
negligible (especially in light of the work by Brodsky et al.? ).

We assume the one virtual photon exchange process is dominant.



Fig. I.1 Electron-Nucleon Scattering via One Photon Exchange.

In the initial experiment of Bloom et al.1 the incoming
electron energy E, the outgoing electron energy E', and the
electron scattering angle 6 were measured in the laboratory
reference frame. The differential cross-section for this

experiment is 2 (cf. section (Ib)):

2
o . B [2 Wysin2(&) + W, cos2(d)] (1.1)

dQdE'  4EZsin®*($-)

where o is the fine structure constant and the electron mass
is negligible compared to E and E'. W; and Wy are functions
resulting from the nucleon's complex structure and are thus
called the nucleon inelastic structure functions. Lorentz
énd gauge invariance require that there be only two functions

(cf. section (I.b)) and that they be functions of two variables,
2

q and v=q.p/M where M is the nucleon mass. In terms of the
electron variables v and q2 are given by
= — ?
v E E . (1.2)
q2 = -4E E' sinZCE—)



where the electron mass is neglected in comparison to E and E'

in the q2 equation.

Bloom et al's ! electron-proton scattering data suggested
that the proton structure function, sz, has a particularly
simple form in the deep inelastic region where lqzl and q.p
are of order of l(GeV).2 Rather than being a function of
two variables vwzp is only a funcFion of one variable,
w=2Mv/|q2|. This behavior is called scaling and it was pre-

dicted by Bjorken "

prior to the experiment. Because of
scaling W, can be represented by the two dimensional plot

in Fig. (I.2). Recently the neutron's structure function has
also been found to scale (Bloom et al.). In this thesis we will
calculate W1 and W, in several field theory models in an attempt
to understand the origin of scaling and other aspects of the

experimental data.
B. Technical Introduction

In this section we describe the derivation of eq. (I.1l)
and relate the inelastic structure functions to the forward

virtual Compton amplitude.

The invariant amplitude corresponding to the scattering

diagram Fig. (I.1) is

6)?2 = -ezﬁ(k')yuu(k)lﬁnl‘l | p> (1.3)
, q2 H

where e is the electron charge, u(k) is a Dirac spinor ( we
5
follow the conventions of Bjorken and Drell ) and <n|Ju|p>

is the matrix element of the hadronic electromagnetic current
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Fig. I.2. VW, versus w for (p+q) 2>4(GeV) 2 and |q2|>l(GeV)2

assuming wwWp=2.36MW; as suggested by experiment.



- between the incident nucleon state, |p> , and the final hadronic

state |n> . It is normalized so that

<n|Ju|P>= -iﬁ(pn)vuu(p)

for a point-1like incident nucleon.

(1.4)

In the experiment of Bloom et al. no attempt was made to

measure spins or detect any special final hadronic state.

sequently the cross—-section is given by

3 4,0
do= 2018 & [k kgt k) k-g (kk'-n®)] W

VoV U Cuv
E'/(k.p) 2-m2M?

where m is the electron's mass and

- 354 (gt
Wy~ I (2m) 3% (qtp-p ) <p|J, [n><n]J [p>

Below we will show that Wuv can be put in the form

' 1 q.p q.p
W = - By wo+ - - W
- (guv 2 ) W Z(Pu 2 qu)(pv 2 qv) 2

Eq. (I.1) is obtained if we evaluate do0 in the laboratory

Con~-

(I.5)

(1.6)

(1.7)

reference frame and use eq. (I.7) in eq. (I.5). The electron

mass is treated as negligible in comparison to E and E'.

We now show that Lorentz and gauge invariance imply

Wuv can be put in the form of eq. (I.7) It is clear from eq.

(I.6) that Wuv is a second rank Lorentz tensor which is a

function only of the four vectors q and p. Since the nucleon

is spin-averaged the most general form of Wuv is



= h + .
Wuv A pupv+ B quu+ C Py D 4,9, E Boo (1.8)

where A,B,C,D and E are Lorentz scalar functions of qz,q.p

and p2=M? . Gauge invariance implies

quwuv= 0 (1.9a)
qkuv= 0 (I1.9b)

Eqns. (I.8) and (I.9a) lead to

q.p A+ q?B =0 (1.10a)
q.pC+qg?D+E=0 (I.10b)

if we remember that q and p are independent variables and thus
the coefficients of P, and qv must vanish separately for eq.
(I.9a) to hold. Similarly eq. (I.9b) results in another

constraint on the scalar functions:

Agqp+Cq?2=0 (I.10¢)

The second constraint on the scalar functions iﬁplied by
eq. (I.9b) is not independent of those already given in egs.
(I.10).

As a consequence of egs. (I.10) wuv may be written

_ ALPry o4 + ~ (q2p- {4:P) .11
Wuv A PP, A qz(qupv qvpu) D a4, (q°D 2 A)guv ( )

_2 2
If we now define A =M Wy and W; = qu —(&;El— A then eq. (I.11)
2
becomes eq. (I.7). q



The inelastic structure functions are related to the
imaginary part of the forward virtual Compton amplitude.

The forward Compton amplitude corresponding to Fig. (I.3)

Fig. I.3. The Forward Compton Amplitude Diagram

is

T =N elel 7™ (1.12)
TRV

. . . i, . .
where N is a normalization factor, € is the polarization of

the incoming and ef of the outgoing photon, and

. iq.z *
T, =i d'ze 2 o|T G, (2)3,(0)) [p> (1.13)

with T* the covariant time ordered product. From Lorentz and

gauge invariance one can show

q.q
- _ MV 1, _ P9 _Db.q
Tuv (guv 2 )T, + 2 (pu 2 qu)(pv 2 q,) T2 (I.14)




in the same manner as eq. (I.7).

If we introduce a complete set of intermediate states

|n> into eq. (I.13), use the relation
2|3_(2)|n >= 7P Zep 5 (0) >

and perform the integrations over the z variables we obtain

203D @ 3
T =- % {<p]Ju(0) |n><n|Jv(01 p>—<p|Jv(O) ln>

HV _ :
qotpg pno + ie

<n|Ju(O)|p>

where P is the total momentum of state n and pno is its total
energy. We take the imaginary part of Tuv using the identity
1
Im = -78(x)
xtie

and it is clear from eq. (I.6) that

W =1 mrT (1.15)
TAVIN | 1Y
In particular
1
Wi=—"ImT) (I.16a)
1
Wa=— ImT;p (1.16b)

Later we take advantage of these relationships by constructing
models for the forward virtual Compton amplitude which give

the inelastic structure functions upon taking the imaginary part.



C. Ladder Models of the Forward Virtual Compton Amplitude

In this section we outline the models and procedures

which will be used in subsequent chapters.

The first step in constructing a model is to choose a field
theory which (hopefully) is related to the real world.
Secondly, because of the extreme difficulty (if not impossibility)
of computing the total contributions of all Feynman diagrams
we only include ladder diagrams (Fig. (I.4)) in our model of
the virtual Compton amplitude and approximate the contribution

of each ladder diagram by its leading logarithm.

M,

e — — — = — =

Fig. I.4. A Typical Ladder Diagram
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As a result all other Feynman diagrams are ignored. There
is no rigorous justification for ignoring these other diagrams.
However, a partial justification can be given. In the region
of the variables in which we are interested (|q?|+~ with w
fixed and large) the ladder diagram has a greater leading
logarithmic behavior then any other diagram of the same order
in the coupling constant (cf. Drell et al., 6 Chang and
Fishbane 7 , and section IV.A). This suggests that ladder
diagrams may be the most important diagrams in the region of
interest. Furthermore, the study of the set of ladder diagrams
has been of heuristic value in the development of Regge theory
and the multiperipheral model from a field theoretic viewpoint.
Hopefully our investigation of ladder diagrams will reveal some

features of a full field theoretic calculation.

Each ladder diagram corresponds to a multiple integral
which is usually impossible to evaluate exactly. However it is
possible to calculate the leading logarithmic term of the
integral in any variable. To define the leading logarithmic
term in a variable x we note that each term resulting from
the Feynman integral can be put in the form Axr(lnx)S where

A, r and s are independent of x.

Let TMAX be the maximum value of r occurring among the
terms. Then the leading logarithmic term is the term which
the largest s of all terms with r = TyAX
For each ladder diagram we compute the leading logarithmic
term in |q?| with w fixed. Then we assume w is large (though
fixed) and find the leading logarithmic behavior in w of the

coefficient of the leading logarithm in [q2| . This limit
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corresponds to the Regge region of the variables. It is also

a region which has been probed by experiments.

Finally we sum the leading logarithms of the ladder graphs.
The only justification for this procedure is the facility with
which we are able to sum large classes of Feynman diagrams.
However it should be remembered that lower order logarithmic
terms might become important upon summing all ladder diagrams?
Indeed Wu8 has given an example where the summation of leading
terms does not agree with the exact solution. Therefore we
should not expect any quantitative agreement of our results
with experiment but we can hope to compare their qualitative

features with experiment.

With these qualifications in mind we now state the
structure functions which were calculated in the manner
described above in various field theoretic ladder models.

These results will be discussed in Chapter IV.

The first model of the type we have described was studied
by Abarbanel et al % in 1969. In their model a "scalar"
nucleon interacted with a scalar photon. The nucleon struc-
ture was induced by scalar mesons being exchanged on the rungs
of ladder diagrams of the form of Fig. (I.4). Since the photon
was treated as a scalar particle there was only one structure

function which scaled when multiplied by q.p:
q.p W =~‘2’——w° (1.17)

where c=g2/l6ﬂ2M2, g is the meson-nucleon coupling constant
(cf. eq. (I1.8)) and M is the nucleon mass. The calculation is

performed in section IIB in order to illustrate our procedure.
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10
Altarelli and Rubinstein considered a model identical
to Abarbanel et al's except that the photon was treated as a
spin one particle. They found (cf. section IIC where we have

outlined their calculation for the sake of competeness)

c-2

Wy = 2Mcw (I.18a)
2 -
MW, = 2mM3c _T%?ch 1 (I.18b)
q

Drell et al 1 calculated the inelastic structure functions
in a charged pseudo-scalar meson model with spin one photons and
spin one-half nucleons. In addition they placed a cutoff,

k max® °% the transverse momenta of the emitted pion at each
pion-nucleon vertex. This was motivated by experimental data
indicating that the transverse momenta in pion production is
usually small. As a result they obtained scaling in both

structure functions

k¥ T | (1.19a)

N|E Nj=

VW

VW (I.19%)

MW,

for the neutron and proton with k a constant and

3¢2 k2MAX
a==8_1n 1+ ——2) (1.20)
16m2 M2

In chapter III we calculate the behavior of the structure
functions in a ladder model with spin one photons, spin one-half
nucleons and neutral vector mesons (in the Feynman gauge) ex-
changed on the rungs of the ladder. Our results are (cf.

section IIIB)
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Wy = ———— 1,(V2 z2) (I.21a)
Y2 wlnw
1
z = —&- (1n]q?|1nw)? (1.21b)

where g is the meson-nucleon coupling constant and I;(x) is a

1
Bessel function 2. Wy is related to Wy by eq. (I.19b).

It became apparent that the neutral vector meson model
was closely related to a neutral pseudoscalar meson model
which differed from Drell et al's model only in that no cutoff
is placed on the transverse momenta of the mesons. The structure

functions obtained in this model were (cf. section IIIC)

Z

Wiy = 2wlnw

I (z) (I.22)

with z given in eq. (I.21b) and W; related to Wy by eq. (I.19b).

Another model which is similar to the two immediately
preceding models is a truss bridge diagram model (which is

studied in section IIID). The structure functions in this model

are
Wy = g2 I; (2021-]11(1)) (1.23)
Mﬂdibzlnw
2 2 2 1
MW = lg & ( In|q |)2 I;(2(c1n|q?|1nw)2 ) (I.24)
wdiblqzl inm

where 0=G/1672, and g and G are coupling constants defined
in eq. (III.21).
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CHAPTER II

"Scalar Nucleon'" Models

A. General Form of the (N+1) Rung Ladder Diagram

The multiple integral corresponding to the (N+1) rung ladder
diagram for virtual Compton Scattering (Fig. (I.4)) has a general
form which is common to all the field theories we will be con-
sidering in this chapter and the next. We will develop the
general form in this section. Then we will use it in succeed-
ing sections to study models where the nucleon is treated as a

scalar (spin 0) particle.

The contribution of the ladder diagram in Fig. (II.1l) to

the virtual Compton amplitude is denoted TNuv'

To each line in Fig. (II.1l) corresponds a Feynman propagator
which is
i

k2 - M2 + ie

in the case of a spin 0 particle and is

i (X + M)
k2 - M2 + ie

for a spin one-half particle of four-momentum k and mass M.

Thus the Feynman integral corresponding to Fig. (II.1) may be

N %k, i3N+lJ -
iTN],I\):”..[ [ JL], N 2 242 2 .21 N > 2 2
3=1 @m' 1 (242 (e ?2] N1Ge, k)% - o2

j=1 r=1 (II.].)



