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CHAPTER I

INTRODUCTION -- CAUSAL THEORIES OF TIME AND SPACE-TIME
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This essay explores the following problem: to what

extent is it possible to construe the causal structure of

space-time as basic and from it to reconstruct the topo­

logical and metrical structure of space-time? The problem

is first examiried within the context of Minkowski space-time

(Chapter II) and then generalized to the class of space-time

models considered in the general theory of relativity

(Chapter III).

Much of the essay is technical. But it is motivated

by philosophical debate over the viability of causal theo­

ries of time and of space-time. By way of introduction,

this initial chapter presents a brief discussion of these

"causal theories." Nothing approaching a thorough analysis

is intended. Rather the goal is merely to state what a

causal theory time or space-time is supposed to be, outline

several objections that have been raised against such theo­

ries, and most importantly, suggest why interest in them

leads to the questions considered in Chapters II and III.

This should set the stage.
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Put bluntly, the root issue is this: in talking about the

temporal or spatio-temporal structure of the universe just what

are we referring to? On one account time or space-time is to be

thought of as a non-material "scaffolding" with which the universe

comes equipped, against whose background the events and processes

of physics unfold. Events stand in spatio-temporal relation to one

another by virtue of their relative positions on this utterly per­

vasive scaffolding. So, for example, when we say that the emission

of a photon precedes its absorption we are referring to the relative

position of the "temporal moments" or "space-time points" at which

the two events occur; we are not referring to the internal constitu­

tion of these�ents or any physical interaction (or possible physical

interaction) between them. Furthermore, when we ascribe topological

and metrical structure to time or space-time (saying, for example,

that space-time is non-Euclidean in the presence of massive celestial

bodies) we are really attributing this structure to the scaffolding

itself; we are not, at least in the first instance, reporting on the

behavior of clocks, rigid-rods, light rays, etc.

Many people have balked at this conception thinking it unin­

telligible or at least unnecessary. They believe in events, of course,

but are loath to countenance some "thing" in which or against which

they occur. Thus they contend that if talk about temporal or spatio­

temporal structure makes any sense at all, it must be conceived as but
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abbreviated talk about patterns of relations among events. Time

or space-time for them is nothing above and beyond (is constituted

by) these patterns of relations in much the same way that a "family

tree" is nothing more than a pattern of genealogical relations among

the members of a family.

Such an account is called a relational theory of time or

space-time. The basic relations among physical events entering into

a relational theory mayor may not be themselves spatio-temporal. A

causal theory of time or space-time is a species of relational theory

in which the primitive relations are "physical" but not spatio-temporal.

Thus the causal theorist not only denies the existence of space-time

points populating the universe (-the stuff of which non-material

scaffolds are built-) as do all relationalists, but he goes on to deny

the existence of any irreducibly temporal or spatio-temporal relations

between events as well.

Originally the causalist's primitive relation was that of

causal influence or possible causal influence of one event on another.

The goal of the causal theory of time was to use this relation to give

an analysis of the temporal relation "earlier than." Leibniz enter­

tained a theory of this form and so apparently did Lechalas.

Recent versions have taken different "causal relations" as

primitive and have undertaken to analyze different temporal (or

spatio-temporal) relations in terms of them. The development from

Reichenbac� through Carnap, Mehlberg, GrUnbaum, van Fraasen, Winnie

et al is a convoluted story with ins and outs, objections and revisions.

(Critical historical surveys can be found in Lacey [,I], and van

Fraasen [Iq]).
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There seem to be two reasons for the resurgence of interest

in causal theories of time following the emergence of Einstein's

special theory of relativity. For one thing the theory itself

seemed to support the idea that the temporal relations "earlier

than" and "simultaneous with" are defined by causal relations. This

interpretation drew support from Einstein's own operationalist pre-

sentation of the theory written when he was still heavily under the

influence of Mach. Reichenbach certainly read him this way as is

clear from his essay in the Einstein-Schilpp volume .

... The concept of causal chain can be shown to be the
basic concept in terms of which the structure of space and
time is built up. The spatio-temporal order thus must be

regarded as the expression of the causal order of the physical
world. The close connection between space and time on the one

hand and causality on the other hand is perhaps the most promi­
nent feature of Einstein's theory, although this feature has
not always been recognized in its significance. Time order,
the order or earlier and later, is reducible to causal order;
the cause is always earlier than the effect, a relation which
cannot be reversed. That Einstein's theory admits of a re­

versal of time order for certain events, a result known from
the relativity of simultaneity, is merely a consequence of
this fundamental fact. Since the speed of causal tramsmission
is limited, there exist events of such a kind that neither of
them can be the effect of the other. For events of this kind
a time order is not defined, and either of them can be called
earlier or later than the other.

Second, the special theory of relativity brought with it the

prospect of a causal theory of space-time, not merely one of time.

Previously it had been assumed that time and space had their separate

and distinct relational bases. Causal or signal relations would

suffice for the one; but an analysis of the other would require,

instead, congruence relations among rigid rods or something along

those lines. Now, it appeared, signal relations would suffice for
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the whole job and this would be in accord with Minkowski's

conception of a single, unified space-time structure of which

temporal structure is but a (non-unique) projection. In fact, as

early as 1914 the British mathematician Robb [l� showed that the

geometry of Minkowski could be built up from a single two-place

"after" relation. (Much more about this in chapter II.)

That a unified causal theory of space-time was impossible

within the framework of classical (Newtonian) space-time structure

can be demonstrated in the following way. Within that classical

framework, because there is no bound to the velocity with which

causal signals can propagate, the relation of non-signal connecti­

bility factors the space-time into a one-parameter family of

"simultaneity classes." Causal relations, however, provide no in­

formation whatsoever about the structure of these classes. In par­

ticular, it is not possible to define the Euclidean congruence rela­

tion in terms of them. In contrast, Robb was able to give an explicit

definition of the Minkowski congruence relation in terms of his single

causal priority relation.

Reichenbach's original "causal definition" of the relation

"earlier than" was of the following form [I�]: event El is earlier

than event E2 if and only if it is possible that there be events 81
and 82, where 81 is the cause of 82 and 81 coincides with El while

82 coincides with E2. Actually the definition was more complicated

allowing for the interpolation of a finite causal chain of events

between 81 and 82, but that is secondary. The sense of coincidence

intended was that of spatio-temporal coincidence.
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Several objections were raised to Reichenbach's analysis

and subsequent attempts at causal theories of time or space-time

sought to circumvent them. First it was maintained that Reichenbach's

asymmetric relation 'Sl is the cause of S2' is unavailable to a would­

be causal theorist. According to the objection, the relation is it­

self of temporal character, there being nothing to distinguish initial

and terminal events in a causal interaction or signal propagation

except for their temporal order. Reichenbach had recognized the prob­

lem and had attempted to distinguish cause from effect (without prior

recourse to spatio-temporal relations) with his "mark-method." But,

as Mehlberg and Grfinbaum argued, the mark-method just did not work.

Reichenbach and those that followed him accepted the objection.

Subsequent versions of the causal theory (including Reichenbach's

own revision in [J5])adopted symmetric relations of causal connection

and separated-off the goal of giving a causal account of the "direction

of time." They contented themselves with the project of giving an

analysis of temporal order up to a specification of the direction of

time. For the later Reichenbach this meant an analysis of the relation

of "temporal betweeness." Grtmbaum wanted a causal theory of time that

did not prejudge the issue of whether time is "open" or "closed" i.e.

whether it has the order structure of the line or the circle. He took

it as his goal not just to give an analysis of the three place betweeness

relation (-which collapses when time is "closed"-), but also that of

the four place relation of "temporal separation."

This relation holds between events E, F, G, and H,

intuitively, if their relative position in time

is as in the figure.

E

G H

F
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A second objection to Reichenbach's definition was that

it made use of the relation of spatio-temporal coincidence between

events. It thus failed, on this ground too, to be a full causal

account of temporal priority, i.e. one given completely in non

spatio-temporal terms. A recent version of van Fraassen [\�] seeks

to avoid this circularity by giving a causal analysis of spatio­

temporal coincidence between events.

This move by van Fraassen has not been discussed in the

literature (except by Earman [q] in a different context) and so it

will not be inappropriate to make a short detour and examine it here

more closely. In his set-up the relation of "causal connectibility"

is taken as primitive. As a primitive it is never defined, but in

an informal explication van Fraassen states: "X is causally connectible

with Y if and only if a signal emitted with X would arrive coincidently

wi th Y, or converse ly." ([Iq], pg. 196) Us ing the rela tion

he gives the following formal definition: "two events are

coincident if and only if: any event is causally connectible

with the one if and only if it is causally connectible

with the other." ([,'\], pg. 184).

One is naturally inclined to object that the problem of

circularity remains. The relation of spatio-temporal coincidence is

built into the relation of causal connectibility. But it is in terms

of the latter that the former is to be defined. van Fraassen antici­

pated the objection, but insists that it misses the mark. He maintains

that a cross definition of the relations is all that one needs in

-
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providing a causal theory of time or space-time. By way of

explanation he says the following ([I�], pg. 195):

... Our position here is that within natural language
there is no defining-defined hierarchy and that there
is no such thing as "the" meaning of a term, although
there are meaning relations (inclusion, equivalence)
among terms. Within a specific formulation, some terms
are defined and others undefined, but the status of being
defined is not invariant under transitions to other for­
mUlations of the theory. The claim of the causal theory
of time is not that spatio-temporal terms are defined, but
that they are definable, in terms of causal connectibility •..

Formulations of theories are, in a sense, artificial, since
they must rely on a choice of primitive terms (and of axioms)
that is to some extent arbitrary. But a dictionary (say,
of English) is circular and should be for in natural languages
there are no inherent definitional hierarchies. (italics in
original)

The point seems to be that with terms like 'causal connectibility'

and 'coincidence,' as with the basic terms of natural language, there

is no clear subordination of one to the other as primitive and defined.