Fig. II.1

k.’[ ko= Ky Ky
K, A *(
2l _ _ksTkp ka
KA Yk
L__kaTks o |7
T Tk ke
Ky N “N-l VkN

(N+1) Rung Ladder Diagram
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where m is the mass of particles corresponding to the dashed
lines, M is the mass of particles corresponding to the solid
lines and we let kN+1=P for notational convenience. We have
made the denominators and factor of i explicit for each
particle propagator and lumped all other propagator and vertex

factors into Z&hﬂf gaguv is a polynomial in the loop momenta
kj for j=1,2,...,N in general.

In order to put eq. (II.1l) in a more useful form we
exponentiate each factor in the denominator through repeated

use of the identity

(-] o 2_ .
L i) g SERPM e (e>0) (11.2)
k2-M2+ ie 0

where z is called a Feynman parameter. We label each line in
the diagram with the Feynman parameter exponentiating the
denominator factor in eq. (II.1l) to which the line corresponded

(Fig. (IT1.2)). As a result TNuv becomes

©o

Nuv .
iT. =1 do 1 a%k, —2— exp(d 11.3)
+ Nuv 6 j j (2n)4N p(1¥) (

with dQ = daodaldaz...daNdBI... dBNle"'dYN and

- < N. 2 2 2
¥ =ag [(q+k;) -M2]+j§1 {(Bj+Yj)(kj—M2)+uj[(kj+1-kj) -m2]  (II.4)

If‘ﬂ%uv were independent of loop momenta the loop integrals
in eq. (II.3) could be performed using standard techniques

. 1
such as those described in Eden et al. 3 So we re-express the

loop momenta dependence of terms in éﬁ%uv in a manner which
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Y B
| __~fﬂ____ |
72 as B>
o
°
°
An-y
B
A I

Fig. (II1.2). Feynman Parameter Labelling of Ladder Diagrams

results in 97Nuv being formally independent of loop momenta

and dependent only on Feynman parameters and external momenta.

In each case we consider we will explicitly do this. For the
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moment we assume ?Z
Nuv

proceed to perform the loop momenta integratioms.

is independent of loop momenta and

In order to perform the loop integrations we must
diagonalize ¢y . Following Eden et al 13 closely we linearly

transform the loop momenta

N
k, =% R, k'+S
3 r=1 T
so that ¢y becomes
N
Vo= 3 c.k!2+——g (11:5)
j=1 d 3
where the matrix of R._is orthogonal; and c., R._, S., D and
jr J Jjr ]

C are functions only of external momenta and Feynman parameters.
Since the Jacobian of this transformation is unity eq. (II.3)

is transformed to

7 N d'k! N 2y 1D
it =sag. M1 [—L] exp (i 1 c k! = (I1.6)
Nuv uvj=l (Zﬂ)q =1 T T c

3

Repeated use of the identity

T. dx eixz(A+ic)= ei“/llL
. 2T 2/ TA
leads to
iD
N exp ()
1 C
it = (—2—  raeM, —E (I1.7)
Hiwy 16724 Nuv- 2

N

with C = jglcj given in eq. (B4) and D given in eq. (B13) since

their explicit expressions are cumbersome. Eq. (II.7) is the
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general form of the (N+1l) rung ladder diagram's contribution to

the forward virtual Compton amplitude.

B. The "Scalar Photon, Nucleon and Meson" Model

Abarbanel et al 2 were the first to study a ladder model of
the forward virtual Compton amplitude in the limit |qZ|+~ with
w fixed. 1In their model all particles were assumed to be spin-
less. They wished to show in field fheory that it was possible
for the residue (which is a function of q2 but not v) of the
leading Regge trajectory to behave in such a way that scaling

resulted in the structure function, W. They found VW scaled.

In order to illustrate our procedure and for the sake of
completeness we will calculate the nucleon structure function
in their model. There will be only one structure function due

to the spinlessness of the photon.

The interaction Lagrangian density is given by

A e = o0 WO+ govty (11.8)

where { is the nucleon field, W0 the photon field and ¢ a
scalar meson field. The scalar meson will be exchanged on the
dashed line rungs of the ladder diagram of Fig. (II.1l). We
will begin our evaluation of the leading behavior of this ladder

diagram with the expression

2 N .
ig y dQ e1D/C

16m2 c2

TN =1 (
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which follows from eq. (II.7) if we associate a factor of -ig
with each meson-nucleon vertex and -i with each photon-nucleon

vertex, as our interaction Lagrangian and normalization imply.

We will find the leading logarithmic behavior in |q2| of
TN in the limit |q2|—>°° with w fixed by means of the Mellin

1y

transform technique. The Mellin transform of a function, £,

is defined to be

£(n) = Z £yt " Lae (I1.9)

and the inverse transform relation is

1
2ri

I %(n)tndn (1I1.10)
c

f(t) =

where the contour C is parallel to the imaginary n-axis and

-~

f is analytic on C. A particularly important case is

P
£(r) = o0 (11.11)
whose transform is
£() = 1 ’ (11.12)
r+l :
(n-p)
Since we wish to find the leading logarithm in |q2| of TN we
will Mellin transform T, in t= |q?| , find the pole farthest

N
to the right in the n-plane (called the leading pole), and

use the correspondence given by eqns. (II.11l) and (II.12) to
find the leading logarithm of TN. The coefficient of the
leading logarithm is the residue of the transform of T

N
evaluated at the leading pole.

All the momentum dependence of TN is contained in
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= 2 '
D =ap q (pd1N+C )+JC

where p=2q.p/q? ; and d C', C and J are independent of q2

IN?
and p . (They are defined in Appendix B.) As a result the

Mellin transform ! in [q2| of Ty is (KN=(ig2/l61r2)N )

-~ n+1 dQeiJ n n
= il - s b O ]
TN(n) KN i T(-n)/J . P agQ (ple+C ) (I1.13)

with Ren<0. The leading pole is at n=-1. It can be made

explicit by partially integrating with respect to oy

iJ

N doig [C2+n

1\ N
(od;, +CH "]

Since there are no other singularities at n=-1 the leading

logarithmic term of T _ is

N
T ~x fag -2 i 1
N da
| 42| 0 Clpd; i+ C' )
(11.14)
)
. KN dq’ eiJ
2
|q2] c' pd+C

where we have performed the oy integration in the last line
(which is equivalent to setting 0p=0 since the upper bound

of the op integration does not give a contribution). The
primes on C' and J' indicate og is equal to zero in them, and
aQ' = daldaz...daNdﬁl..,dBN dyl...dYN. Eq. (II.14) gives the
leading behavior in |q2?| of Ty in the limit |q2|+> with

w=|p| fixed.
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If we now assume that w is very large then we may approxi-
mate the integral in eq. (II.14) with its leading logarithmic
behavior in w . This region of the variables is where Regge

behavior is expected to occur.

The Mellin transform in p of T_ as given by eq. (II.1l4) is

N
TN ~—— [-mwesc(m)] s
|a?|

do' iJ' n
c'2+n e le Ren<0 (I1.15)
There is a multiple pole at n=-1 coming from the cscn factor

and the integrations over aj,05, «.. ,0 . Partially in-

N
tegrating with respect to 01,02, «eo oy gives
N iJ!
- KN (-mcsemn) N v N+l d e
T ) (-1 rd@' d [ ] (1I1.16)
N [q?] (Y IN dojdap...dog” 2%

Corresponsing to the pole of order N+1 at n=-1 is the following

leading logarithmic behavior in p

I<N (lnp)N‘? dBldBZ‘ . .dBNlede. . .d'YN eiJ"

Ty~ (I1.17)
|q2p wt O c"
N - s 2_
N oaw (7 d8dy 1(8+y) (P-ie) N L. 18)
lq?|p N! 0 B4y
1 ¢Z1lnp N
~ ). (II.19)

[q2]p N!  1ém2M2

After evaluating the residue at n=-1 in eq. (II.16) we performed

the oj,05...0, integrations and obtained eq. (II.17) where the

N

double primes signify all ai=0 in the primed quantities. From
N y

eq. (B17) it is clear that C" = 'Hl(Bj+Yj)' This together with

J
the expression for J" implied by eq. (B13) leads to eq. (II.18).
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After evaluating the simple integral in eq. (II.18) we obtain

eq. (II.19). To find the contribution of this ladder diagram to

the inelastic structure we take the imaginary part of TN as
indicated in eq. (I.16)
W = g 2 22 1nw 51
N 16n2M2|q2|e(N-1)t  16m2M2
where we use w=|pl. Upon summing W,. from N=1 to = we obtain eq.

N
(I.17), which is the result of Abarbanel et al. Therefore,

q.pW scales.

C. The Vector Photon, "Scalar Nucleon'" amd Scalar Meson Model
10
Altarelli and Rubinstein studied a ladder model for the
virtual Compton amplitude which differed from the model of
Abarbanel et al. only in the spin it assigned to the photon.
Altarelli and Rubinstein took the spin of the photon to be
one and consequently used the following interaction

Lagrangian:
* *
é\/,int = ~iey o VA +gd Vo (11.20)

where Au is the electromagnetic field, ¢ is the scalar meson
field and ¢y is the nucleon field with w* its Hermitian con-
jugate. Scaling was found in VW, but Wj; failed to scale by
a factor of |q2|_lln|q2| (except trivially at [q2|+=).

The calculation of the virtual Compton amplitude differs
from that of Abarbanel et al. because loop momenta now appear

in .  The nucleon-photon vertex contributes a factor of

-i(p+p')u to 7 Nuv where p is the incoming and p' the out-
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going nucleon momentum at the vertex. As a result
N
N

From eq. (I.14) it is clear that the contribution to T; from

N+1 2N
o (-1)" g (2k1+q)u(2k1+q)v' (I1.21)

TNuv will be the coefficient of —guv and the contribution to

Ty will be the coefficient of Pupv/M2 . Therefore we may use

v _ (_qyNHL 2N
%Nuv = (-1)77g7 4k (atky) (11.22)

instead ofi%&uv in evaluating T since the coefficients

Nuv
of = and pupv are the same in both cases (and these are
all we need to obtain T; and T ). The qu or q dependent

terms are irrelevant to our purposes.

We now introduce two '"dummy'" momenta which will allow
us to rewrite:7zNuv as a derivative expression in these
momenta and make it independent of the loop momentum kj .
Afterwards the "dummy' momenta Ap and A; will be set equal
to zero. The momenta are introduced as in Fig. II.3. As a

result § is modified in eq. (II.4) so that

agl(q+ky)2-M2] + (By+yy) (k3-M2)
is replaced with

o [(qHky+Ag) 2121+ (B 1y 1) [ (kA ) 2-M2]

-1 39
in ¥y . Consequently, we may rewrite kluas [2i(B1+Y1)] T
. -1 . I3 5Y] 3A1
and (qtky)  as [2icg] un’?lNuv. Therefore

AH
2 0
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Fig. I1.3. Ladder Diagram With "Dummy'" Momenta
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EiD/c

+ 2 N o' P
T uvs(—1)N L—8" 2 ]
16m2i (2i)%ag(B1+yy) Ay  2A) c2 Ag=A;1=0

where D is now a function of Ay and A; and C is unchanged.
The function D is given by eq. (B6) if we set Ay = A3 = ... =AN=0 :
in the right side of that equation. In Appendix C we show how

to evaluate derivatives of exp C—%E). Consequently

(0) (1) g (01)
T =41 ( igz)NI dQ q S TR 1LY } exp (&

iD)
Nuw 1672 c2 c2 2icC

in the notation defined in Appendix C. If we drop terms pro-

portional to qu or q, then TNuv becomes
o d21Npqu Cy in/c
TNuv: 41 KNI " { - ~Zic guv} e (1I1.23)

c2

using eqns. (Cl), (C2), and (C5). Comparing eq. (II.23) with
eq. (I.14) implies

- @ a _1D,
TIN = ZKN I " CN exp( . ) (1II.24)
= 4M2§ Ky ;-——: d2 expE2) (II.25)

C

The evaluation of the leading logarithmic behavior of

T,.. is precisely the same as that of T, in the previous

2N N
section up to eq. (II.1l5) where the additional factor of

le in the numerator of TZN surpresses the leading pole two
units to the left at n=-3. As a result we may read the

leading behavior of T2N from eq. (II.19) if we take account
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of the new position of the leading pole of the Mellin trans-

form in p :

4M2 ( g21np

T - (I1.26)
N 1q2]p3 Nt 16m202
The contribution of the (N+1) rung ladder diagram to
the inelastic structure function W, is
2 2 -1
W B L gine (11.27)

4m2|q?|wd3 (N - 1)t 1lem2M2

which gives eq. (I.18a) upon summation over N.

The evaluation of the leading logarithmic behavior of

TlN differs from the previous cases. The difference appears
15

when we find the leading pole of the Mellin transform in
2 B
|q | of TIN'
o Mg de 1 iJ n '\ N
Tix 2 K i rinli =— CN e o (pd1N+C ) Ren<0
c3tn

The leading pole is at n=-1 but it is of order two as opposed
to order one in the previous cases. Besides a pole factor from
the o(p integration there will be another pole factor which can
be manifested if we "scale" the variables ag,a;,B; and y; .

This "scaling" has nothing to do with our use of the term in
relation to the inelastic structure functions previously.

Scaling the above Feynman parameters means to perform the follow-

ing transformation of variables:
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Qg = X Qg
0] = X @
< (II1.28)
B1 = x 1
Y1 =x ¥1 = x (1 -3-3,-81)

which has the Jacobian x3 . The polynomial,C, becomes

due to its homogeneous nature where C is such that C/x is not

.a polynomial in x. Therefore

- n 1 . e e . e dXdaZ . .daNd82 ) .dBNd'Yz .o .dYN
T x=2Kgi T(-n)y dogda;d8ydy; [ .
1N
0 0 g3t

-~ -J ~ e ~ ~ ~ )
. Ch e @ex)" (pd )" 8 (1-ag-d1-E1-11)

Partially integrating with respect to apand x leads to a

double pole at n=-1. This implies

2 Ky 1n|q2?]| 1

T1N L5 I daldslleé daz...daNdﬁz...dBNde...dYN.
ilq?| 0
- ' - %
cl' el 5 (1-5,-81-71) (11.29)
’ ~2 At
C“(pd,.. + C' ) -
IN apg=x =0

Due to setting &0= x = 0 we have J' independent of ag, &1, él
and ;1; and from eq. (B17) and the delta function C = c' = éﬁ'
where Cé' is Cé with a;= 0.
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The evaluation of the leading p behavior of TlN proceeds
exactly as in the case of TN in the last section except that we
lose one factor of the integral in eq. (II.18) due to our scaling

of the Feynman parameters of the first loop. Therefore

2 -
o 25l ap® (7 dBdy_ e N
N ilq?[e N! 0 Bty
(11.30)
2M21n[q2[ ( g?lnp )N
|q2]o ! 16m2M2
and
2 2 2 N-1
. _g%n[q?| 1, _g?lnw
- ( ) (1I.31)

8n2|q2]w (N-1)¢ 16m2M2

which gives eq. (I.18b) upon summation over N.
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CHAPTER III

1
Spin 7 Nucleon Models

A. Introduction

In chapter II we described previously studied models of the
virtual Compton amplitude in which the nucleon was treated as a
spinless particle. In reality the nucleons have spin %—. It is
possible that spin is an inessential complication in this type
of model, and that models taking the actual spin of the nucleons
into account would not modify the qualitative features of the
inelastic structure function calculations. In particular, the
hope was that the scaling of WwW, in eq. (I.18a) would not depend

on the spinlessness of the nucleons in that model.

Unfortunately a calculation of the contribution to wW,
of the diagram in Fig. (III.1) with the solid lines being
spin -% nucleons and the dashed line a neutral vector meson
resulted in a term behaving as 1n|q2?| times a function that
scaled.17 Thus it appeared that deviations from scaling could
occur in models with a presumably more realistic (since the

nucleon's physical spin was taken into account) nucleon behavior.

In order to further investigate the non-scaling behavior
of this neutral vector meson theory with spin %-nucleons we
considered a model for the virtual Compton amplitude consisting
of a sum of ladder diagrams (Fig. II.1l)) with spin-% nucleons
and neutral vector mesons exchanged on the rungs of the ladder.
Section III.B describes this calculation. It became apparent
that this calculation was essentially the same as the correspond-

ing calculation in a ys pseudoscalar meson model in which pseudo-
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Fig. III.1. A Compton Amplitude Diagram

scalar mesons were exchanged on the rungs of the ladders. Section

III.C develops the results of this model.

The Feynman parameter integrals giving the leading logarithmic
behavior of the models of sections III.B and III.C are closely
related to those of a truss bridge diagram model studied by
Bjorken and Wu.18 Consequently we study a truss bridge diagram

model in section III.D.

The structure functions in this model are intermediate
between those calculated in chapter II and those of the spin'%

nucleon models of chapter III.

B. The Neutral Vector Meson Model

The interaction Lagrangian in the neutral vector meson model

is
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-3 eJYJA“= - =gﬁmwﬂ=

with ¢ the nucleon field, Au the electromagnetic field, BM

the neutral vector meson field and g the meson-nucleon coupling

constant. We use the vector meson propagator in the Feynman gauge,
i.e.
-i
guv
k2- m2

where k is the meson four-momentum and m its mass. The contribu-
tion of the N+1 rung ladder diagram (Fig. (II.1l)) to the virtual
Compton amplitude is given by eq. (II.1l) with

2N
- -8
")?NW E— Trly, (a0 )

2N
-

YRR

and PN defined in eq. (Al). The trace expression results from

spin averaging the nucleon.

In Appendix A we show that PN may be written

a b N j
PN = PN + PN pt j=1PN'Kj

where pg s Pg and P% are scalar functions of momanta for

j=1,2,x...,N. Consequently,

N
1 _ a_ b =3 b
7 G’N %n) [MPN (q+ky) . (pPN+ ji?jPN) ]+(q+k1)u(pvPN +
N N .

pJ b j
+ TPk, )+(qt +
j=1Nk3V) (atky), (p Py jilPNkju)
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Due to the appearance of ki, ko, ... , kN in PN we introduce
"dummy" external momenta, Ag, Ay, .. Ay into ¥ ( in the same

manner that we did in section II.C) as indicated in Fig. (III.2):

N
2
= +kq,+ -M21+ 2_wm2 - 2om?
¥ =ag [(q+k;+Ag) ] ril {(Bghyp) [(k 44 )M 1+ [(k -k )%-m®]}
Therefore if a term in PN were linear in kj we would replace
k. with
JA

1 d

A
21(B. 4y, .
1(ByHyy) oA

(III.1a)

and if the term were quadratic in kj we replace kjlkjo with

1 32
[

-2i(B.+v.)e, 1 (III.1b)
(21)2(8j+Yj)2 BA% aAg i 3

Thus PN can be made independent of loop momenta and we can

perform loop integrations. After performing the loop integra-
tions we apply the derivative operators and then set all dummy

momenta equal to zero.

In

The first part of P we will evaluate is (q+k1)upvp§.

N
Appendix A we show

N
Pz =2 1 (k2-m2)

g=1
and because of its simple form we need not use the dummy momenta
Ay, Aoy, .. AN_(setting them equal to zero immediately). Instead

we replace PE by



—— — —— -
k,+A|F7’| [3’|\I,k|+,l\I
A -A k,—k Qa A -A
>t -2 _(_2_"L __.'__V__.'.__
kot AN, B, k,+A,
A- A k=—K a A,—A
)2__3__.___3__2_9___%____&_39

Fig. III.2. Ladder Diagram With All "Dummy' Momenta Introduced
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which reproduces P if applled to exp (iy). 1In addition (q+k1)u
is replaced by (21a0) B/BAO . Therefore the contribution to

T of this term is

Nuv

iD
f _ipv -2 Ve e 3 s PG )
iy *

M 8r2 0 2iag  9A} j=13yj c2

A0= 0
The integrations with respect to YpYos ... Yy can be performed

and only the lower bounds y;=yo= ... = Yy = 0 contribute. After

performing the dummy momentum derivative we obtain

N «

i 2 dg iD

A = 2B L a4 e o) e ()
M 812 , c3 .

where it is understood that all Yj are set equal to zero in the

expressions for D and C which are given in eqns. (B4) and (B13):

= D(0) =0gq®(pd;#C')+IC

: T— = 2 (=
with C C|a0=0’ dij oo TR ALY and p= 2q.p/q?(u=|p|). We

keep the pupv part of Ny 51nce it will eventually lead to a

contribution to Ty : N
g i g2 N g iD

0(,N = ( ) 1 —— le exp(—). (I1I1.2)
8 72 o ¢3 c

The use of the Mellin transform technique will enable us
to find the leading asymptotic behavior of)( We first

determine the leading lq2l behavior Of&{ for fixed p

15
The Mellin transform °f0£;qin w = qul is



~t

R -n-1
0<N"dww N
0
. 2 N
=1 &) i”r(—n):
M 8n2
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J
3+ﬂ d ao (pd +C )n i . Ren<0

O<N is defined for Ren>-1 but becomes divergent at n=—i since the

ag integration then diverges.

There are additional divergences in

0<N at n=-1 which can be brought out by scaling over various sets

of Feynman parameters.

Rl
el

B1

Qg =

Bo

a3

aN.=

~

BN = XNBN= XN[l-X1x2'°

X1 (cx0+&1+é 1)—X2X3.

Let

X1X2X3e0 o

*N%0

: Xlxz o e e }{Nal

-

Xieoo XN81= Xl s xN(l-ao—al)

XoX 3e 0o XN&Z

XoX3e e xNBz=x2xg. . s xN[l—xl(&0+&1+é1)-&2]
X3XL e XN &3
. (I11.3)

Xy

.xN_l(&2+§2)—

”‘N1(°‘N1 -1~
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2y 6
The Jacobian for this transformation is X1 X,X x§
and the homogeneous polynomial, C, becomes X, 2 g...xN c

where C is a polynomial in X15X2e e e X and C/xi is not a poly-
monial for i=1,2,...N.

Under this transformation;ﬁfN becomes

s ., N 1. o dxydx,... d
Ly = 5E) ") g @ ..

i — .
812 03+n

o
o

d n =1yn_1iJ = e
. le(aoxlxz... xN) (pd1N+C') e (l-ag-a;-B7) -
. 8Q-x (agta;+Bi)-ag) . . .

where dQ , BIN , and C have aiand Bi replaced with o, and
éi’ and each term in J contains at least one factor of x,.
for some i. The Dirac delta functions, §(x), implement the

constraints in the‘scaling (eq. (III.3)).

We can now partially integrate N+1 times and exhibit the
integral's singularity at n=-1

v s ¥ (apx, % }ﬁq)-n+1 N+1
+ 3 . 1 "~ 1 2'0. 3
0CN 5 (—l)N 1 —;”I- (—%) i'r(-n)5 aQ 1 dx TE] - .
8w 0 0 (n+1) 9 a3 X}9Xp .« « IX
d; (pd_+CH" 4 o o
. 3+;11 e 8(1-ag-01-B1) 8 (1-xq (agtar+B1)~ap) ...
C

with dx = dx;dxp ...de.

Since the leading singularity is an (N+1) order pole at n=-1
the leading asymptotlc behavior Of(DL in |q2| (for flxed p) is

given by Iq | (N') (1n|q2|) times the residue of ae
=-=1:
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OCN 5 1 (g21n|q2|)N } d2'd) 8 (1-a1-B1)8 (1-ap-B3) . . .8 (1~ —B)

MquIN! 8 72 0 C'Z(pd1N+ c")

(I1I1.4)

where we have dropped the tilde over the Feynman parameters and
let dQ' = daldaz...duNdsldBZ...dBN. Eq. (III.4) displays the
leading lqzl behavior of JCN for fixed p .

We now find the leading p behavior of the remaining

Feynman parameter integral through the use of Mellin transforms.

16
The Mellin transform of eq. (III.4) in w=p gives
1+n
' — -— —-— -
1 gzln]q21_>N 1 dQ le §(1-a;-B1)...8(1 oy SN).
( ) (-mesemn) g 3T
M|q2|Nt 8 12 0 gr=m

(III.5)

There is a pole of order 1 at n=-1 due to the cscmn factor; and a
pole of order N+1 at n=-2 due to the cscmn factor and the poles
which appear upon partially integrating with respect to

A15025 «oe 5 O in the same manner as above. The result, after

evaluating the residues at the various poles, is

' - — - —-— -— -—
. 1 gzln[qgl)N } do's (1 o1 51)5(1 Qo 62) .6 (1 dN BN)_
H MIqZIpN! 8 72 ¢ c'2
1 gzKllnlqzllnp )N
M|q2[p2(NY) 8 m2
where
1 -
K r dedél B) _ 1 (11II1.6)
0
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The first term gives no contribution to the absorptive part of
Tuv when summed over N so we drop it from consideration. Thus the
. . b b
contributi +kqy) P+ +
ution of the pu(q 1)v N pv(q kla PN term to the PP,
t is:
part of TNuv is

-2pp, 8%k 1n|q?|1np
) (I11.7)

M|q2|p2(N!) 82

The next term we examine is —guv(q+k1).pP§. The calculation
of the leading controbution of this term to TNuv is very similar
to the calculation just completed. The Feynman paraméter integral
for this term is given by the right side of eq. (IIIL.1) with u

andy summed:

-ig 2 N, do(2d +p.qC') iD
Gy —-——ﬁuﬂpiiiﬁ I expfjfﬁ (I11.8)
1V 8w 0 c3
where Yi1=Y2= ...YN = 0. From the above calculation it is
evident that the part of G corresponding to p.q C' will

Nuv
dominate the leading part of GNuv by a factor of q.p/M2 com-

2 . .
pared to the M le part of the GNuv integral. The relative
factor of p is due to the suppression of the leading pole from
n=-1 to n=-2 by the le factor in eq. (III.5). This factor of
q.pp 1is the only difference between the two calculations. There-

fore the leading contribution to T coming from the term,

b N uv
_guv(q+k1)‘P Py» is
- % 11n |q 2|1 N 21n|q?|1nen
8,4+ P g iln|q“|lnp 8y g“ln|q
( ) = ¢ ) (III.9)
M|q2|p(!) 2 gm2 2M(N!) 2 g2

The contributions of the remaining terms in PN to TNUV

will not be relevant to the leading logarithmic behavior of Tiy

and TZN' They will be at least a factor of 1lnp below the lead-
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ing logarithms given in eqs. (III.7) and (III.9) and can there-
fore be ignored under the assumptions that lqzl and w are large
enough to ma%e this approximation valid. (It should be noted

that C' = jgl(aj+sj) in eq. (III.5) due to the scalings and delta
functions. Consequently the integral can be shown to be exactly
equal to (n+2)—N. Thus the p behavior of this integral could be
found exactly without recourse to the leading logarithm approxi-

mation.)