It is sufficient that a formal definition of coincidence can be given

in terms of causal connectibility. That a definition could also be

given the other way around is harmless; so is the fact that one's

informal interpretations of the relations reveal how they are inter-

twined.

But this will not do and it is hard to understand why

van Fraassen did not recognize as much. The causal theorist is not

just claiming that spatio-temporal relations are definable in terms

of some formal two place relation called "causal connectibili ty. "

This is of no support to his reductionist ideals whatsoever if that

relation is itself spatio-temporal in character. Nor will it do to

deny that there is any such thing as the character of the relation

(i.e. spatio-temporal or not) as there is no such thing as the meaning.
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For then it is not clear what if anything is left to the reduct�nist

thesis in the first place.

One can avoid a long debate with van Fraassen over the nature

of "reduction" by simply turning his defense against him. If his

defense against the charge of circularity were adequate it would

serve equally well to justify the use of an asymmetric relation of

causal connectibility. At arm's length he would have a snappy, no

work s�lution to the problem of giving a causal theory of the direction

of time, one which he somehow overlooked. If critics (like Mehlberg,

Grfinbaum, or van Fraassen [,�]) objected to his use of this relation

as primitive on the grounds that it is itself spatia-temporal in

character (since it has built into it the temporal relation "later­

than"), van Fraassen would only have to remind them that he also gives

a formal definition of "later than" in terms of the asymmetric causal

connectibility relation. After all, there is no such thing as "the"

meaning to relations like "later than" and the asymmetric causal

connectibility relation, etc.

It seems then that van Fraassen does not succeed in giving

a "causal definition" of spatio-temporal coincidence. Without the

use of that relation of spatio-temporal coincidence the causalist's

program cannot succeed. But there are more important objections to

be made which stand even if the causal theorist is conceded both that

relation and the asymmetric relation of causal connection or connec­

tibility. At least three such can be culled from the critiques of

Lacey [II], Earman [4], and Sklar lisl .

The first objection concerns the very motivation for a causal
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theory of time or space-time. As mentioned earlier, the rela­

tionalist balks at the idea of an irreducible spatio-temporal

structure to the universe. The prospect of non-material

scaffoldings, to use that metaphor again, is too much for him.

But it certainly is not clear that this conception is any more

objectionable than others which play important roles in theore­

tical physics such as, for instance, a field of force. Further­

more, there are many physicists who are relatively comfortable

with the concept of space-time but not so with that of causation,

causal signal, or localized event. The latter are by no means

secure, ultimate, first concepts of physical theory. Thus even

the desirability of the causalist's reduction program, quite

apart from its success, may be called into question.

A second basic line of objection does challenge the possi­

bility of its success. It contends that in the end the causalist's

primitive relations are at least in part irreducibly spatio-temporal,

this quite apart from the problem of giving a causal analysis of

spatio-temporal coincidence. As Earman puts it: "
... there is the

suspicion that 'causal connectibility' is just another name for a

spatio-temporal relation, a relation which must be understood in

terms of spatio-temporal structure." ( [ 4], pg. 7 4 )

Sklar [18] gives an argument to this effect. Though the causal

theorists speak of causal connection or connectibility, they are

thinking quite explicitly of signal connection or connectibility.
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van Fraassen, in fact, explicitly denies that he wants or needs

any recourse to the "general notion of causality." ([l�], 194) He

does this by way of defense to the charge that the "general notion"

is an unworthy primitive relation. In one informal explication of

the non-modal relation he states: "'X is causally connected with y'

is equivalent to 'Either X and Y belong to the history of one and the

same object, or belong to the history of one and the same signal, or

are coincident with some pair of events thus connected." ([\9], 194)

Now Sklar would argue that even without the last clause

involving coincidence, the relation reveals itself as irreducibly

spatio-temporal in so far as it uses the notion of "one and the same

signal (or body)." Our implicit criteria of signalhood or bodyhood,

the argument runs, require of a set of events that they exhibit spatio-

temporal continuity. He further argues that if anything like a Humean

analysis of self-identity and causation is correct, then spatio-

temporal continuity of events will be an irreducible component of their

causal connection, or connectibility. Humean analysis leads, that is,

to what is "at least partially a spatio-temporal theory of cause.
"

( [I�], 341)

..• Is it plausible to claim that we directly apprehended
the genidentity, causal continuity, and causal order of
a set of events and only inferred to the temporal or

spatio-temporal structure of the set? or is it, rather,
the other way around: We directly apprehend certain spatio­
temporal features of a set of events and on the basis of
these features attribute, by inference or definition, to the
set of events certain "causal" features such as the set being
a set of genidentical events, being a causally continuous
set, and being a causally ordered set. ( [Ii], 339)

A � __
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It may well be that both of these uni-directional accounts are

terribly naive. But Sklar is not here insisting on the latter. He

is rather calling into question the adequacy of the former.

The force of this second line of objection is to deny to the

causal theorist his basic relation of causal connection or causal

connectibility. As such it does not cut against a relational theory

of time or space-time but only against a causal species of one. Even

if it were accepted one might still maintain that there are events

and spatio-temporal relations (eg. causal connectibility) among events

and nothing else - in particular, no temporal instants or space-time

points. This position requires that there be enough events to go

around, that the universe be an "event plenum"; but that does not

worry the relationalist. He is prepared to countenance "null events"

or think of events merely as specifications of (possibly zero) values

to assorted matter fields.

A third basic line of objection to causal theories of time or

space-time applies even if the causalist (or relationalist) is

conceded the relation of causal connectibility. The objection is

that the reconstruction program, even if it works for Minkowski space­

time, breaks down for some of the space-time models envisaged in the

general theory of relativity� One of these, the argument goes, just

may correctly model the spatio-temporal structure of our (i.e. the

real) universe; if so, the causalist is stuck.

Earman [�] levels this attack against van Fraassen. He claims

that the criterion of event coincidence that van Fraassen gives

(cited above) breaks down, for example, in any space-time which admits
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of closed causal curves. (This is of course a very different

objection to van Fraassen's causal definition than the one previously

given. That one, in contrast, applies even if space-time structure

were Minkowskian.) In particular, it collapses in space-times like

"rolled-up" Minkowski space-time (i.e. Minkowski space-time where

for some k.>o, the points (t, x y z) and (t+nk x z) are identified
, , , ,

for all integers n) in which all points are pairwise connected by a

causal curve. That Earman's objection should be telling is striking

since van Fraassen wants his theory to apply even if "time is closed."

And if it closed anywhere, it is in rolled-up Minkowski space-time!

Earman's claim is clearly sound if one accepts what might

be called the "standard interpretation of causal structure" in

relativity theory. (This is discussed at greater length in chapter III.)

Accordingly, whenever two points in a space-time are connected by a

future directed causal curve, that curve itself represents the tra-

jectory of a possible signal, or causal interaction - possible in the

sense that a particle or signal traversing this path would be moving

less than or equal to the maximal possible velocity. For suppose X

and Yare events occuring at distinct points on a closed causal curve

and suppose Z is any third event whatsoever. If Z is causally connec-

tible with, say, X then it must also be causally connectible with Y via

a linked causal chain. And conversely. So by the criterion of event

coincidence, X and Y must be coincident. In rolled up Minkowski space-

time, all events everywhere turn out to be coincident under the cri-

terion. This is of course absurd. (Earman, incidentally, might just

as well have pointed out that van Fraassen's "Postulate V" is false
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in rolled up Minkowski space-time.)

van Fraassen wrote a reply [�] in which he defended himself

against Earman's charges and denied any incompatibility between his

"Postulate V" and the possibility that time be closed. Not surprisingly,

his reply is based on a rejection of the "standard interpretation."

The reply, again, seems clearly inadequate.

van Fraassen claims that as applied to, say, rolled up

Minkowski space�time, there are two ways to interpret the relativistic

principle that there is an upper bound to the velocity with which

signals propagate:

... Under the first interpretation, the principle holds

only locally: light signals are the fastest among signals
in restricted spatio-temporal regions. Under this inter­
pretation any two events are causally connectible, but may
not be 'locally causally connectible' ... It would seem that
this is the correct approach if one wants to provide a

philosophical foundation for the General Theory ...

In van Fraassen (1970), however, I chose the second
interpretation, a global interpretation of the 'first
signal' principle, which is that arbitrary pairs of events
are not causally connectible. That rules out actual tra­

jectories 'all the way around time. '
... The interpretation

of 'causal curve' must now be that, if this curve is given
by a function f (t) = (x�, y�, Zt' t), for all t, then only
its proper segments can De tile paths of possible causal

signals. ([;to], 91-2, italics in original)

The first interpretation supports Earman's objection. The second

is contrived and, even from van Fraassen's standpoint, leads to

unacceptable conclusions. If a signal (say a light signal) can be

sent from a point PI to P2, and if coincident with its arrival another

signal can depart P2 for P3' then van Fraassen would certainly want to

hold the departure event at PI causally connectible with the arrival

event at P3. Indeed this would seem a paradigm case of causal con­

nectibility, the kind one encounters in Einstein's discussions of

-..._,_
\
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simultaneity. But he cannot do so and still hold on to his

second interpretation - just take PI = P3. Of course van Fraassen

cannot avoid this objection by revising his new principle to state:

only very proper segments of causal curves can be the paths of

possible causal signals. We would only have to choose n points Pl, ... ,Pn

in order on a closed causal curve so that Pl= Pn and for each i the

segment from Pi to Pi+l is appropriately small. Nor may van Fraassen

simply assert that there is an interval on any closed causal curve

such that no events occurring at any two of its points, no matter how

close, are causally connectible. Apart from the lack of justification,

this move would undercut the possibility of giving a causal account

of local spatio-temporal structure (of that region in which the

interval occurs).