Now we evaluate the contribﬁtions to the leading behavior
~ N o
T k, PJ +(q+k,) I k, PJ +
j=1 jv N (q l)vj=1 ju N

N ~ s
+guv[MP;—(q+k1). j£1 ijﬂ]. The first term we consider is

(q+k1)v §'kjuP§. According to Appendix A ﬁ% has the form:
j=1

of TNuv from the terms (q+k1)u

_ . j-1 N-j
pd = 2Fl Tpoe-m2) 50 pBS1p%2... VM
N r=1 r s=0 {e}J e es

with {e} = {e1,€2, «os es} s j<e1<e2<...<eé<N and

. " 2 _ j-1

B = 2¢497M2-29" k) M (k2-M2).

i i 3 r
r=it+l

Since we are interested in the leading behavior of TNuv we

approximate Bi by

j-1
k..k., T (k2-M2) (I11.10)
o r=it+l r

pd _pdti-i
1

and as a result we ontain an expression for P% which is exact

to leading order:

- N~ kyokg k, ok ook, ok ko o.p
= ‘ 1 € e -
I (ki—Mz) - (_2)s+1. 3 s-1 s s
i=1 s=0 {e} (k2-M2) (k2 -M2) ... (k2 -M?)
J e es

P%+ 2N
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Following the same procedure as in the calculations just
concluded we introduce and use derivatives with respect to Y
for i 4 e and i # j to do the corresponding integrations,

and of the N ; only keep the parameters, Y50 Ye ’Yez ’Ye3 s ...Yes.
Therefore, with all Y equal to zero but these, we obtain the

following contribution to T

Nuv
i g2 N N NG N1 s+l U dg
H'Nu\) = ( ) I r i (-2) E .
8124 j=1 s=0 {e}o ¢c2

iD(A)
. +k k. k..k k .k ...k . —
[Caten) g ey ke kg kg oo P exp (G )]A0=A1=...=0

where it is understood that the loop momenta in the intrgeal

represent derivative operators. The derivative represented by
-1

(q+k1)v is (2iag) _%KV' and use of eq. (III.1l) for the remain-

ing s+l pairs of derivatives leads to the following derivative

expression
s+1 A
-1)" p
(g+ky) k. k..k_ ...k .k k .p> i
ML IS ®s-1 % %5 (Zi)s+lze Ze . Ze
0 s
s+1 m
. B oz mé'l) :
0<v1<v2<...<vm§s vy V2 L
32M+l
’ v V1~ v V-1, A
3AgoA"  3AY1 3a 9AY2 A A 3A ™ oA
e e e Vv e € Vo e.. e AY) e e
vy Vi Vo Vo V3 vm_lm—l v Vo
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where we have expanded the factors and summed over the indices
of the i . =] =Bty .
gaB which appear. We have also let ey= j and Zl Bl+y1

The m = 0 term in the sum is

s+1
(-1 P, 5

1)tz z ...z A}
€ep e eS

We have applied these (2mt+l) order derivatives to exp (iD(A)/C)
in Appendix C and found that the part of the resulting poly-

nomials that gave contributions to the leading behavior of the

pupv part of TNuv is (eq. (C10))

m m e
2i | 2mt+1-h h :
pp, I () D@ dy ()™ T Co _y G
WViyio C i=1 v,
(I11.11)

where f{m,h) is an integer and C; is a Feynman parameter poly-
nomial defined in Appendix B. After substitution of these ex-

pressions into HNuv we obtain:

ip p 2 N N N-j s+l m

B —- <t 1 s st oz z oz (ip.g™P.
8r2 j=1 s=0 {e} m-0 {v} h=0
. £(m,h) L o (I11.12)
{e} {v}
with
iD m-h
dQe 0 d d
OCNsmh i AR T ’ r (III.13)
= T z C c .
{eHv}O CZHH_B-'h Z Z ... Z r=1 Sv ev-'l N
ey e e r r
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The calculation of the asymptotic behavior in |q2|for fixed p
of the integral in eq. (III.13), and then the leading p behavior

is similar to the calculations sone previously. The Mellin

transform in |q?| ofy Némh is
{e}{v}
CK?'Nsmh n o deT§h+laom-h+n(ple+C')neiJ U
feHvy = T TEM ] . 2 ,  c2mt3-hin
eg2ey """ Ce
s
where

(=
]

r=1 v
r

m 0 eV
I Ze Ce -1 CN r .
v
r
If we scale as in eqns. (III.3), modifying the scaling to include

_the ) for i = 0,1,2, ... , s
i

i i i i
and including ;e in the appropriate 8-functions, then we obtain
i
~ ~m- ~ +
¥ Nsmh 1 dxl...dedm h+1(a0x1x2...xN)m?h i
erfor= 1T(-n) gt I - .
{eHv} 00 5 ~ = m+3-h+n
Z ...2 C
ep e1 e

. (p&1N+E')"e1Jﬁ §(1-ag-a3-B1) . . .

Partially integrating with respect to &o, X1s X eees Xy gives
a pole of order N+1 at n=h-m-1. This implies the leading qul
behavior ( p fixed) is
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{Njﬁh} R I (m+1-h) (1n]q2 Y

e " mt1-

VI @™

=, sm-htl = o - o - s -
aq le U8 (1-03-B1)...8(1 ae. Be Ye.) iee
s 2 1 ; - .
0 I - ~,m+ g =1 mtl-
eo... Ze C (ple+C )

(I1I.14)

after evaluating the residue at n=h-m-1.

We now investiagte the |p|>>l behavior of the remaining

Feynman parameter integral in eq. (III.14). The Mellin transform

R
in p is
T'(mt1-h N h -n-1
(whlh) 142N D" P =resem)1CY
N!(ilqzl)m+1 h m-h
. dQ'dEh+l+nU6(l-a1—81)
» 1 2mt3-hn

Z Z ...12 c'
ep e eg

Partially integrating 0j,0ps eeo » e exhibits a pole at n=h-m-2
of order N+1 (counting the pole due to csc(m)). This is the
leading pole which results in an eventual contribution to the

absorptive part of TNuv' The leading behavior is

Nsmh
{e} v}~

-(m+1-h)!(1n]q2Jlnp)N -s-1_s+1
.1 21 \T=h.| 2] 2 2 KE 1K2
(ilq?[e)™ "ilq?[eo%(n!)

with K1 given by eq. (III.6) and

_} d8dys(1-p-y)
0 (g7

Ky (I11.15)

The factors of Ko come from the s+1 Ye which occurred in this
i
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calculation. There was a pole at n=h-m-1 of first order due
to csc(mn) which we ignored since that term does not lead

to a contribution to the absorptive part of TNvu

If we put the last expressions and eq. (III.12) together
we obtain the leading behavior of the pupvpart of

(q + kg )vZ kjuP§+ (q+k1)u2 kijé, namely,

-2 pp g2K ln|q2|1np NN N-j -K, s+1 s+1
. I3 ) (NSJ) z (S+1)z (-1 P (@-n1) 1
M|q2|p2(N!) 8 72 3=1 s=0 K, h=0
. £(m,h) (I1I.16)

where the sum over {e} , such that j<ej<ey<. .. e <N, was re-
placed by (N J) which counts the number of these (1dentlcal)
terms, the sum over {v} was replaced by (S+1) for similar reasons,

and we used 2 p.q = —|q2|p. In Appendix C we prove that

m

$ (-)P(m-h+1)! £(m,h) = 1
h=0

for all m. Substituting this into eq. (III.16) and noting

s+l
b (

m=0

s+1 s+1

) 1" = (1-1) =

proves that the numerical coefficient is zero and that these
terms so not contribute to the leading behavior of the p pvpart
U

of TNuv

We now find the leading behavior coming from —g (q+k ) .

. _ZlkJ P; . The calculation proceeds in the same manner as the
J=
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Previous calculation. However the polynomial resulting from
applying derivatives to exp (iD(A)/C) has a different leading
part. Instead of having the leading part given by eq. (III.1ll)

we now have the expression given by eq. (C13)

m-1 21 2mt+1-h
E =)
C

e
o\ i m-h m 0 v,
2 (-1) " p.qC (doNp.q) £, (m,h) .H C1Cy 1 -
= vy

i=1
with f,(m,h) an integer.

The calculation with this expression is virtually unchanged
from the above except for the pole being shifted one unit to the

right when the |p|>>l behavior is being found. Thus the con-

tribution of this term is

2 2 .
g?K,1n|q?|1lnp N N N-j -g_ s+l . . s+l
e y =ord &H oz Ehent.
2M(N!) 2 8 2 j=1 s=0 "1 m=0
m-1 h
. 2 (-1) (m-h)! £ (m,h)
h=0 !

In Appendix C we prove

m h
2 (-1)M(m=h)!£;(m,h) = 1
h=0

and as a result the numerical coefficient is zero. Thus there

is no contribution to leading order from these terms.

Finally, a calculation similar to the above for the lead-
a 2]
N
less then that of eq. (III.9) and thus does not contribute
|
N

ing part of the guvP term shows that it is a factor omn ln[q

‘to leading order. There is also a part of (q+k1)v2kju§ pro-
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portional to gy (after performing derivatives of exp(iD(A)/C))

which is a factor of 1n|q?| less than that of eq. (III.9).

In conclusion, the leading logarithmic contribution of the

N+1 rung ladder diagram is

2 2
T 1 (gflnlq llnw)N

IN (II1.17)
2M lnwN!(N-1)! 8 72

2MW = va2

N (I1I1.18)

N

from eqs. (III.7) and (III.9). Upon summation over N we obtain
eqs. (I.21a) and (I.19b).

C. The Neutral Pseudoscalar Meson Model

The neutral vector meson model we have just studied in
section III.B is closely related to a neutral pseudoscalar

meson model. The interaction Lagrangian for this model is

-t Py pAT - s dghygle

with ¢ the pseudoscalar meson field and V{ the nucleon field.
Pseudoscalar mesons will now be exchanged on the dashed lines of
the diagram in Fig. (II.1). All remains the same as in the
neutral vector meson model except that one replaces each Ya.
with a yg in the expression for PN given in eq. (Al). As a
result PN has the solution given in eqs. (A27) through eq. (A30).
If we are only interested in the leading logarithmic behavior we

can set M=0 throughout P A comparison of P_ in the two models

N° N
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with M=0 shows that PN in the neutral vector meson theory is a

N
factor of 2 greater than P_ in the neutral pseudoscalar meson

N
theory. Consequently we can use eqs. (III.17) and (III.18) to
obtain the contribution of the N+1 rung diagram in the neutral

pseudoscalar meson model:

ZMWIN = wwW (I11.19)

_ 2M (gzlnlqzllgm
|q?|w?lnw NI(N-1)! 16 w2

N
Vo ) (I1I.20)

Summing over N gives eqs. (I.19b) and (I.22).

D. Truss Bridge Diagram Model

In this section we will study a model in which the inelastic
structure functions have forms which are intermediate between
those in chapter II's models and those in the models studied
earlier in this chapter. All particles in this model are spin-
less except the photon which is spin one. The interaction

Lagrangian is

gw*w¢+Gw*w¢2—iew*§LwAP (I1I.21)

with ¥ the nucleon field, A" the electromagnetic field and ¢
a meson field. In this model we sum the leading logarithms of
all diagrams of the form of Fig. (III.3) and its mirror image.

They are called truss bridge diagrams.