Earman's criticism that causal theories of time and space-

time break down in a large class of models studied in general rela­

tivity is really the starting point for this essay. Suppose one does

concede to the causal theorist the relation of causal connectibility

or some other primitive causal relation. Just what can he do with it?

Chapters II and III are devoted to this question. Part of the work

is just to formulate precise questions which cut across the lines of

particular theories. The other part, of course, is to answer them.

Both tasks are accomplished by appropriating recent work by mathe­

matical physicists (Hawking, Penrose,Geroch, Carter, et al) on the

"causal structure" of space-time.

Earman notes that one can define a topology explicitly in

terms of the asymmetric causal connectibility relation, the Alexandrov

- ------�-
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topology, but that this topology is equal to the manifold topology

only if the space-time is strongly causal. (The technical terms

used here are defined in Chapter III.) First, one can ask whether

there might not be some other topology definable in terms of this

relation which is equal to the manifold topology under weaker

conditions than strong causality. John Winnie [�\] holds this

question up to Earman in his recent paper. Second, one can ask

whether the Alexandrov topology, or others which are definable from

the a�.mmetric causal connectibility relation, are also definable

from the symmetric relation. It is the latter, after all, which

recent versions of the causal theory employ. Third, one can ask if

there might not be some sense weaker than explicit definability in

which the topology of space-time is determined by its "underlying"

causal structure. This weaker sense, at least, might be realized in

non-strongly-causal space-times.

Fourth, one can ask if the metrical structure of space-time

can be fully or partially reconstructed from the causal connectibility

relation (symmetric or asymmetric). Robb did show that the recon­

struction is in some sense (actually two different senses) possible

in the special case of Minkowski space-time. The question is whether

his results carryover to the larger class of space-times considered

in general relativity. If not, is there some other interesting sense

in which metrical structure is determined by causal structure.

All these questions are posed with respect to the primitive

relation of causal connectibility (asymmetric and/or symmetric). One

can also ask, fifth, whether there is not a richer level of structure
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determined by some other "causal relation" which might serve to

determine spatio-temporal structure. In particular, one can repose

the first four questions in the case where a kind of "genidentity"

relation is taken as primitive. In such a set-up one starts with

the point set trajectories of causal curves (i.e. future directed

causal curves), rather than simply the fact of their existence or

non-existence, and tries to use them in reconstructing topological

and metrical structure. It certainly is not clear that Earman's

objections stand if causal structure is construed in this more

generous spirit. Indeed, as it turns out, from the class of future

directed causal curves one can, in any space-time, always reconstruct

topology uniquely.

-.....,\
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CHAPTER II

THE CAUSAL STRUCTURE OF MINKOWSKI SPACE-TIME

WHAT ROBB DID AND DID NOT PROVE
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Minkowski space-time provides the paradigm case for

causal theorists of space-time. As noted above, Robb [ l�J

proved in 1914 that one can in a sense reconstruct its topo­

logical and metrical structure from its causal structure.

But after all this time there still seems to be a great deal

of confusion about what he did and did not prove (and could

not have proven). Part of the problem is that Robb's results

are buried in a terribly long book whose flat style of expo­

sition makes it easy to lose the line of argument. More im­

portant, there are at least two different senses in which the

geometric structure of Minkowski space-time is (at least

partially) determined by its causal structure. One has to do

with "explicit definability," the other with "categorical

axiomatizability." In discussing Robb's work it is important

to distinguish them, though this lS rarely done.

The goal of this chapter is to give a unified presen­

tation of Robb's two theorems (--one corresponding to each of

the two senses--) and related results by Zeeman and Latzer

on the causal structure of space-time. In some cases new,

simpler proofs are given. A few elementary results on the

definability of non-standard topologies and congruence relations
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are also established. Hopefully the rather detailed (per­

haps laborious) exposition will resolve some of the confusion

to which I referred and also provide a clear basis for com­

parison when the causal structure of general relativistic

space-times is considered in the next chapter.

A. Basic Definitions and the Interdefinability of Causal

Relations

At the outset there is a question about how to charac­

terize Minkowski space-time. It can be taken to be an inner

product space (M,C )
)) where M is a 4 Cor n) dimensional

vector space over the reals, and (,) is an indefinite (non­

degenerate) inner product on M of Lorentz signature; it can

also be taken to be a space-time (M,n) where M is a 4 (or

n) dimensional, smooth differentiable manifold diffeomorphic

to Euclidean space E4 (or En) and n is a flat Cnon-degener-

ate) Lorentz metric on M. Of course there is a natural iden-

tification of the one with the other, but strictly speaking

things can be said about Minkowski space-time in the one guise

that are not well formed with respect to the other. So for

example, the claim that the topology of Minkowski space-time

is explicitly definable in terms of causal relations does not

make sense, again strictly speaking, under the first construc­

tion. On the other hand, the claim that parallelism between
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vectors is so definable does not make sense under the second.

Having made the point I shall ignore it for the most

part, though it will have to be recalled occasionally. I

shall go back and forth from vector space structure to mani­

fold structure and take for granted the natural identifica-

tion. Also I shall consider Minkowski space-time in dimen-

sion n(n> 2), even though only the case n = 4 lS of physi-

cal interest presumably. For the cases n > 3 nothing in

the proofs turns on dimensionality and so the added generality

comes for free. The case n = 2 is quite different from all

the others. But seeing exactly why some of the proofs break

down in this case is instructive. That dimension 2 should

be different from all others is not surprising since only

here are there finitely many (two) rather than continuum

many null times through every point. To keep track of things,

all propositions will be marked (n > 2) or (n > 3) to

specify the range of applicability.

The Lorentz signature of the inner product (,) means

that a basis can be chosen with respect to which

and v = (v , ... ,v 1)o n-

-

un_lvn_l
in that basis.

if u = ( u , ... , u
1 )

o n-

Such bases and their

corresponding coordinates are called standard. I shall assume

one is fixed once and for all.

First some standard terminology and some not altogether

standard notation is given. A vector v is timelike, (null
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or lightlike, causal, s2acelike) according as

I vi > o , ( I vi = o , lvl > o , I vi < o ) . Here I vi = (v,v).
-

Given two points a and b:

a is temporally (or chronologically) prior to b (a « b)

if I b-al > 0 and a < b
0 0

a is causall� Erior to b (a < b)

if Ib-al > 0 and a < b
0 0

a is null (or horismos) I2rior to b (a+ b)

if Ib-al = 0 and a < b
0 0

The notation is that of Kronheimer and Penrose [,oJ. The first

two relations are interpreted to mean that a signal can be

sent from a to b traveling less than (resp. less than or

equal to) the velocity of light. The third relation is taken

to mean that a signal can be sent from a to b traveling at

the velocity of light but that no signal can be sent which

(at any time) travels less than that maximal velocity. These

definitions depend on our prior choice of coordinates. Another

choice of standard coordinates would systematically preserve

or reverse the three. Hence the choice of one serves as a

specification 'of "temporal orientation." Note that a < a

and a + a, but not a« a. It is convenient to work with

all three of these relations, but we may think of anyone of

them as basic since each can be defined from each of the

others (n > 2):
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(1)

a « b ¢> :1 c ,d[a < c < b & a < d < b & --, (c < d) &

.--, (d < c) J

a -+ b ¢ a < b & --, (a « b)

a < b � \f c[b «c =9 a « cJ

a -+ b <==} a < b & .-, (a < < b)

a < b � 3 c(a -+ c -+ b)

a « b � a < b & --, (a -+ b)

Robb's relation 'after' is slightly different from all three.

In the present notation, a after b obtains if b ¢ a and

a < b.

Corresponding to each of the three causal order rela­

tions is a symmetric relation whose definition is independent

of any prior specification of temporal orientation:

a is temporally related to b (aTb) if a« b or b« a

a lS causally related to b (aKb) if a < b or b < a

a lS null related to b (aAb) if a -+ b or b -+ a.

The notation here follows Latzer [llJ. The relation a is

spacelike related to b (aab) if la-bl < 0 is also common.

Of course, the interpretation of aab lS that no signal what­

soever can possibly connect a and b. It is furthermore con­

venient to define "past and future sets" corresponding to the

different causal order relations. In the notation of Kronheimer

and Penrose [IOJ again:
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I+Ca) = {b/a « b}

J+Ca) = {b/a < b}

E+Ca) = {b/a + b}

I-Ca) = {bib « a}

J-Ca) = {bib < a}

E-Ca) = {bib � a}

ICa) = {b z ar b}

J C a ) = {b I aK b }

ECa) = {b/aAb}

I+Ca) is called the temporal or chronological future of a;

J-Ca) is called the causal past of a, etc. ECa) is just what

is usually called the null cone or light cone of a. Note that

the I sets are open, while the J and E sets are all

closed. The definitions which stipulated that a < a, a + a,

but not a« a were chosen with this topological convenience

in mind.

Only slightly less immediate than the interdefinability

of the asymmetric relations Cl), is the interdefinability of

their symmetric counterparts:

Cn>2) ar b � axb & a � b & n{JCc) :ce::JCa) n J(b)} = {a,b}

aAb � ak b & -, Car b )

( 2 )

(n>2) e.Xb ¢=> V c,d[c,de:: n{I(�) :�e::I(a) n I(b)} � _, c r d ]

axb � ar b V cAb

(n>3) ar b � -"1(aAb) & .", c l a x c � 3dCde::E(a) n E(c) & dAb)]

aKb � aTb V aAb

These are, clearly, first order sentences; set notation 1S

used only to increase readability. It follows that (at least

for n > 3) any of the three symmetric relations may be construed
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as basic and the others as derived. To convince oneself of

the validity of (2) it suffices to draw the right pictures.