The Feynman integral corresponding to Fig. (III.3) and

the mirror image can be put in the form of eq. (II.1) if
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72 = 2g2(16) L2k + 2kq+q) g ['_%RZ-MZ)]
Nuy~ 287 ) (2k, q)u( 1+q vj=2 i 3

where iG is associated with each four particle vertex, a factor

of 2 was introduced to take account of the equality of the

diagram and itsmirror image and where we have introduced factors

to compensate for similar factors occurring in the denominator

of the integral. 57?Nuv can be rewritten so that it is independent'
of loop momenta. We introduce the dummy momenta Aj; and A; and
follow the procedure of section II.C. Therefore‘(2k1+q)u(2k1+q)v

is replaced with

4 32
(2i)2ag(B1+y;) Ay aAl}

which results in the correct expression for the pupvand guv parts
of TNuv though not for the quor q, dependent parts. The factors
1 (k%—M?) can be replaced with

j=2
N
L 2 (111.22a)
N-1 .
i j=2 93y.
3
or
N-1
1\111 9 (I1I.22b)
i 9Y29B33yYL0B5. .
Therefore T is
Npv
N-1 5 N 2 ip/c
T, - T, 4 I 33 v"u E—) (1T1.24)
¥ 8w2 ag(Br+y1)  3=2 °Yj oApaAl €% | ap=ay= 0
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where 0=G/16m2, C is given by eq. (B4) and D is given by eq.
(B6) with A2=A3= ceo = AN= 0.

After performing the derivatives with respect to Ay and

Ay TNuv is
2
_p2(-)¥1 N o5 dyy clig,,. oiD/C
Ty pden == [{—pp,- } 1 (III.25)
2m? j=2 c2 ¥ a2 c2

if we ignor terms proportional to quand q, - Therefore

_ 2, \N-1 N ¢l .
T, =870 " genm 2 [N ID/Cy (II1.26)
2m2 j=2 9 Y; 2ic3
and
N-1 N &
—el2M2(_ - .
T, = 5 MP(=0) ", 4o nm 2 [N . iD/C, (I1I.27)
2m2 j=2 Byj ct

We first evaluate the leading logarithmic behavior of T1N

in lqzl with w fixed. After using the derivatives to perform

the integrations over Y2,Y3s ... Y, and Mellin transforming

N
in |q2| we obtain

1
2ol r dac’y

T =
3
18 4in2 ¢>tn

T -8

oy (pd #¢")"e™ 5" (-n) Ren<0 (IT1.28)

where it is understood that ys=y3= ... =Yy = 0 in all expressions
in the equation. (Only the lower bounds of the integrations over

Y25 cees Yy give a non-zero contribution.)

The leading pole at n=-1 is of order N+1l. To make this
explicit we perform the scaling given in eq. (III.3) with this
modification: let élbe replaced with B1+Y; throughout the
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set of scaling equations and perform the following scaling

of Yl

Y1 T X1X2 e XN Y1-

We follow the same procedure as we did between eqs. (III.3) and

eq. (III.4). The result is

- el —1 =R 1= O - —
. ) gch 1(ln|g?[)N ; dQ'c N (1-a;-B1-Y1)8 (1-ar-B5)...8 (1 aN BN)

4m2| g2 | C‘z(pd1N+C')
(I1I1.29)

N
here d i "= (opt . 1= .
where due to scalings, C (a1+B1+Y1) CN and CN jI__I_z(aj+8j)
Taking account of the delta functions allows us to perform
the integrations over all parameters except G],00, «..0 N and
we obtain

N
N-1 dajdog.. .da
r. . 8% “(nlq?) 1 H1%

IN (II1.30)
4m2|q2|N! 0 pd1N+ 1

which is the leading logarithmic behavior in lq2| for fixed w .

The integral in eq. (III.30) can be performed exactly. The

simplest way is to Mellin transform the integral in p which is

1

-wese(mn) [ daldaz...dangN = —:ﬂEEE%H—
0 (n+1)

The inverse Mellin transform of this function is

N
(Imp) _ 1

2
Nlp p

1
+ _T-l-oc.

p

DtJH
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Only the first term contributes to the absorptive part of TIN’
Therefore if we take the imaginary part of TIN in eq. (III.30)

and use eq. (I.1l6a) we obtain

o g”1n| q?|
IN™ , 21 2
4m20| q2 | N1 (N-1)!

(61n] 2] 1nw)¥L (II1.31)

which gives eq. (I.24) upon summation over N. Note that eq.
(III.31) gives the leading logarithmic behavior of Ty in|q2|

for any (fixed) value of w .

Next we evaluate the leading behavior of TzN' It will
be more convenient to use the derivative expression in eq.
(III.22b) rather than (III.22a). Therefore eq. (III.27)

becomes

- N-1 a2 )
T, = B ()" sag L /ey (132
2m2 3Y20B39Yy. .. C

After performing the integrations over yp,B3, ... we obtain

2
_o2m2 N-1 dqd s
T = 2B M<o | 1N e1D/C

2N 212 c

(III1.33)

where it is understood that dQ=da0d81dY1du1da2...daNdedY3qu...
and yy=B3=yy= ... = 0 throughout the integral. The evaluation
of the leading logarithmic term in qul is exactly the same as
the evaluation in section II.B. Scalings do not contribute to

the leading logarithmic term. Therefore the leading term is

2 47

_'_ 21’120'N—1 dQ'lee

T,q ~ &0 g (111.34)
2in2|q2| C'3(pd1N+C')
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We will now assume p is very large and find the leading
logarithmic behavior in p of the integral in eq. (III.34). The

Mellin transform in p is

2+n
~ D 2 N_l dQ'd s Tt
- =g
TN B0 (-mescmn) f ﬁ et (III.35)
2in?|q2?| ¢t
We can infer the leading n pole behavior of
dQ'eiJ' 2+n
IN(n) = J —F;‘rﬁ— le (III.36)
C
18
from the work of Bjorken and Wu. Rewriting eq. (III.36) in
terms of their notation we obtain:
IN(n) = kKA(n+2,N-1,0) (I11.37)
where
1 dQ"dTN C" P
A(n, N-1,p) =7 oF [1n( )] (II1.38)
0 Cn n (Cn_ c"
i A e N |

and the double primes indicate that oagp,B; and yYjhave been set
equal to zero in those expressions and dB;dy;dR" = d2'. To

calculate k we evaluate I;(n) and A(M+2,0,0):

1 1
T3 1) ==t
iM2  n+3
1 2
A(N+2,0,0) = do 8752 L
n+3

-1
and use eq. (III.37) to obtain k=(iM2) . From Bjorken and

Wu we have



54

(2N) !
NI (NHL) ! (ne 1) 2L

A(N,N, 0)

and therefore

1 (2M-2)!
iM2  NI(N-1) ! (n+3) 2N

IN(n) ~ 1 (I11.39)

Thus the inverse Mellin transform of the leading pole of eq.
(II1.35) is

N-1 2N-1
g20" " (1lnp)

Ton -
2m2|q2|p3N! (N-1) ! (2N-1)

and

g2(cr]'€>1nuo)2N_2

212 | g2 | w3Nt (¥-1)!

2N ~

Summing over N results in eq. (I.23).
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CHAPTER 1V

Comments on the Spin One-Half Nucleon Models

A. The Leading Behavior of Non-Ladder Diagrams

In the spin one-half nucleon models we studied in the last
chapter we only included ladder graphs with mesons exchanged
on the ladders' rungs. There are many other graphs contri-
buting to the virtual Compton amplitude in each order of g,
the meson-nucleon coupling constant, in the pesudoscalar
meson and neutral vector meson field theories. 1In this
section we consider these graphs to fourth order in g. We
show ladder graphs have a leading logarithmic behavior which
dominates the leading logarithmic behavior of all other graphs
in each order of g to order g“ . This suggests that there is
no cancellation of the leading logarithms calculated in our

models by the leading logarithms of non-ladder graphs.

We will show that there is a set of ladder graphs
containing nucleon loops (cf. Fig. IV.3) having the same
leading logarithmic behavior as the ladder graphs ( without
nucleon loops) in our neutral vector meson model. However,
ladder graphs with nucleon loops in the pseudoscalar meson
theory do not have the same leading logarithmic behavior as
ladder graphs (without nucleon loops) in our pseudoscalar
meson model. This is the only qualitative difference between
the pseudoscalar meson theory calculation of the Compton
amplitude and the neutral vector meson theory calculation so

far as leading logarithms is concerned. It is interesting to
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note that the leading logarithm calculations of the nucleon
electromagnetic vertex in a pseudoscalar meson model (by
Appelquist and Primack19 ) and in a neutral vector meson

model (by Jackiw20 ) are radically different. They differ
because the leading logarithms in the pseudoscalar meson
calculation come from the ultraviolet region of the loop in-
tegrations while the leading logarithms in the neutral vector
meson theory come from the infrared region. In the case of
the forward Compton amplitude the leading logarithms come from

the infrared region in both theories.

In his calculation of the electromagnetic vertex function
Jackiw showed that ladder diagrams with crossed rungs had
the same leading logarithmic behavior as ladders with uncrossed
rungs. We will now show that the analogous statement is not true '
for the virtual Compton amplitude by calculating the contribution
of the diagram shown in Fig. (IV.1l) to Tﬁ in the neutral vector

meson theory.

We follow the procedure outlined in Chapter II and find

the coptribution to Tﬁ is

14 2 2 in/cC
M 1672 c2
with
C = (aptB1+y1) (artar+Botyp) + (ar+By) (axtys)
D = agq?[p(ajay-Byyp) + C'] + JC
2
€ = [k;.pkj.(ki+2q)-kyp.qlksy. (p~kotk;)
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Fig. IV.1. Diagrams With Crossed Rungs



Fig. IV.2. Some Compton Amplitude Diagrams.
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where ¢ is written both in terms of its original loop momenta
and also in terms of derivatives with respect to Feynman
parameters. The validity of the operator expression for (&
is easily seen at the stage of this calculation corresponding
to eq. (II.3).

After examining the leading logarithmic behavior in the
same manner as previously we find that terms in ¥ containing
derivatives with respect to ag,a; or aplead to no q2
dependent contribution to the absorptive part and are properly
ignored. The leading logarithm of the term corresponding to
82/3616Y1 is a factor of lnw less than the g" order ladder
graph witgzuncrossed runggzand the leading logarithm of the
terms 38208, and BN is a factor of 1n|q?| less.
Consequently, the leading logarithmic contribution of the graph
of Fig. (Iv.l) to Tﬁ is a factor of lnw less than thé ladder
graph (with no crossed rungs) of order g” . We have also
calculated the leading logarithmic contribution of Fig. (IV.1)
to T, and find it also is factors of lnw less than the ladder
graph with uncrossed rungs of order g” . We conjecture that
all ladder graphs in the vector meson theory with crossed rungs
in order g2N have a leading logarithmic behavior which is at
least a factor of lnw less than that of the ladder graph with
no crossed rungs of order gZN. We have also examined the leading
logarithm of the graph in Fig. (IV.1l) in the neutral pseudo-
scalar meson model and found it also had fewer logarithmic

factors than the corresponding uncrossed ladder graph. This

has also been shown by Chang and Fishbane.

N

The graphs shown in Fig. (IV.2) also contribute to the

forward virtual Compton amplitude. We have examined each of
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these graphs in the neutral vector meson theory and the pseudo-
scalar meson theory and found that each one's leading logarithmic
behavior is at least a factor of lnw less then the uncrossed
ladder graph's leading behavior in the same order in g. Con-
sequently, we conjecture that the leading logarithm comes from
the ladder graphs (with uncrossed rungs) in each order of g

in the neutral vector meson and neutral pseudoscalar meson
theories. (This statement is also true in a charged pseudo-

scalar meson theory.)

However there is a set of ladder graphs with uncrossed
rungs which we have hither to not considered. These graphs
contain nucleon loops. They first appear in order gl+ as

shown in Fig. (IV.3).

We will show that the contribution of the diagram in
Fig. (IV.3) to T, has the same leading logarithmic behavior
as the corresponding ladder graph without a nucleon loop in the
neutral vector meson theory. We also show that the leading log-
arithm of the diagram in Fig. (IV.3) in the pseudoscalar meson
theory has fewer logarithmic factors then the ladder diagram of
order g”lwithout a nucleon loop. This is the only qualitative
difference between the pseudoscalar meson theory and neutral
vector meson theory calculations of the leading logarithmic

behavior of the forward, virtual, Compton amplitude diagrams.

In evaluating the behavior of the diagram of Fig. (IV.3)
with neutral vector mesons exchanged on the dashed lines we
will use the same labeling of momenta and Feynman parameters

as we did in Chapter II. Consequently we will have C and D



61

N
=

Fig. IV.3. Ladder Diagram With Nucleon Loop

given by eqs. (B4) and (B13) with N=2. The difference between
this diagram's Feynman integral and that of the ladder diagram
with two neutral vector meson rungs (which was studied in

section III.B) occurs in i? . For this diagram fhguv

2uv
is given by

—olt A
‘)Zz; zi— Tr [ (BK ) 1Tx [y Ky ()

(Iv.2)
YﬁélYo(kz-kl)]
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where we have ignored masses since we are only interested in

the leading behavior. We find that the leading logarithmic

behavior comes from
.7? :&i k2 2
aw” Tm o Kk2lp (atky) H(atky) pomg p. (atky) ] (1v.3)

and leads to the following contributions to the pupvand guv
parts of W :
HV

4p p 2 21 2
g BV ) 1nw ¢ g ln[gglo

(Iv.4)
Y |q?|w? 2MM 8gn2

(-8
A comparison of eq. (IV.3) with the evaluation of the Pz
part of the trace in section III.B leads immediately to eq.
(IV.4). The contribution of this diagram to the leading logari-
thmic behavior of W; and W, is exactly twice that of the order
gh ladder graph without nucleon loops studied in section III.B.
It should be noted that the terms inf%%uv in eq. (IV.2) which
must be renormalized contribute to the Compton amplitude but not

to its imaginary part.

We now consider the diagram in Fig. (IV.3) in the neutral
pseudoscalar meson theory with dashed lines corresponding to
pseudoscalar mesons. In this case the leading logarithmic
behavior is at least a factor of lnw less than the logarithmic
behavior of the order g” ladder diagram without a nucleon loop
studied in section III.C. The diagram with crossed rungs and
nucleon loops (Fig.(IV.4)) has fewer logarithmic factors than
the order g" ladder graph without nucleon loops in both the

neutral vector meson and pseudoscalar meson theories.

We will now modify our neutral vector meson model so that

it also included ladder diagrams containing nucleon loops.
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/TN

Fig. IV.4. A Nucleon Loop Diagram with Crossed Rungs.

First we note that the only possible diagrams with nucleon
loops (and uncrossed rungs) in order gb are given in Fig.
(IV.5a) and (IV.5b). We find that the leading logarithmic
term of each of these diagrams is exactly twice that of the
diagram of Fig. (IV.5c) which was calculated in section

IITI.B. 1In addition we found the numerical coefficient of

4

2
I k. +k1) _+p_(q+k;) -g  p.(qtk
Lk [p, (atky) +p (atky) -g P (atky)]

in the traces from each of the diagrams of Fig. (IV.6).

This part of the traces contains the leading logarithm. The
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Fig. IV.5. The g6 Order Ladder Diagrams.
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leading logarithm of diagram a of Fig. (IV.6) was calculated
in section ITIb. The leading logarithm of diagrams b,c and d
are each a factor of two greater than diagram a and the leading
logarithm of diagram e is a factor of four greater than diagram

a.

b - - - e - — = b - - -

b - - = b - - -

/NN TN N

Fig. IV.6. The g8 Order Ladder Diagrams.
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To make the combinatorics completely clear we give the
ladder diagrams of order gl® and under each diagram write the
numerical factor which gives the diagram's leading logarithm
when multiplied times the leading logarithm of diagram (IV.7a)

(previously calculated).

Consequently, the contribution of all (N+1) rung ladder
diagrams in the neutral vector meson theory to the inelastic
structure functions is a numerical multiple of the results

given in eqs. (III.17) and (III.18) and the numeric factor is

N

Gl 4
f.= ¥ 2f
N k=0 Nk

where ka is the number of (N+1) rung ladder diagrams (with no
crossed rungs) with k nucleon loops, and [—%] is the greatest
integer less then N/2. (The maximum number of nucleon loops

in the N+1 rung diagram in E—%].)

To compute ka we note that (i) the number of nucleon loops
in a ladder equals the number of pairs of neutral vector meson
lines on the sides of the ladder, and (ii) no sub-diagrams of
the form given in Fig. (IV.8) occur in any diagram. Furthermore,
if we number the sides of each ladder graph with numbers as in
Fig. (IV.9) then each ladder is in a one-to-one relationship
with a set of numbers where the set consists of the numbers
of sides which are dashed lines. Therefore, the number of

ladders with N+1 rungs and k nucleon loops, £ equals the

Nk’
number of different choices of k integers from the set
{1,2,...,N-2} such that no succession occurs in any choice.

(A succession is a pair of numbers i and i+l, and is ruled
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Fig. IV.8. A Sub-diagram Not Occurring in Field Theory.

Fig.IV.9. Numbering of sides of ladders where solid lines

represent neutral vector mesons or nucleons.
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out by (ii).) This combinatorial relationship follows from
rule (i) and the one-to-one relation of ladders and sets of
numbers. The set {1,2,...,N-1} is used rather than {1,2,...,N}
because side one is always a nucleon and there are thus only

N-1 possible locations for a neutral vector meson on the sides.

. 21 . . . P
Riordan™~ gives an expression for fN in its combinatorial

k
context:
N-k
ka = ( K ) (1Iv.5)

and also shows2?

’[%] N-k, .k

= (k)2
k=0 (IV.6)

1 N+1 N
—3 27 +(-D7]
From eqs. (III.17), (III.18) and (IV.6) we find that the
leading logarithm of the sum of all (N+1) rung ladder graphs

in the neutral vector meson theory gives the following con-

tribution to the structure functions:

2 Ny (&21n] 2] 10w

WiN = BMlnaN! (N=1)1 g2
4M2
W = i
2N IN
|q2|w?

We sum over N and obtain

1
1 21 7
o= & ( nlng) Il(%— v1ln qzllnw -

3T W

2] 1
T b Gk meTE
W

(Iv.7)
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Wl = - \)W2 (IV.S)

B. The Bethe-Salpeter Eqﬁations for the Neutral Vector Meson
Model of the Virtual Compton Amplitude and its Relation to Jackiw's
Bethe-Salpeter Equation for the Vertex.

The neutral vector meson madder model studied in chapter III
is an iterative solution of the following Bethe-Salpeter equation:

L a
) 192 d kya(k+M)’7IN(k+M)Y

or = - L -
wo Ty Frd-M YT Cm

I (1v.9)

[ (p-k) 2-m?] [k2-12]?

The diagrammatic representation of this equation is given in
Fig. (IV.10).

Fig. IV.10. Diagram Corresponding To a Bethe-Salpeter Equation
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If we put the nucleon on the mass shell and spin average we
obtain the forward virtual Compton amplitude

R
Too™ o Tr(F+M) ’)’w (1IV.10)

We will now investigate the asymptotic behavior of eq. (IV.9)
when |q2|—>°° and w is large and fixed. After finding an
approximate integral equation which contains the leading log-
arithmic behavior (previouslu studied) we relate it to the

. .20 ]
integral equation of Jackiw for the electromagnetic vertex.

For reasons of simplicity which will be apparent later

we will restrict ourselves to a consideration of °TE=¢7/
W

2M

w=2q.p/|q?| fixed. From our study of the spinor factors

which corresponds to -3T;+ vI, in the limit {q2|—>°° with
of the iterations of eq. (IV.9) in Appendix A it is clear

that T may be written

= = T3 + 51+ 4T (Iv.11)

(We are not interested in solutions of the homogeneous integral

equation.) Consequently, we obtain

ya(k+M)°T(»r<+M) % 2k2M) (4T3 %T2 ) + . . . (IV.12)

where we have made only the part giving the leading logarithmic
behavior explicit on the right side of the equation. We know
the leading part from our calculations in Chapter III. Since
we are only interested in the leading behavior we will drop

the other terms. The result is the integral equation
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L
°T1+p"T2+,4°T3 _ 2(gtg-21)  2ig? r d*k (& T+ “T3)

(1v.13)

(ptq)2-M2  (2m"*  [(p-k)2-m?][k2-M2]

By taking traces of the above equation it is clear

T, = -4M[p+q)2-42] (1v.14)

2 . 2 a4k (-p.k To+q.p T3)
p2 Tyt p.q T,=2¥R-0) _ 2ig” 2 (1v.15)

(p+q)2-M>  (2m)* [(p-k)2-m?] [k2-M?]

L T

2 ‘02 d*k(-q.kT, +p.q “/, )

(ptq)2-M2 (2m)*  [(p-k)2Z-m?][k2-M2]

An equation for<7_é can be obtained by taking the difference of

q2 times the second equation and p.q times the third equation:

L ) 2 <
T, — 2 212 d*k(q.pq.k-q%p. )/,

i
(p+q)2-M2  (2m)*[q2p2-(p.q)2]  [(p-k)2?-m?](k?-M?)

(Iv.17)

We find that the leading logarithmic behavior of the iterations
of this equation in the limit ]qzl+w with w large and fixed
are-—% less than the corresponding behavior of °7; . As a
result we obtain a good approximation to the leading behavior

—
of I3 if we setcTé = 0 in eq. (IV.15). This equation becomes

) akk T5
Ts = 2 . g » (IV.18)
(p+q) 2-M2 (2m* [ (p-k)2-m?] [k2-M2]

upon neglecting p2 with respect to p.q in the Born term.

Next we let

S = —;— [(p+q)2-12] T, (1v.19)
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which transforms eq. (IV.18) into

: L
§=1- 258 [(04p)2-M2] ; akz (1. 20)
(2m)* [ (p-k)2-m?] [k2-M?] [ (q+k)2-M?]

Before relating eq. (IV.20) to Jackiw's equation for the
electromagnetic vertex we will find the leading logarithmic
behavior of S in the limit |q2[-><=° with w large and fixed
from our calculations of section III.B. From eq. (I.;4) we

obtain

11___ w
Tu— 3T1+2M

The asymptotic behavior of the (N+1) rung diagram which
is given in eqs. (III.7) and (III.9) implies

Wy 1 8
Tu M Io(27r VZlnlqzllnm ) (Iv.22)

upon summation over N and insertion of the results in eq.

(Iv.21). From egqs. (IV.10), (IV.11l) and (IV.19) we obtain

u 1

2p.9q S (1V.23)
M[ (p+q) 2-M?]

1 g
M
or
S 10(§$—¥Zln|q2|lnw) (Iv.24)

as |q2|+>= with « large and fixed. Eq. (IV.24) can be verified
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by finding the leading logarithmic behavior of the iterations
of eq. (IV.20).

Next we examine Jackiw's integral equation for the nucleon
electromagnetic vertex in a neutral vector meson ladder model.
The equation for the vertex function, T', given in eq. (IV.17) of

Jackiw is

2ig%q? ; a“kr
(2my* [ (p-k)2-m2] [k2-M2] [ (q+k) 2-M2]

r =1+

(Iv.25)

in our notation. A diagrammatic representation of this equation

is given in Fig. (IV.11).

]
+

P+4q p P+94 p

Fig. IV.11. Diagram Corresponding To Vertex Integral Equation.
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Jackiw's off-mass-shell solution of eq. (IV.25) in the

asymptotic region

2
| (a+p) llpzl >>|q2| >> | (a+p)2|, |p2| >>M2 (1IV.26)
m
is
2 2 N\
r=J, (—% \ 21n|—§-§| lanq—)-z——)l) (1IV.27)

The similarity of the integral equations (eq. (IV.20) and eq.
(Iv.25)) is obvious. If we remember that the solution for S
was in the region where (q+p)2 =2q.p then we find that S and T
are identical (eqs. (IV.24) and (IV.27)). Thus the asymptotic
behavior of the virtual Compton amplitude is the same as the
asymptotic behavior of the off-mass-shell vertex function in
the neutral vector meson ladder model. It should be noted that

the asymptotic regions'are not the same.

C. Comparison With Experiment

We will make a qualitative comparison of the structure
functions which we have found with the experimental data. As
we pointed out in Chapter I the outstanding qualitative feature
of the data was the scaling of VW, . Therefore an examination of
Table (IV.1l) shows that the models of cases 1 and 4 do not agree
with the experiment. The other models may agree with experiment.
The model of case I is essentially unphysical and will be dis-
regarded. The neutral vector meson and neutral pseudoscalar meson
models (case 4) can have their disagreement with experiment explain-
ed in two ways: (i) they are fundamentally inconsistent with

physical reality or (ii) the effect of non-leading logarithms is
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significant and must be included to obtain a realistic model.

The models in which scaling does occur either have a
"scalar" nucleon which is unphysical, or introduce a cutoff
in the transverse momentum of pions emitted at pion-nucleon
vertices (case 5). The introduction of a momentum cutoff by
Drell, Levy and Yan 1 is based on the observed distribution of
pion momenta in various experiments. Their results, eqs. (I.19),
agree with the experimental data with the "correct" choice of

values for the parameters.

The inelastic structure functions are related to the

longitudinal cross-section, OL, and the transverse cross-

section, Oqs by .

2 g
\Y T

W, = (+ ) W

1 [a?] o to 2

(1Iv.28)
2 (o}
~ vz T Wy

la?| ooy

in the limit |q?|+= with w fixed. Since all the spin —%
nucleon model structure functions satisfy eq. (I.19b) we have
o= 0. Experimentally ! GL/GT is quite small with an
average value of .18. Since we only kept leading logarithms
the difference between our results and experiment is not sur-

prising.