As a sample this will be done for the third equivalence which

lS just a bit trickier than the other two. A full computa-

tional proof will also be given to show, at least once, how

such proofs run. Thereafter, computational verifications will

be omitted.

First we check that for n = 2, T and K are not

definable from A. For this it suffices to exhibit a bijec-

tion ¢: M2 � M2 of two dimensional Minkowski space-time

onto itself which preserves A (i.e. for all

a,b: a Ab � ¢(a)A¢(b)) but which preserves neither T nor

K. Let ¢ be the 900 counterclockwise rotation which turns

the light cone at the origin onto its side. Expressed in our

favorite standard coordinates, ¢ maps a = (ao,al) to

a' = (a�,ai) = (al,-ao). Trivially, ¢(a)A¢(b) �

a'b' - arb' = ° � albl - (-a )(-b ) = 0 �aAb. But ¢ takes
o 0 1 1 0 0 �

timelike vectors to spacelike vectors (e.g. (1,0) � (0,-1)),

so it preserves neither L nor K.

Assume now that n > 3. Suppose a and care

distinct and aAc. Then E(a)nE(c) is just the null line

passing through a and c. There is a unique null hyper­

plane, NH(a,c), containing this line. (A hyperplane is an

(n-l) dimensional subspace. It is null if through each point

there passes a unique null line contained in the hyperplane.)
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It lS tangent to the null cones of all points on the null

line E(a)n E(c). Intuitively it is clear that it consists

of the line together with all points which are not A related

null line.
E(a)OE(c)

null hyperplane NH(a,c)

to any points on the line. In fact this serves as its defini-

tion:

Def: For distinct a,c where aAc

NH ( a , c) = [ E ( a) (") E ( c) ] U {b: � d ( d s E ( a) n E ( c) � -, b Xd}

Still thinking of the case n = 3, it is intuitively clear that

for a given point a, as c sweeps over E(a), the sets NH(a,c)

sweep out all points except those in I(a), i.e.

( 3 ) (n > 3) a r b � b i U { NH ( a , c ) cAa}

This will be verified in detail In a moment. But first notice
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that it is logically equivalent to:

atb � b i. L} {E(a) n E(c) : a Xc} &

'" c I a x c =7> 3 d Cd c Ef a ) n E(c) & dAb)]

which in turn is equivalent to the third assertion of (2),

s a.nc e E(a) = U {E(a) n E(c) : aAc}. Also note that, as had

better be the case, (3) is false if n = 2 for in that case

NH(a,c) collapses to the line E(a) n E(c), and for any particu­

lar a, U {NH(a,c) : cAa} collapses to E(a).

To verify (3) we need a computational lemma.

2.1 Lemma: If u is non-zero then:

(1) (n >2) if for some non-zero null vector v

(u,v) = o , it follows that lui < 0 and
-

lui = 0 iff u = kv for some constant k.

( 2 ) (n >3) lui < 0 implies there lS a non-zero null

vector v where (u,v) = o .

Proof: Choose a favorite standard coordinate system.

Then for (1) we have:

v
o

� 0,
2

v
o

=

n-l
2

L: v.,
1

1
u v

o 0
=

n-l
L:
1

u.v.
] ]

If lui> 0 we would also have
2

n-l
2

u > L: u ..

01.)..
Squaring the mid-

dIe equality and comparing it with the product of the first and

third relations yields:
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n-l
2

n-l
2

n-l
2( L v.)( LUi) < ( L u.v.)

1
�

1 1 ]]
which entails

n-l
2

L (u.v.-u.v.) < 0 where the sum lS taken over

i;tj l] ] l

i,j � 1, which is impossible. So it must be the case that

lul< O. If lui = 0 the last inequality is replaced by an

equality which entails u.v. - u.v. = 0 for all l,] > l. Now
l ] ] l

there lS an l > 1 such that v. i- 0 (for otherwise v = 0 since
l 0

u.

v is null) . So for all ] > 1 , u. = (.....2:)v. and Slnce
] vi ]

u v
o 0

=

n-l
L u.v.

1 ]]

u. n-l
2

= (.....2:) L v. =

vi 1 ]

u.
2--2:.v

v. 0
l

it follows that u
o

U.
l

= -v
v· 0

a,

as well. Of course if u = kv for some constant k, then

lui = k21vl = O. This completes the proof of part (1).

To check part (2) it is simplest to choose a standard co-

ordinate system in which u takes the form (uo'ul,O, ... ,0). (If

{e.} is the standard basis with which we began, take ef = e and
l 0 0

choose ei to be the projection of u onto the space-like hyper-

plane spanned by el, ... ,en_l normalized so that leil = -1.

Then (e' e') = 0
0' 1

and u = u e' + u e'
o 0 1 1

for some Next

choose in the hyperplane spanned by el,··· ,en_l so

that ei, ... ,e�_l form an orthonormal basis of that hyperplane.

The resulting set , ,
e , ... ,e 1o n-

lS a standard basis for the entire

space. ) Since lui :_ 0 we have and since u is non-zero,
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Take v = (I, U. IU
o I

I' in the

new coordinate system. (Here is where we use the fact

that n > 3.) Then clearly Ivl = 0 and (u,v) = O. qed

As an immediate corollary we have:

2.2 Corollary (n > 2): For all distinct a,c where a�c

NH ( a , c ) = { b : (b - a ,c - a) = O}

Assume first that b€NH(a,c). If b€E(a) n E(c), then

Ib-al = 0 = Ib-cl and so (b-a,c-a) = 1/2 ( I b-c I-I b-a I-I a-c I) = o •

Here I c-al = 0 since we are assuming a�c. If biE(a) n E(c)

then for all d, if d€E(a)(i E(c) it must follow that -, b�d.

For any constant k, if d = k(c-a)+a, then Id-al = Ic-al = o ,

l·.e. c€E(a) n E(c). So biE(a) (i E(c) entails

0# Ib-dl = I (b-a)-k(c-a)1 for all k. Hence Ib-al-

2k(b-a,c-a) # 0 for all k. This is only possible if

(b-a,c-a) = O.

Conversely assume (b-a,c-a) = 0 and suppose there

is a d€E(a) n E(c) such that b Xd . Since I a-dl = 0 = I c=d]
it follows that (d-a,c-a) = 1/2(ld-cl-ld-al-la-cl)= O. So

by the first part of the lemma (taking u = c - a and

v = d - a) we have c - a = ked-a) for some k # O. There-

fore
I

0= Ib-dl = I(b-a) - j(c-a)I and hence Ib-al = 0 = Ib-cl.
Thus b€E(a) n E(c) and so b€NH(a,c). qed.

Finally we can easily check that (3) follows from this

corollary. Suppose first that alb, but b€NH(a,c) for some c

where c�a. Then we would have Ic-al = 0, (c-a,b-a) = 0
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and Ib-al > O. This is impossible by the first part of the

lemma again (taking u = b - a and v = c - a). Conversely

,(aTb), so la-bl < O. If a = b, then trivially

for any c where aAc, b€E(a) n E(c), so b€NH(a,c). If

assume

a i b then by the second part of the lemma (taking u = b-a)

there lS a non-zero null vector v where (u,v) = O. If

we take c = v + a then aAc, (b-a,c-a) = 0, and therefore

b€NH(a,c). This proves (3).

Using the equivalences of (2) we can give a much Slffi-

plified proof of a result of Latzer's [12J to the effect that

the relation of "temporal betweeness" defined by:

BT(a,b,c)� a« b« c v c« b « a

is definable solely in terms of the symmetric relation A.

It sufficies to check that:

B (a,b,c) � ar b & b r c & aTC & I(b) C I(a) U I(c)
T

for we now know that T is explicitly definable In terms of

A. (Similarly one can check that each of the three betweeness

relations BT, BK, BA is definable from each of T,K, and A

(n .:. 3); for n = 2, B
T

and B
K

are definable from each

of them, but BA is not definable from any.)

Interest in the betweeness relations arises because

they can be used to recover the asymmetric causal structure

of Minkowski space-time from its symmetric structure -- at
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least up to a specification of temporal orientation. Given

any two points a and b such that aTb we can arbitrarily

stipulate "a « bTl and then project this orientation onto

all other points c and d where cTd. The relation thus

projected, which we write as c �£ d following Latzer [\2J,

will systematically agree with or reverse the original rela-

tion «. The definition can be given this way:

Def: For a,b where aTb,

3e[B (a,b,e) & B (c,d,e)
T T

& -'(I(b) u I(d) C I(a)(') ICc))J .

Our claim, stated for future reference in the following lemma,

is easily checked by considering the few possible cases:

2.3 Lemma Cn > 2): If a�b, then either:

Ci) for all c,d c �� d � c < < d ; or

c �£ d � d « cCii) for all c,d

With this lemma, results which are cast in terms of asymmetric

causal relations can be recast into a form using only sym-

metric relations. For example, suppose we can show that a

certain predicate P is explicitly first order definable from

asymmetric relations; schematically, P�

the expression on the right is formulated in a first order

« •.. where

language whose only non-logical constant is '«'. If that

predicate P is itself symmetric, i.e. insensitive to reversal
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of temporal orientation, then we also have

p� ja,b(aTb & ... �� ... ) so that P is explicitly first

order definable from symmetric relations. The idea to

prove something like lemma 2.3 and use it in this way is

due to Latzer [ 12... ], and also found in Winnie [l. \ ].

B. Causal Automorphisms and Zeeman's Theorem.

In this section a simple proof will be given of

Zeeman's Theorem,characterizing the group of causal auto-

morphisms of Minkowski space-time. The theorem is a

consequence of several lemmas on the explicit definability

of linear structure which constitute the first steps in

the proof of Robb's definability theorem. The proof of

that latter theorem will be completed in the next section.

Zeeman's result, published in 1963, is only a rediscovery

of what was at least implicit in Robb.

Generically, a causal automorphism of n dimensional

Minkowski space-time M (n>2) is a bijection ¢:M �M
n - n n

which preserves one of the causal relations defined above.

For example, a «-isomorphism preserves « (i.e. for all a,b

a«b�¢(a)«¢ (b)) and a K-isomorphism preserves K (i.e.

for all a,b aKb<:=>¢(a)K¢(b)), etc. Just to avoid end-

less specification of cases, let us say that an
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asymmetric causal automorphism (or just plain causal auto­

morphism) is one which preserves anyone (and hence all) of

«, <, and +. Further we shall say a symmetric causal auto-

morphism is one which preserves T, K, A. It follows of

course that symmetric causal autmorphisms preserve the sym-

metric relation �B' for all a and b where alb. Thus

lemma 2.3 implies that a symmetric causal automorphism is

either a causal automorphism or it systematically reverses

causal order (i.e. for all a,b a« b � �(b) « �(a),

etc.). Call such a map an order-reversing causal automorphism.

This fact too we record for reference:

2.4 Corollary (n > 2): Symmetric causal automorphisms are

either causal automorphisms or order-reversing causal

automorphisms.

Now let � : M + M be a bijecti�n. We say � is
n n

a translation if there is a b such that for all a,

�(a) = a + b; it is a dilation if there is a positive real k

(called the dilation factor) such that for all a, �(a) = ka.

If � is both linear (i.e. for all a,b and reals k,£

�(ka+£b) = k�(a)+£9(b)) and norm preserving (i.e. for all

a, 1¢(a)1 = lal), then ¢ is a (homogeneous) Lorentz trans­

formation. Homogeneity just means that ¢(e) = e where e

is the zero vector and follows automatically from linearity.

Clearly. homogeneous Lorentz transformations are symmetric

causal automorphisms (since la-bl = I�(a) - ¢(b)l,
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axb <9 ¢ (a) K¢ (b)) . They are called orthochronous or

anti-orthochrcnous depending on whether they systematically

preserve or systematically reverse causal order.

All maps composed from translations, dilations, and

orthochronous Lorentz transformations are causal automor-

phisms. This is trivial. Zeeman's Theorem states that for

n > 3 no others are, l.e. the group of causal isomorphisms

is generated by the translations, dilations, and orthochronous

Lorentz transformations. Thus in a sense (up to translations

and dilations), "causality implies the Lorentz group," which

is the title of Zeeman's paper. The heart of the proof is

the demonstration that homogeneous causal automorphisms must

be linear.

This is not true for n = 2 and it is gL:ometrically

intuitive why not. Consider the light cone at the origin

with its null lines Ll and L2" If we stretch the entire

plane ln the Ll direction, or the L2 direction, or both)

x'
o

x'
I

�
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we induce a causal automorphism of the plane whether or not

the component stretchings are themselves linear. [If xo,xl
are standard coordinates introduce new "null coordinates"

x' x' where x' = x - x0' 1 0 0 1
Let 1jJ and r

be any order preserving bijections of nR onto itself which

leave 0 fixed. Then the map defined by ¢ (a' a')-1-0' 1

lS a causal isomorphism since I a ] = a'a'
o 1

and

for all a and b, ¢(a) < ¢(b)-¢> [1jJCa')-1jJCb')] ·

o 0

[rCal')-rCbl')] > 0 & 1jJ(ao') < �(b') �. (a'-b')(a'-b') > 0 &
o �/ 0 0 1 1

a' < b' � a < b.] In the presence of a third dimension the
o - o"'__/

light cone is "rigidified" and stretchings along null lines,

unless produced by dilations, will co�tort the null cones and

tamper with causal relations.

In what follows let ¢ be a homogeneous symmetric

causal automorphism. Trivially (n > 2) ¢ takes null re-

lated points to null related points (aAc � ¢Ca)A¢(c)). The

first step in Zeeman's proof is to show (n � 2) that parallel

pairs of null related points are taken to parallel pairs of

null related points, i.e. if aAc, a'Ac', and c - a lS

parallel with c' - a' then ¢(c) - ¢(a) lS parallel with

¢(c') - ¢(a'). His argument involves the classification of

doubly ruled quadric surfaces. It seems simpler to use the

null hyperplane construction from the previous section. It

is intuitively clear that c - a and c' - a' will be parallel

iff their associated null hyperplanes NH(a,c) and NH(a' ,c')
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are either equal of disjoint. The equivalence can be

checked with a straightforward computation using

Corollary 2.2. The condition involving null hyperplanes

is formulated solely in terms of symmetric causal relations.

So parallelism between the null pairs a,c and a' ,c' will

certainly be preserved under ¢.

It follows (n>2) that if a and � are null vectors,

then ¢(a+a') = ¢(a) + ¢(a'). This is because the null

parallelogram with vertices e,a,a' ,a+a' is necessarily

taken to a null parallelogram with vertices 6,¢(a), ¢(a'),

and ¢(a+a').

Suppose a,c and a' ,c' are again pairs of distinct

null related points. Suppose further that q is any rational

number. Then the next claim we make is that (n>3) the

condition c'-a' = q(e-a) is (explicitly, first order) de­

finable from symmetric causal relations. Since the condition

is symmetric (it holds for a,c,a' ,c' iff it holds for

-a,-c,-a' ,-c') we may make full use of asymmetric causal

relations in giving a "causal definition" and then avail

ourselves of lemma 2.3.

First assume a+c and a'+c' and acral. Then

c'-a' = c-a (the case q=l) is equivalent to the assertion

that there exist points b,d such that b+d and such that the

six points a,c,a' ,c' ,b,d form two null parallelograms

as in the figure, i.e. the null vectors c-a,c'-a',d-b
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are parallel; and d - c, b - a are parallel; and d - c
t

,

b - a' are parallel. Of course we alrea_dy know that the

d
"

'"

".. '-

"..

/'
"..

,,/
"..-

.,.,

c'

"..-
"..- b <,

<,
"-

<,

a'

a

component assertions of parallelism between null vectors can

be formulated using only (symmetric) causal relations. Note

that this causal definition only works if a third dimension

lS available.

If we continue to assume that a � c and a' � c'

but consider the more general case where a and at are not

necessarily space-like related, vector equality of c - a and

c' - a' is defined by the interpolation of a third pair of

null related points atl�c" where a" � en, where a" is

spacelike related to both a and a' t and where c
"

- a
" is

equal (according to the condition just stated) to both ei - a'

and c - a. Finally, if we drop the assumption that a � c

and a' � c' then c - a = c' a' lS equivalent to a dis-

junction: (a�c & a'�c' & ... ) v (a�c & c'�a' & ... ) v ... etc.

This takes care of the case where q = 1.
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If q = min where m,n are positive integers, the

causal definition of c' - a' = q(c-a) amounts to the asser-

tion that the vector result of laying out n copies of

c' - a' end to end is equal to the result of laying out m

copies of c - a. If a + c and a' + c' the defining con-

dition, more precisely, is that there exist (m+l) points

b , ... , b
o m

and (n+l) points b'
0'

such that for... , b'
n

... , n - 1 theeach i = 0, . . . , m - 1 and each j = 0,

vectors c - a and bi+l - b. are equal, while the vectors
l

c' - a' and bj+l - b! are equal; and such that b - b
] m 0

and b' - b' are equal. Again by moving to a
n 0

.:
b

rn

rn copies of n

c-a

( copies of c'-a'

disjunction the assumption a + c and a' + c' can be erased.

(I shall not continue to repeat this each time in the future.)

Finally if m = 0, then c' - a' = m/n(c-a) is equivalent to

c' = a'; and if m is negative, say m = -p, then

c
'

- a' = m(c_a)
n

is equivalent to c
'

- a' = £.( a -c ) .

n
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Thus, as claimed, for distinct null related pairs of

points a,c and a' ,c' the condition c' - at = q(c-a) lS

(explicitly, first order) definable from symmetric causal

relations for any rational q. It follows (n > 3) that

if a lS null and k is any real, then ¢(ka) = k¢(a).

Certainly this must be true if k is rational. Now ¢ lS

either a causal automorphism or an order reversing causal

automorphism by corollary 2.4. Suppose the former. Then

for all rationals q,q' if qa + ka + q'a it follows that

q¢(a) + ¢(ka) + q'�(a). This implies ¢Cka) = k¢Ca). If ¢

is order reversing then qa + ka + q'a implies q'¢(a) +

¢(ka) + q¢(a) and again ¢Cka) = k¢(a).

Putting together the two underlined facts we have:

2.5 Lemma Cn > 3): If ¢ lS a homogeneous, symmetric

causal automorphism, ¢ is linear.

This follows immediately for we can choose a basis for the

space consisting of n null vectors el, ... , en. Then for

any a = �r.e.
l l

and b = �s.e.
] ]

and any real k£, repeated

application of the two facts yields:

¢[k(�r.e.)+£(�s.e.)J = k[¢(�r.e.)J + £[¢(�sJ.eJ.)Jl l ] ] l l

l.e. ¢(ka+£b) = k¢(a) + £¢(b).

Before completing Zeeman's Theorem we need one more

simple lemma about inner products. Recall that an inner

product (,) on a vector space V is pOBitive megativ�
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semi-definite if (v,v) � 0 for all v (ev,v) 2 0 for all v)

and indefinite if neither the one or the other.

2.6 LeIT�a: If (,) lS an indefinite inner product on a

vector space V and (,)' is any other inner

product on V such that for all v e V

(v,v) = 0 iff (v,v)' = 0, then for some real k ,

(v,w)' = k(v,w) for all v,weV.