After our work was completed we learned that Chang and
Fishbane 7 had also calculated Wo in a neutral pseudoscalar
meson model. They used infinite momentum frame techniques
and obtained a result which agrees with ours. More recently

Gaisser and Polkinghorne, 2% and Choudhury and Varma 25 have
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Table IV.1

non-scaling qul behvaior of the
(N+1) rung ladder contribution to
Ladder Model Wi Wo
1. All particles spinless 1
2. Spin 1 photons. All other 2
particles are mesons in a ¢3 —;Blﬂ—l— 1
theory. |q2|
3. Spin 1 photons. All other 21\ N
particles are mesons in a truss CElJfLJ)—- 1
bridge diagram theory. |q2|
4., Spin 1 photons, spin %— N N
nucleons, neutral vector (1n |q2]) (1n |q2])
mesons or pseudoscalar mesons
on the ladder's rungs.
5. Model 4. with a transverse 1 1
momentum cutoff at pion-nucleon
vertices.
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studied spin one-half nucleon ladder models and obtained

similar results.

D. Neutrino-Nucleon Scattering

In this section we study a neutral vector meson and
neutral pseudoscalar meson model of neutrino-nucleon scattering.
Our procedure is based on the calculations of sections III.B

and III.C.

If we define our kinematic variables as in section I.B
then the inelastic cross-section for the scattering of a
neutrino, v, (or an anti-neutrino, V) off an unpolarized nucleon

can be written (we ignore terms proportional to lepton masses)

) 1202 D
dQdE' 212 M
with
& 1 ig.x -
W= g dhxe R 0E @), T (0] ]p> (1v.30)

i} D, L : - D _
alal “‘az—')w e @ P 9 et uey
o B

\
~ie 99 w® (.3
uvoB 2 M

The normalization is such that the bare weak current evaluated
between a point-like proton state of momentum p and neutron

state of momentum P, is given by

+ -
<p|3,|p> = -18()y (I-vs)u(p)
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(We have set the Cabibbo angle equal to zero and g8,=8y")

Our model has the weak current attached where the photon
had been attached in the models of Chapter III. Fig. (IV.12)
gives the (N+1) rung ladder diagram. Obviously we can use
our previous calculations to find the structure functions.
We need only insert factors of (l-yg) in the appropriate
places in the traces previously considered in sections III.B
and ITI.C. Thus

s _ 2N
’7szv= ar— Trly (1-vs) (k1) (1-y5)Py] (1v.32)

is the appropriate numerator expression for neutrino scattering
in both the pseudoscalar and neutral vector meson results. From
our expression for PN given in eq. (Al) and our calculations

in sections III.B and III.C we find that the leading logarithmic

behavior of the structure functions comes from the following
r
part of %Nuv

b

—202
2g PN

[(gt+ky) p +(q+ky) p. -p.(q+ky)g +
By vV'H w (1V.33)

. o B
+ i€ o8P (q+k) 7]

Comparing eq. (IV.33) with the analogous expressions in Chapter III

we find

) _

WV =2 WIEM (Iv.34a)
&)
V4 =

Wy 2 W, (IV.34b)
v
&) - -4M2
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Fig. IV.12. The Ladder Diagram Relevant to Neutrino-Nucleon

Scattering.

where Wz is for v-neutron scattering and W? is for V-proton
scattering and where the relation between the neutrino structure
functions on the left and the electron-nucleon structure functions
on the right holds in both the neutral pseudoscalar meson ladder
model and the neutral vector meson ladder model. Eq. (IV.34c)

follows quickly from a comparison of the coefficients of guv
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and € vad in eqs. (IV.31) and (IV.33). From eqgs. (iV.34) we

obtain

A V] Y
wiv = 4wl =-_; wi§®) (1v.35)

26
which agrees with the relations found by Drell, Levy and Yan

in their model.
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Appendix A. The Spinor Polynomial

The spinor polynomial,
P._=(% 1+M) Yal(‘k M) %2 (& AM) 0£N(45+M) (&AM

C Yoyt (kz-ijM)Yal(%%1+M) (A1)

can be calculated from a set of recurrence relations. If we let
LN+1—i = ki then

Py= @Y Ry D) (A2)

with Pp= # + M. A simple induction in which the form of Py
and the recurrence relations to be derived play the key roles

proves that we may write

N
_ na b i
P = Pyt F Pt 151 L (a3)

with P% being a scalar function of inner products of the

momenta.

Using eq. (A3) on both sides of eq. (A2) and the Dirac

algebra of the <y-matrices we obtain the following recurrence

relations
a 2\ a b N-1 j
- 2 _ - ) . A4
Py = 4 (LHMO)Pg  -4Mp.L. Py o &M I P Lj Ly (A%)
b o2y PP A5)
Py = 2(L M) Py ) (
i _ 2_ i s e A6
Py 2 (1% MZ)PN_lJ 1,2,..., N-1 (A6)
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N-1

- a _ b j
PN 8M PN_1 4 p . LNPN_l 4 jElPN_le.LN (A7)

We now solve this set of recurrence relations. Eq. (A5)
implies
N
= 2" 1 @i-v) (A8)
i=1

b
PN

and similarly eq. (A6) implies
3 N X . N 2
J - ~Jp] 2
P =2 P I (L;-M9) (A9)
N J oi=j+1 1

for j = 1,2,..., N-1. 1In addition, eqns. (A4) and (A7) lead
to

a N_ 2 2..a
PN—MPN— 4(LN M )PN_l (A10)
We now iterate eq. (AlQ0) which results in
N . s N 2 2
P2 =y x4V @@l (A11)
N j=0 J i=1+1 %

with Pg= 1. The use of eqns.(All), (A8) and (A9) in eq. (A7)

enables us to put PN in the following form:

N
N-1 .
PN oy ANV (A12)
N .
3j=0
where
i j-1 j-iy, 371
A = 2 (M24T - L..L;27 7)) I (L%—Mz) 3 (A13)
+ J r=i+1
Eq. (Al2) leads directly to the solution for Pg:
N-1 i1 i, i3 i
P= L Ao A A ... AS A] . (A14)
s=0 Lsil<i2<...<iS<N =1 A2 s=1 s
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with the s = 0 term being A§ and with Lg= p. We have now
solved the recurrence relations since eq. (Al4) can be used

in Eqns. (A9) and (All), respectively, in order to give

. . N j-1 i1 io .
- 2
AR SN OO z Ao Ay ... Al (A15)
i=j+1 §=0 1gig<...<i <, s
s3
and
N,. N 3-1 iy i .
P2 z3 g (Li-Mz) 5 3 Ag Ay ... A (A16)
j=0 i=j+1 s=0 1<i;<... is<j 1 s
N . 3
=y ¢ 2NJdpd | (A17)
. N
j=0

We now express (A8) and (Al5) in terms of the loop momenta,

kl = LN+l—i:

N .
pP = oV 1 2-m?) (A18)
N . i
i=1
and
, i-1 N-i a)
vio o N+1- i-1
P;IPN et l(k—M)SOh.<al<a2<..<a<NB :
r=
a a (A19)
2
B .35 g
a1 as_l aS
with
a _ arb.2 2_ 2
Bb = 2(4° "M4- k kb)r b+l (kr M) (A20)

and the conventions = §N+l= 1, and g (kz—M?) = 1 when-
vention kN+1 P> ¥y ? r=at+l' r

ever it occurs. The reason for having the superscript N+1-i

on Pé in eq. (Al19) becomes clear when we rewrite eq. (A3)
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N+1‘ 1 é

P—P +,15P + le

N
. (A21)
_ pa b ~f

= PN+p’ PN - . 1PN /Iii

o=z

The spinor polynomial for the yg meson-nucleon case can

be calculated in a similar fashion. Let PS y E and P;\LI
be defined as in eq. (A3). Then using
PN= (£N+M)Y 51>1\I_ly5(,zN+M) (A22)
we obtain the following recurrence relations:
. N-1 J
(L +M )P -1 -2 Mp. LNPN 1—2M 321 P L LN (A23)
=(1.2-M2
(L M%) PN 1 (A24)
i - 2_Mm2 i PR »
PN (LN M) PN-l i=1,2,...,N-1 (A25)
N a b N1 j
Py = 2Py -2p.LyPy -2 jil PR-1Ly-Iy (A26)

If we proceed in exactly the same fashion as the previous case

we obtain

p X
P)= T (k2-M2) (A27)
N . i
i=1

N .
pd= y 3 pitiTd (A28)
N . N

j=0
.. N-j a; ap
Si_ 3= 2502
P I (kr M2) T T E.E ... E (A29)

r=1 s=0 j<a;<... <as<N J
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with
. j-1
Ed= 2M -k, .k.,) T (k2-M2). (A30)
i i . T
r=i+1
“N+1 k 2 D
. - - ]'I - .
and the conventions PN 1, kN+1 p and r=k+l(kr M#) is taken

to be 1 wherever it might appear.
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Appendix B. The Feynman Parameter Polynomials C and D

Given a Feynman diagram whose internal lines have been
labelled with Feynman parameters there are two unique poly-
nomials, usually denoted C and D, which are determined by the
geometry of the diagram. C is a homogeneous polynomial in
the Feynman parameters, and D is a homogeneous polynomial in
the Feynman parameters and scalar products of the diagrams'
external momenta. If the diagram has N independent loop
momenta associated with it then C is of degree N and D of

degree N+1 in the Feynman parameters.

In order to determine C for a graph we follow a procedure
given by Eden et all®  First determine all sets of lines such
that each set satisfies the following conditions. If we "cut"
every line of the set in the Feynman diagram then (i) every vertex
in the diagram is connected to every other vertex by a sequence
of uncut lines and (ii) no further lines may be cut without
violating (i). To each set of lines satisfying these conditions
corresponds a term in C consisting of the product of the Feynman
parameters of the lines in the set. C is the sum of all such

terms.

The determination of D is slightly different from that of
C. It may be written, D =:(.—0C where ¢ is the sum over all
interval lines in the graph of the squared mass of the particle
associated with a line times the Feynman parameter of the line.
In order to find 7( we first determine all sets of lines such
that cutting lines of a given set in the Feynman diagram divides
the graph into two disjoint parts (there is no sequence of

uncut lines going from one part to the other) and such that
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rules (i) and (ii) above hold in each part. To each such set
there is a term in :X_ consisting of the product of the

Feynman parameters of the lines in the set times the squared
sum of all external momenta enetering into either of the dis-

joint parts.

We now turn to a consideration of the (N+1) rung ladder

diagram of Fig. (II.2).

We define C =C, (al,al+l, 55 3 aj’Bi+l’Bi+2’ $os Bj 8
Yig12Yiae9> cc0 o Yj) to be the homogeneous polynomial ( of
order j-i, in the Feynman parameters) which is associated with
the graph obtained (Fig. (II.2)) by deleting all lines above the
rung labelled with oy and below the rung labelled with aj .
Thus the polynomial, C, associated with the entire graph in

0
(Fig. (II.2)) would be denoted CN . If we let

dij =05 Qg e aj (B1)

s i ;
for isj then the recurrence relations for the Cj are given by

j-1
C;= dipa, 3ot Y5490 ¢t k=i 1d1+1 K (B k+1+Yk+1) ' e2)
ct=q +(o.+B +y.)c? + jgl (B, +y )C (B3)
Jo4,3-1 773 73 373y Ked-1 Tk K kL

with Ciﬁl. In particular,

C= C d (0L0+81+‘Y1)C '*'C(,]_(Bz"l‘Yz)C o R dl’N_l(BN'*'YN) (B4)

&0
= L +BN+YN)CN 1Hoo1 By o) Ot ¥y g Bafr) - (BS)



The homogeneous polynomial, D, of order, N+1, in the

Feynman parameters and containing scalar products of the

external momenta in Fig. (III.2) has the form

N

N

D=G(qtp+Ag) 2+ I [(qtAg-A;) %G +(p+A)%H I+ I

i=1 i,j=1

1<J

N
- T [MZ(B+y;)+mPa, ]C

i=1

- 2
(Ai Aj) Ii

89

2
.—agM“C~-
3 0

(B6)

with G, Gi’ Hi and Iij functions of Feynman parameters only. We

now give the explicit form of these functions which follow

immediately from rules given in reference 13.

then

i= 0,i- l(B +Y ) CN

_ 0
Hy= d; (B+v,) Cf 4

Iy5= 451 (B (B €5 ¢

If we note that eqns. (B4) and (B5) imply

N
G+ I G =0 (C-0g Cy)

i=1

N 0
G+ I My oy(Crey ‘-1

(B7)

(B8)

(39)

(B10)

(B11)

(B12)
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D(0)D =anq2 +C)+a M2 (C-a ) YegnM2C—
( Ag=Ag= +.. =A =0 apq (ple cY) aNM (C aNCN_l) agM<C

N
- 2 2, - 2
Ciil[M (Bi+yi)+m ai] agq (pd1N+C')+JC (B13)

with p= 23;5;. and C' = c—a0c§ = g .
q Oto-_-'- 0

We now calculate

I,= I I .+ ¢ 1I

kg K e 3k

from eqns. (B2) , (B3) and (B10) for later use in Appendix C:

j-1
- 0o .0 N K
I=(B.+y.)[C T d_ . .(B+y )C __+C, rod, (B 4y, )Co)
Rt RAE TR I TR B R i A W R | pmgry 3ok-1P0 O
= Jec® - - j+l J_ _citl
Bty Loy 10505 1790, 5-27%-1% 79585145, 20! (1)

for j = 2,3, ... 3 (N~1). For j=1and j =N Ij has the follow-

ing form: '

1
I;= (61+Y1)a1(CN—d2N—a1C§) (B15)
_ 0 _ _ 0
Iy = GBytrdoy 1 Cp17dy, n-27 16520 - (B16)

The functions, Ij , occur in the polynomials resulting from

applying derivatives to exp (iD(A)/C) in Appendix C.