Proof: Fix some v where (v,v) < 0 and let w be any

vector for which (w,w) > o. Consider the equation IV+AWI = 0,

i.e. (v,v) + 2A(V,W) + A2(W,W) = o. Since 4(v,w)2 - 4(v,v) (w,w)

> 0, the equation has

(v, v)
(w ,w)

•

I v+ AW I'

real solutions and A2 where AIA2 =

is a solution ofNow A is a. solution of IV+AWI =

O h \ \ - (v,v)'= ,s 0 we ave /\.1 I\.
2

-

( w , w) f

o iff it

as well. Thus for any

w such that (w,w) > 0 we have (w�w)' = k(w,w) where

k = (v,v)'
(v,v) ·

Now let u,w be arbitrary vectors where (u,u) < 0

and (w,w) > o. Repeating the very same argument we have

(w,w)' _
(u .. u ) '

(w,w)
-

(u:u) and hence that (u,u)' = k(u,u) for any

such that (u,u) < o. Trivially if (u,u) = 0 then (u,u)' =

u

k(u,u) .

Thus for all u whatsoever, (u,u)' = k(u,u). But

now for all u,w:
1

(u,w) = 2[(u+w,u+w) - eu,u) - (w,w)],

and hence (u,w)' = k(u,w). qed.

Zeeman's Theorem [l�J now follows:
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2.7 Theorem Cn > 3): If ep 1S a causal automorphism of

Minkowski space-time, ep 1S the composition of a

translation, a dilation, and a homogeneous ortho-

chromous Lorentz transformation.

Proof: Let T be a translation taking epce) to e

and take epl = Toep. Then by lemma 2.5 ¢l is linear. De­

fine an inner product C,)' by Ca,b)' = CepICa),eplCb)).
Since Ca,a)' = 0 iff Ca,a) = 0 it follows by lemma 2.6

that there is a k such that Ca,b)' = kCa,b) for all a,b

and k must be positive since ¢l takes timelike vectors

to timelike vectors. If � = Il7k and D� is the dila-

tion which takes a to �a, then D�oToep is a homogeneous

Lorentz transformation. It must be orthochronous since each

of ep,T, and D� preserve causal order. So

-1 -1
ep = T oD� oCD�oToep) and the result follows. qed

If ep is only a symmetric causal automorphism, then

everything in the proof goes through to the step where

D�oToep 1S pronounced a homogeneous Lorentz transformation.

Then by lemma 2.4 ep must be either orthochronous or anti-

orthochronous. Thus we also have:

2.8 Theorem Cn > 3): If ep is a symmetric causal automorphism

of Minkowski space-time it is the composition of a

translation, a dilation, and a homogeneous ortho-

chronous or anti-orthochronous Lorentz transformation.

-----
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C. Robb's Definability Theorem

In the course of proving Zeeman's Theorem we showed

that the relations of parallelism and equality between null

vectors are explicitly first order definable from symmetric

causal relations. In this section we show (n > 3) that

these relations and also those of orthogonality and congru­

ence are so definable for quite arbitrary vectors. (Vectors

u,v are orthogonal if (u,v) = 0 and congruent if luI = Ivl.)
The construction is that of Robb. In the last section causal

definitions were given in complete detail to show at every

stage that they were explicit and first order. Some of that

detail will be omitted this time around so as not to obscure

the intuitive line of the construction. Again, computational

verifications will be omitted.

First parallelism. A plane (i.e. a two dimensional

subspace) is called timelike if through everyone of its

points there pass two null lines each fully contained in the

plane. Each of these null lines is called a generator of

the timelike plane. Clearly, the generators fall into two

classes of mutually parallel null lines. Two planes are

parallel if their respective families of generators are

parallel. Now (n > 3) all lines, whether timelike, space­

like, or null, can be realized as the intersection of two
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timelike planes. (The figure shows a timelike line realized

null

generator

timelike line

"

Jtimelike
plane

\,

\,

...-'�---

this way.) Two general lines are parallel iff they can be

realized as the intersections of respectively parallel time-

like planes. This is the basis of the causal definition of

vector parallelism.

Given pairs of distinct points a,c and a' ,c' we

want to assert that c - a and c' - a' are parallel iff

there exist four timelike planes Pl,P2, Pi�P� such that a,c

belong to PI () P
2'

a', c
' belong to Pi ("'\ P2, and. PI and

are parallel, while P'
1

and P'
2

are parallel. Rather

than quantifying over planes, we need only quantify over

triples of points which determine them. A timelike plane P

is determined by a specification of three distinct points
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d,e,f in P where dAe, dAf, and the null vectors e - d

and f - d are not parallel. To assert that a point, say a,

lies In P we in effect say that a lies in the vector

span of e - d and f - d, i.e. that a and d form op­

posite vertices of a null parallelogram whose sides are re­

spectively parallel to e - d and f - d. To assert that two

timelike planes are parallel we say that their respective

null vectors generators are parallel. Thus the defining con­

dition that there exist four timelike planes ... can be writ­

ten as the condition that there exist twelve points ... As

a first step then, we have Cn > 3) that parallelism between

arbitrary vectors is explicitly definable from symmetric

causal relations. Note that the definition breaks down for

n = 2 where there is only one timelike plane to work with.

In fact, general parallelism is not definable for n = 2 even

though, as we established, null parallelism is.

Next vector equality. Given pairs of distinct points

a,c and a' ,c' we want to "define" the condition that

c' - a' = c - a. This proceeds by a straightforward parallelo­

gram construction, similar to the one used in the previous sec­

tion to define equality between null vectors. The only dif­

ference is that now we can avail ourselves of arbitrary paral­

lelograms, not simply ones that are null.

Next orthogonality. It is easiest, again, to talk in

terms of lines. There are several cases to consider. Two null
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lines through a common point are orthogonal iff they coin­

cide. A spaceline is orthogonal to a null line with which it

intersects iff the spaceline lies in the null hyperplane as­

sociated with the null line. A timeline is never orthogonal

to any other timeline or null line. A timeline is orthogonal

to a spaceline sharing a common point iff they form the

diagonals of a null parallelogram as in the figure.

Two spacelines sharing a common point are orthogonal iff there

is a timelike plane through one having the property that every

timeline in it running through the common point is orthogonal

to the other spaceline.

Now suppose a,c and a' ,c' are pairs of distinct

points. We want to "define" the condition that (c'-a' ,c-a) = O.

In the special case where a' = a we need only use the above

sequence of cases, systematically replacing reference to lines

and timelike planes with expanded reference to pairs or triples
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of points which generate them. In the general case where

a # a' we extrapolate, asserting that there exists a point

c" such that c" - a = c' - a' and such that c" - a 1S

orthogonal to c - a.

Suppose aTC and aod. We say that c - a and d - a

are conjugate if, as in the previous figure, they form half

diagonals of a null parallelogram (i.e. there exist points e

and f such that c,d,e,f form a null parallelogram,

c - a = a - e, and f - a = a - d). The term is Robb's.

With this relation we can give the causal definition of

congruence between pairs of distinct points a,c and a' ,c'.

Suppose first that a = a'. There are several cases to con­

sider. If aTC and aTc' then the pairs are congruent iff

there is a point d spacelike related to a such that c - a

and c' - a are both conjugate to d (see figure).

c c'

d
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If ac c and ao c
' then the pairs are congruent correspond-

ingly iff there 1S a point d timelike related to a such

that c' - a and c - a are both conjugate to d - a. If

aAc and aAc' then of course a,c and a,c' are always

congruent. In all other mixed cases they are never congru-

ent. Finally, in the ge�eral case where a ¥ a', we again

extrapolate, asserting Ic'-a'i = Ic-al I iff there is a point

clf such that clf - a = c' - a'

with c - a.

Thus we have at least sketched the proof of what we

and c" - a is congruent

shall call Robb's Definability Theorem (n > 3): the relation

of congruence, which holds between points a,c,a' ,c' just

in case je-al = Ic'-a'l, is explicitly first order definable

from symmetric causal relations.

Actually we have at our disposal the means to prove

something stronger still which should be recorded for future

reference. First of all, if q lS any rational number we

can "casually define" the relation Ic'-a'i = qlc-al. This

proceeds in two steps. We define the relation c' - a' = q(c-a)

just as we did in the previous section in the special case of

null related vectors. Again we use a simple "end-to-endU

construction, now availing ourselves of the causal definition

of equality between arbitrary vectors. Then we define the

relation I c
' -a' I = q I c-a I to obtain just in case there exist

points a",c" such that c"-a" = q(c-a) and Ic"-a"l = Ic'-a'i
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(when q is non-negative) or c"-a" = q(c-a) and c"-a"

and c'-a' are conjugate (when q is negative).

Let us say that a real number k is first order

definable from symmetric causal relations or just definable

if the relation Ic'-a'i = klc-al is explicitly first order

definable from symmetric causal relations. We have then

that all rationals are definable. The problem naturally

arises to characterize the full class of definable reals.

The Euclidean field over the rationals is that field

which results from closing the rationals under the four

rational operations (taking additive and multiplicative

inverses, sums, and products) and the operation of extract-

ing the square root of the sum of two squares. If ql' ... ,

qn are rationals then the field contains /qf+q� and

/qf+q�+q� = �;';i+q�)2 + q�, and ... /qi+.·.+q� ; it also

contains q3/qf+q� + � etc. It is easy tc check that all
q4

reals in the Euclidean field over the rationals are definable.

Suppose that k is definable. Then -k is definable since

Ic'-a'i = -klc-al is equivalent to the assertion that there

exist points a", c" such that c"-a" is conjugate to c'-a'

and Ic"-a"l = klc-al. Similarly if kl and k2 are definable,

;-2-2:
so must be Ikl+k2. A projection onto a spacelike hyper-

surface is involved (--given any points a,b where aTb, the

set of points c such that c-a is orthogonal to b-a is a
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spacelike hypersurface). The idea is that when restricted

to a spacelike hypersurface the Minkowski orthogonality

and congruence relations reduce to the Euclidean. Sup-

pose first that kl and k2 are non-negative. Then

I c' -a' I = !ki+k� I c-al is equivalent in the case c o a to

the assertion that there exist points b,d,e all in any

one particular spacelike hypersurface such that (see

figure) d-b and e-b are orthogonal, Id-bl = kllc-al,

space like

hypersurface

le-bl = k2Ic-al, and Id-el = Ic'-a' I· The case CTa is

similar, but the relation of conjugacy must be brought

in. Now suppose that kl is negative, but k2 is non­

negative. Then we can define Ic'=a'i = )ki+k�lc-al to

hold just in case I c
I
-a

I I = /( -kl) 2+k� I c-a I . And so

forth.

It seems plausible (?) that the Euclidean field over

the rationals exhausts the class of definable reals. (Cer-

tainly that field exhausts the class of reals constructible

from ruler and compass in Euclidean geometry.) But I do

not see a proof.
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D. Robb's Categoricity Theorem

In his � Theory of Time and Space [ ], Robb presented

an axiom system involving the single two place relation

"after" (--in our notation, a after b iff a < b &

a � b--), proved an enormous number of theorems, and eventually

sketched how (real valued) coordinates could be a.ssociated

with elements of any model of his axioms in such a way that

the standard coordinate structure of four dimensional Minkowski

space-time M4 is reproduced. He proved in effect, though

without stating so, that his axioms are categorical: that

any model of his axioms (S, after) must be isomorphic to M4
in its natural causal structure, i.e. there must be a bijec­

tion ¢ : S + M4 such that for all s,s'eS, Sl after

s � ¢(s) "f e Cs ") & o Cs ) < ¢(s').

Because of the way In which Robb sketched the "intro­

duction of coordinates" it has been unclear to some authors

whether in the end he really did prove the categoricity of his

axioms. Domotor, for example, while thinking it obvious that

such a theorem "could be shown," regrets that "no physicist

or mathematician responded effectively to Robb's challenge [to

f ind it]." ([ 3 J).

In this section we glve a simple categoricity proof,

not of Robb's axioms, but of a related finite axiom set in­

volving the single relation « (or whatever other asymmetric

relation is construed as primitive). Thereafter, using lemma
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2.3, we extract a corresponding result for aXloms formu-

lated only in terms of one of the symmetric causal relations.

Skolem-Lowenheim considerations alone, of course, require

that not all of the axioms be first order. Our one second

order axiom is a type of Dedekind completeness axiom. The

others are all first order. Robb uses second order formu­

lation (and more) quite freely in his system not only in his

Dedekind axiom but in many others too. But it is unnecessary

since, as already explained, talk about lines, planes, hyper­

surfaces, etc., can be replaced by talk about finite sets

of points which determine them. Were one so inclined, one

could formalize our axioms in a second order language whose

only non-logical constants are the relation symbols '«' and

, €.'

There is an important difference in approach between

Robb's axiomatization and ours. From our point of view the

goal is to establish "finite first order and Dedekind" cate­

goricity, not to present a simple, minimal axiom system.

We take anything we can get our first order hands on! As

was shown in the previous section that is quite a lot. In

effect we simply take over as axioms causal properties of

Minkowski space-time which are so strong that it is possible

to establish their categoricity with little work at all.

Certainly these axioms could be derived from a simpler set.
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This is more or less what Robb does, painstakingly but

tediously. But so far as the logical problem of categor-

icity is concerned, little is achieved in the process.

Once again in this context, the case n = 2 is

special. A particularly simple axiomatization is available

here which does not carryover to the case n > 3. In fact

it uses none of the material about general parallelism,

orthogonality, and congruence developed in the previous sec-

tion. Indeed, as we already know, these relations are not

definable from causal relations for n = 2 and so they are

not available for use in an axiomatization. (That they are

not definable follows from the fact that they are not, in

general, preserved under non-linear causal automorphisms of

M2. The existence of such automorphisms was established in

section B.)

Consider the two null lines passing through some

point in M2. Every point c in M2 is uniquely deter­

mined by its null projections onto these two lines.

/

/

/

/

/

/

c' <
/

/
, /

/
,

/

'<
C ,

,
,
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This sets up a bijection between M2 and pairs of points

on them. The bijection has the special property that given

points c and c', cAc' iff they share a common projection

onto at least one of the lines; and c � c' iff cAc' and

the projections of c are respectively � related to the

projections of c'. Thus the causal structure of M2 1S

fully coded in the order structure of the null lines.

One of the axioms we use to categorize the causal

structure of M2 simply asserts the possibility of setting

up such a correspondence between points and their respective

projections onto two arbitrarily chosen null lines. The

others guarantee that null lines, under their inherited �

order relation, are isomorphic to the reals. They assert

that the induced order is linear, dense, without first or

last element, and complete. Nothing more is needed.

Suppose a � b for distinct points a,b. Then for

an arbitrary point c, the expression "d is the projection

of c onto ab" abbreviates: aAd & bAd & dAc. With

that expression the axioms can be stated as follows:

Axioms for M2:
(1) For all distinct a,b where aAb: restricted to

E(a)" E(b) the relation � is linear, dense,

and without first or last element.

(2) For all distinct a,b where aAb: restricted to

E(a) � E(b) the relation � is Dedekind complete,
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l.e. if X and Yare disjoint subsets of

E(a) n E(b) whose union is E(a) n E(b), and

if no point of either set lies between two points

of the other, then there is a point of one set

which lies between every point of that set and

every point of the other set.

(3) There exist distinct points a,bl,b2 where a + bl,
a + b2, but not blAb2 such that:

(i) For every c, there exist unique points

dl and d2 where dl is the projection

of c onto abl and d2 is the projec-

tion of c onto

(ii) For all points

d2eE(a)(l E(b2)

ab2•

dleE(a) (l E(br) and

there is a unique point

c such that dl and d2 are its respec­

tive projections onto abl and ab2.
(iii) For all c,c' if d1,d2,di,d2 are their

respective projections onto abl and ab2
then:

c + c
' iff d + d' g d + d' & (d = d.' v d =d')112 2 1 1 22·

(see figure above).

To prove the categoricity of these axioms we need only re­

work the sketch above. We pose it with « construed as

primitive.
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2.9 Theorem: If (S ,«) is a model of axioms (1), (2),

( 3 i , then ( S ,< <) is isomorphic to M2•

Proof: Choose points a,bl,b2 in S as guaranteed

by (3). By (1) and (2), the sets E(a) r. E(bl) and

E(a) n E(b2) will be order isomorphic to R Let

be

isomorphisms. Suppose xo,xl are standard coordinates on

and x' x'
0' 1

are corresponding null coordinates of the

sort used before (i.e. x
' = x -x
001

In

lieu of (3i,ii) we can set up a bijection <p : S -+ M2 by

associating with each point seS that point in M2 whose

by
x�,xi coordinates are (<Pl(s),<P2(s». Now (3iiih for all

s ,s' in S, s -+ stiff either <Pl (s) = <Pl (s') or

<P2(s) = <P2(s'), and both <Pl(s) � <Pl(s') and <P2(s) � <P2(s').
These conditions on the x' x'

0' 1
coordinates of <P (s) and

<P(s') are equivalent to <P(s) -+ <P(s'). qed

Clearly the theorem could have been posed with

either < or -+ construed as primitive. Let ... « ...

abbreviate the conjunction of the three axioms. Then con-

sider the axiom j a,b[aTb s �� ... J. With exactly

the same proof we can show that any model (S,T) of this

axiom must be isomorphic to M2. So we have a symmetric

version to Theorem 2.9.

In turning to consider the case n � 3, things are

not so simple. Axioms (1) and (2) could be carried over
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intact. We could also write down an axiom parallel to the

first two clauses of (3) prescribing that points be uniquely

determined by projections onto n linearly independent

null vectors. Together these axioms would guarantee that

any model naturally inherited the structure of an n-dimensional

vector space over the reals. The problem is with clause

(iii) of (3) which lS specifically two dimensional in character.

With n � 3, given points c and c' there does not ap-

pear to be any ready condition involving their respective

projections onto n null lines which is equivalent to

c � c' (or c« c', etc.).

Robb's line of construction, and ours, is quite dif­

ferent. First, we stipulate axiomatically that it is pos­

sible to realize the model as the product of a timeline

and a spacelike hypersurface orthogonal to it. (Certainly

every point in Minkowski space-time is uniquely characterized

by its projections onto any two such subspaces .) Then

we impose axioms which guarantee that the spacelike hyper­

surface itself is Euclidean in structure. Finally we im­

pose axioms which effectively code causal structure into

the spacelike hypersurface. In the axiomatization which fol­

lows these stages are captured, respectively, in clauses

I, II, and III.

The first stage is straightforward. It corresponds

exactly to 3(i),(ii) in the axiomatization for M2. Given
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points a,b where a« b, let Jf(a,b) be the set of

points collinear with a and b (i. e. those points c

where a - c and b - c are parallel), and let 14 (a ,b) be the

spacelike hypersurface through a orthogonal to i.(a,b) (i. e"

those points d where a - d and a - b are orthogonal).

Then the expression "c is the projection of e onto

1. (a,b)" naturally abbreviates: ce;i(a,b) and c - e lS

orthogonal to b - a; and similarly for "d is the projec­

tion of e onto }f (a,b)." Clause I, then, is certainly

first order in the relation '«' (or '<I, etc.).