Finally we note that the following identities may be proved

from eqns. (B.2) and (B.3):

i+l _ 5 iH2

1
ct= (a.+
37 ot Bty )6 —ody G (B17)
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i ; i
C.=(a. ,+a,+B.+y.) ct 2
J ( J- J BJ-PYJ)

1 J-l_aj"l Cj—2 (B18)
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Appendix C. The Derivatives of exp(iD(A)/C)

We compute the derivatives with respect to A (i=0,...,N)
D(A
of exp (l—i—l—) in this section where D(A) is given by eq. (A6).
Let

N
Z (3(Aa)) —(A -A0-9) G +(A +p) HJ+ Z(A -A )T +(q+p+Ao) G
r*l

with Zj=(8j+7j), Irj= Ijr’ Irr= 0 and other quantities defined

as in eq. (A6). Then

2iZ, (3(4))
J C - exp (

iD(A))

3 - iD(A

— exp(+ é )) =
3 AY

3

The application of further derivatives will be complicated
by the A dependence of (j<A))v . To deal with this additional

complexity we define

G, = 2, ks,

> Ay
and
p H.-q G.
e ¥ Vv V
G, =(3) = L
A0=A1= - =0 |
Therefore if j,k€{l,2,...,N} then
7. (k3)=8.. (G.+H +I.)-1, .
ZJ k(J) Jk(J h| J) kj

with ajk a Kronecker delta, (kj)=(jk), and Ij given in eq. (B.1l4).

Some particular cases of interest are



93

- i ~
(i)\) P\)diNCi-l—q\)dOi—lCN i=1,2,...,N (c1)
7 1
(), Pydjy + q,C (C2)
ex% 0 : e
(i) = dij—lci-lCIJ\I i<j; i,3j=1,2,...,N (c3)
(Oi) = _dli—lcgi i=2,3,.. .,N (04)
1
(01 = -Gy (c5)
1,00 i i+l
(ii) = %1% (%171 2)+°‘ < -1 G ) i=2,3 (n-1)
TLgdg e ey .
Bty
1 2 (c6)
(0L0+0£1)CN-0L1C§
(1) = c7)
By + Y1
W2 P
(o tag 1)C C
N-1 N -1 N 1°N-2
By + Ty

These definitions will enable us to calculate the derivatives of
(1D(A)) for the general case and write the result in a

compact form. The following examples of second and fourth order

derivatives illustrate the use of quantities defined above.

(ky, ko, kg and ky are integers from the set {0,1,...,N} ):

1 32 iD(A) 2i 2i, 0 (11))
[ =1 ==z (k1kp)+(57) (k1) (kz) ]ex
Zklzkz 3 Ak\z’z d Al\ii C Ty CViv2 C
4 . 2
l ) . lD(A) - 21 2
[ jzl ij BAij =P ]A=0 e c ) {g\’l\’z(klkz)gvs\’u(ksku)
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v3(k1k3)gv2v4(k2k”) 8919, 80 (k1ku)(kzk3)} +

2i, 5>
+ (_El93 {gvlvz(k1k2)(kg)v3(kq)vu+ gvlvg(k1k3)(k2)v2(k”)vq+
+ 8y1vs, (k1k4)(kz) (k3)v3+ gvzvg(k2k3)(k1)vl(ku)v

+ gvzvu(kzk”)(kl)vl(ks)v3+ gv3v4(k3k4)(k1)v1(k2)v2} +

+ P! ), ) (k) ()

with Z =8, +Y ( and Zp=ap). It is clear from these examples

that the terms in the coefficient of each (———) are isomorphic
to the perturbations in a certain class of the symmetric group.
Thus gvlvz(klkz)g (kgkq) corresponds to the permutation

(12) (34), and g, (klkz)(kg) (kq) to (12). This isomorphism
gives us an algorlthm for determlnlng the coefficient of ( )

from the appropriate corresponding class in the symmetric groups.

As a result the fourth order derivative expression may be rewritten

A 2y + E® 12y + &' oy

with the terms corresponding to each bracket easily determined
from the class of S, (the symmetric group on four objects) having

27
the cycle structure given in the bracket.

t . . .
The general case of the p h order derivative operating on

exp (iD(A)/C) is given by

P

3 hy+h, h, hy
1 1D(A) > 21 ?
[Hl Z, 94 3 exp( )1p=0 “hy+2n —p( c) 21
4= J J
[8—1
h . (21)p—h (oh1P~2h, (c9)
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with [—gﬂ being the greatest integer less than —%-and the terms
in{2h1P-2h } jsomorphic to the permutations in the class of S
with cycle structure Zhlp"zh . With this expression for the
pt derivative we can proceed to evaluate the parts of these
Feynman parameter polynomials which contribute to the leading

behavior of the N+1 rung diagram integral.

We now investigate the polynomial resulting from applying

the derivative (0<Lj <Lp ...< Lm) 5

X 2mt+1
P 9
Vo

m o2 aAy A" 3A V1D 9 cold 3 A
o iElZLi 0 ALl AL]_1 %2\)1 ALZ ALm\)m_l ALm

to exp (iD(A)/C). This polynomial

m
z
h=0

cg%)2m+l—b {2h12m+l—2h} ,

will be shown to give the following contribution to the leading

behavior of the pupv part of TNuv

m L
h® o i
(—l)mf(m,h)le(doNp.q)m— oy _1CN1 (c10)
i=1 “i

m
2. 2m+l-h
PP, I G{?
h=0

with £(m,h) an integer.

Since factors of o, in the numerator of the Feynman parameter
integral surpress the leading behavior of the integral we wish to
find the part of PP12mt1-2h} Civh the minimum number of such
factors. More precisely, given two terms in the polynomial count

the number of powers of gq.p and q2 in each term and divide by dON
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raised to the respective power in each term. (Due to the variables
in which we have chosen to find the asymptotic behavior of the
Feynman integral, the integral's asymptotic behavior is unaffected
by factors of q2 doN or q.pdoN). The term now containing the least
number of powers of oy is leading. Should they be the same then
the term with the least number of different ay is leading, etc.
These considerations imply the following rules: (i) if a factor

of (L.) (L )a occurs in a term, i< j, then —q.pdOL 1dL N C;l C -1
is the leadlng part of this factor; (ii) if (L. )X occursjln a J
term then qdeL.-l CN is the leading part of this factor; (diii)
any term with (L.L.) as a factor is not a leading term since there

are other terms in/{2h12m+1_2h}

in which the two Li are in com-
binations contributing a q.p dON factor (for example) while in

(LiLi) they contribute a factor of a. or o (iv) for

Teg Li-1°
i i
reasons similar to those given in (iii) terms with factors having
the form (LiLj)(LiLk) or (LjLi)(LkLi) are also not leading. As a
result of these rules we can calculate the leading parts given

in the following examples:

m L
21 m 0 i
{1 b -D" d, y(Peady) I_I CL -1 Cy PPy
i=1 7i
u L

where f(m,1) = (mzl) counts the number of leading terms in the
second example which is the number of distinct choices (ab) where
a<b and a,be{ 0,L1,Lz,..., L }.

The leading part of the general term’ { S

} is given
th m-h
by the h term in the sum of eq. (Cl0). The factor (p.qdoN)
arises from 2m+1-2h (Li)a(Lj)B factors occurring in each term of
this set. Due to rules (iii) and (iv) given above the number of

leading terms, f(m,h) is the number of distinct objects,
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(a1b1) (agby) ... (a b))

which can be formed by all possible choices of a; from the set
"{0,1,2,...,m~1} and bi from the set { 1,2,...,m-1,m} such

that a; <b,, no integer occurs twice in the set’ { a;, ay ...,ah} s
and no integer occurs twice in the set {bys byy «ets bh} . Two
terms which are the same except for the ordering of the factors

(ajbj) are not considered distinct.

A recurrence relation for f(m,h) can be easily derived.
The number of objects formed above in which a factor (ajm) occurs

for some j is given by
f(m,h)-£f(m-1,h).

We now consider how this set of objects containing a factor (ajm)
can be formed. One method would be to take the set of objects

enumerated by f(m-1l, h-1) whose general term is

(ai;by) (asby) ... (ah—lbh—l)

and to each term in that set add an additional factor (ajm).
The possible choices for aj are limited by the fact that h-1
out of the m possibilities 0,1,2,...,m~1 have already been
chosen. Thus there are m—-(h-1) different choices for the (ajm)
factor which can be added to each term. Since this exhausts

all possible distinct terms we have
f(m,h)-£f(m-1,h)=(m+1-h) £ (m-1,h~-1). (C11)

We now show that
m

d_= I (-1)M@H-B)! £(m,h)-1. (c12)
h=0
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Since dy= dij= 1 all we need prove is that dm is independent

of m. Consider

I= dm_dm—l
m m
= % (-1)(mF1-h) ! [£(m-1,h)+(@tl-h) £ (m-1,h-1) ]~ I (-1)" (mh) 1£(m-1,h)
h=0 h=0
m-1 n
= I (-1)P(@-h) (m-h) ! £(m-1,h)+ % (-1)"(m+1-h) (mF1-h) 1 £ (m=1,h-1)
h=0 fom1
m-1 m-1 T
= I (-1D™m-h) (m-h)1£C@-1,0)+ £ (-1)® Lm-h') (m=h') ! £(m-1,h")=0
h=0 h'=0

where we used the recurrence relation in the second equation, re-
combined terms in the third equation and let h'=h-1 in the second

sum of the fourth equation. (Note that f(m,-1)=f(m,m+1)=0.)

Finally we determine the terms with leading behavior in the
polynomial resulting from the derivative (which is the previous

derivative with p and v summed),

A 2mt+1
) ]

2 A oA A A L. Al
aOHZLi aAo%lAL]_ ALl ALz\)l ALm

applied to exp(iD(A)/C). Since we are summing over u and v we
are interested in a slightly different part of the polynomials
than the previous case. In particular, we wish to find terms
containing one more power of q.p than of ag so that W; will

eventually scale (neglecting 1n|q2| factors). The factor that
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gives this extra power of p.q is the un' part of (0)u . There-
fore the only terms contributing to leading order are those with

a factor of (0)u . The leading part of the polynomial is given by

1)"p.qC' (d m-hg gy
(-1) 'p.q oNp-q) 1(m,h)i£lCLi_1cN

m-1
5 i

(———)

(c13)

where the only differences from eq. (Cl0) are to change pule

to un' and sum over y and v , and to delete the h = m term

since it contains no contribution to leading order. The number

of terms in’ { oh72m+l-2h } contributing to leading order is different
from the previous case and as a result we must investigate f;(m,h).

The integer, f;(m,h), counts the number of distinct objects

(albl) (azbz) v (a.hbh)

which can be formed with all possible choices of a; from

{ 1,2,...,m-1} and bi from { 1,2,...,m} under the same con-
ditions as those given for f(m,h). The only difference between
the two enumerations is a, can not equal 0 here (corresponding
to the requirement that we must have (O)u) and thus no (OLi)
factors occur in leading terms. The result is a small change in
the derivation of the recurrence relation for fj(m,h) which is
otherwise identical to the derivation for f(m,h). Due to the
loss of 0 from the set aj could be chosen from, there are now
only m—1-(h-1) possible ways of constructing a distinct term

of the form

(ajby) ... (ajm) . (ahbh)

from each term in the set enumerated by f; (m-1,h-1). Thus we


file:///in-h
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have the recurrence relation:

£, (m,h)=£1 (m-1,h)+(m-h) £ (m-1,h-1). (c14)

Because of the boundary conditions, £;(2,1)=£(1,1)=£(1,0), amd
eq. (Cl4) it is clear that

fl(m,h) =f (m—l,h) .

Therefore
m-1 h
d'm = I (-1) (w-h)!£f,(m,h)
h=0
= dm.—l =1

by our previous calculation for dm.
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