There are different ways to force the desired out­

come that !4 Ca,b) have the structure of (n-l) dimensional

Euclidean space. One is to consider an axiom set e
n-l

which is known to categorize that space and then add such

axioms to one's own system as to make it possible to prove

e
as relativized to a space-like hypersurface. ThisCn-l

is Robb's way. Our no work alternative is simply to adopt

wholesale the relativized versions of the en-I' This

is possible so long as the primitive relations entering into

the � are explicitly definable from causal relations.
n-l

One rather elegant finite categorical axiomatiza-

tion of n-dimensional Euclidean space (n > 2) due to

Tarski uses a three place betweenness relation Bxyz,

interpreted to mean that y is collinear with and between

x and z (with the case of y coinciding with x or z
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not excluded), and a four place congruence relation Cxyzw,

interpreted to mean that the distance from x to y

equals that from z to w. We already know that the lat-

ter is Cn > 3) explicitly definable from causal relations.

So clearly is the other (n> 3). Given a,b,c, B(a,b,c)

lS the condition that the points are either not all distinct

or they are collinear and either (i) a < b < c or c < b < a,

or (ii) -, CaKc) & J- (a) r. J-(c) C.J-Cb) . Without bothering

to enumerate the list or rehearse the proof, we now assume

the categoricity of Tarski's axioms �n-l (for n > 3) as

a lemma, i.e. we assume that any model of them must be iso-

morphic (with respect to B and C) to (n-l) dimensional

Euclidean space. [Actually some explanation here is in

order. Tarski's system is stated for two dimensional Euclidean

space. But as he notes, it can be adapted to higher n by

changing the dimensionality axioms All, Al2 and leaving all

others fixed. Also it is posed as a first order axiomatiza-

tion of "elementary geometry." For our purposes his infinite

axiom scheme Al3 must be replaced by a second order complete-

ness axiom -- such as the one cited above. This will be

the one second order axiom.]

Clause III is less transparent than the other two.

So far we have put in enough to conclude that any model

can be realized as the product of some set �(a,b) with

Cn-l) dimensional Euclidean space. Clause IIICi) allows
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us to project onto � Ca,b) and cQn�lude that it must be

isomorphic to rn. This can be done in different ways. One

way is just to choose anyone line in �Ca,b) passing

through a and assert that it can be put into one-to-one

correspondence with £Ca,b) via the relation as in the

figure. To formulate the assertion we must be able to

h
,

!(a,h)
,

,
'.

,

,

distinguish two "sides" of the line in .� (a ,b), one to

project up, the other down. But this is easily done by

specifying some point h on the line and using the between­

ness relation. More precisely, if he �(a,b) with a � h,

and if �Ca,h) is the line through a and h, then we

take �+(a,h) to be that portion of the line on h's side

Cexcluding a), i.e. those points dectCa,h) such that

-, B (d, a ,h) . Similarly we can causally define 1- (a ,h) ,

J +
(a, b), and J.- (a ,b) . With these abbreviations, clause
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IIICi) is easily formulated.

Finally, IIICii) gives a condition for e � f,

where e and f are quite arbitrary, in terms of their

respective projections onto .;(Ca,b) and F+Ca,b). The

points, of course, have their direct projections onto�(a,b).
They also have reflected projections, first onto ;fCa,b)
and from there onto t Ca,h) in F-l Ca,b) -- see figure.

The condition imposed by IIICii) for e�f to hold is that

their direct and their reflected projections onto 1+ Ca,b)

be congruent and that the projection of e onto ;rCa,b)
be less than or equal to the projection of f onto � Ca,b).

Congruence between vectors in �Ca,b), we know, will necessarily

14 (a,b)

-7- cI (a,b)

a'
r

direct
projections

t (a, h) _-

/

/ - - - - - - - - - - - 1£
/

-------_._-, :/
/

/
/ e;

// / I
/ I

/ / ,
/ / .

reflected

proj ections --

I
be preserved under the isomorphism which takes 1+ Ca,b) to

Cn-l) dimensional Euclidean space. The expression ltd' is

the reflected projection of e onto �Ca,h)!f can be cashed
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in, of course, as the assertion that d' is on �(a,h),
and there exists a point c on J:(a,b) such that c lS

the projection of e onto �(a,b) and either d' + c or

c + d f depending on whether ce J+ (a, b) or

Of two points di ,d2e !.(a,h), we can say that

ce j-(a,b)"'
"d' is equal1

to or before d2" meani.ng that:

die ;r·Ca,h) & d2e c1+Ca,h), or dl_,d2e �;tCa,h) U {a} &

B(a,di,d2), or di,d2e J-(a,h) & B(di,d2,a)
So clause III is certainly first order in the relation «

(or whatever).

Axioms for M (n > 3):
-- -n

There exist points a,b where a« b such that:

(I) Ci) for every e, there exist unique points c and

d which are the respective projections of e

on to J ( a , b ) and � ( a , b) ;

(ii) for all points ce J (a ,b) and de 1+( a ,b) there

(II)

is a unique point e such that c and dare

the respective projections of e onto dfCa,b)
and � (a ,b) ;

restricted to r4Ca,b), the finite axiom set

e obtains "e n-l

there is a point he 14(a,b) with h � a, such(III)

that:

(i) for all d in cf+Ca,h) there lS a unique c

inJ+Ca,b) such that d + c
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for all d in .f-Ca,h) there 1S a unique c

in t_-Ca,b) such that c -+ d

for all c 1n ;+Ca,b) there is a unique d

+
in J C a ,h) such that d -+ c

for all c in 1- C a ,b) there is a unique d

In J-Ca,h) such that c -+ d

Cii) for all e,f: e -+ f iff if dl,d2 are the

respective projections of e and f onto

� Ca,b), and if di,d2 are their respective

reflected projections onto �Ca,h), then

CCdl,d2,di,d2)
before d2.

and d'
1

is equal to or

These axioms pay for their clumsiness with a trivial cate-

goricity proof. All one has to do is extract in sequence

what one has, with brute force, put in. Again we pose it

in terms of « with the other relations understood as de-

fined.

2.10 Theorem Cn > 3): If (S,«) is a model of axioms I,

II, III, then CS,«) is isomorphic to M •

n

Proof: Choose points a,b where a« b which

satisfy the requirements of I, II, and III. Let

r : t4 Ca,b) -+ En-l be a bijection which preserves Band C.

If {Xi} are standard coordinates on Mn, then the image of

r may be taken to be the set = 0 in M
n

and r (a) the
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origin. Let h be a point In �(a,b). Then r[�Ca,h)J
is of course a line in the Xo = 0 surface passing through

rCa), and it, together with the Xo line, satisfies clause

III in M . Using IIICi) we can then then set up a bijec-n

tion \lJ £ (a ,b) + the x axis in M . Given c on
0 n

ciCa,b) , \lJCc) results from first projecting c onto ;tCa,h) ,

taking the image of that point under r, and then finally

projecting onto the Xo axis.

The two maps \lJ,r, in view of clause I, define a

natural bijection ¢ s + M. Given a point e, with re­
n

spective projections c,d on �Ca,b) and � Ca,b), ¢Ce)

is taken to be that point whose Xo coordinate is given by

\lJCc) and whose x. coordinates
l

Ci=l, ... ,n-l) are given

by rCd). Clearly, ¢ takes projections and reflected projec­

tions in � Ca,b) onto corresponding projections and re-

flected projections in the = 0 surface. But this is all

we need to conclude that ¢ preserves +. By IIICii),

these projections and reflected projections determine, for

all e and f, whether e + f. And since the right-hand side

of the equivalence in IIICii) is posed in terms of Band C,

it must be preserved under r and
-1

r 0

So e + f iff ¢(c) + ¢(f). qed.

Just as with the case n = 2, a symmetric version

of the categoricity theorem follows from lemma 2.3. If

• •• < < is the conjunction of the several clauses, then
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the axiom 3r,s (rTs & ... « ... ) is categorical, i.e.
rs

any model (S,T) must be isomorphic to M .

n

Latzer [l�J was the first to prove that Robb's

categoricity theorem can be recast ln symmetric form. (He

construed A as primitive and the other symmetric relations

as defined.)

E. The Definability of Non-Standard Congruence Relations

Having distinguished Robb's definability theorem from

his categoricity theorem and proven both, I want to mention

two specific confusions about them and their relation to one

another. The latter confusion motivates a problem which will

also be considered in this section -- that of classifying all

non-standard congruence relations which are definable from

causal relations.

First, one sometimes hears that any model of Robb's

axioms must be isometric (or conformally isometric) to

Minkowski space-time. Strictly speaking such a claim makes

no sense because the models satisfying his axioms, or ours,

are simply sets with a two-place relation on them. They have

neither topological nor metrical structure which could be or

fail to be the same as that of Minkowski space-time. Of

course these claims are meant to refer to the geometric structure

which the models may "inherit." But here some care is in

order because they inherit simultaneously geometries of different
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type. Minkowski space-time may be construed as a vector

space over the reals together with a non-definite inner

product, or as a space-time (i.e., as a pseudo-Riemannean

manifold), o�, if one likes, as a Weyl space or some other

more general geometric space. If the question is whether

an inherited geometry in one of Robb's models is constrained

to be Minkowskian, the answer depends on which geometry one

has in mind. This is a simple point, but it is worth making

precise.

Suppose (S,T) is a model of Robb's axioms, or

ours, and (V, (,)) is an inner product space. Then we

say that (V, ( )) is compatible with (S,T) iff there is a

bijection �: S + V such that for all a,beS: aTb iff

I�(b) - �(a)1 > o. We know Minkowski space-time construed

as an inner product space is compatible with (S,T). Sup­

pose (S,T) is compatible with some other inner product

space (V, (,)). Then there will certainly exist a composed

bijection r : V + M such that for all v in V,n

Ir(v)1 > 0 iff I vi > o . It follows by a variation on the

proof of lemma 2 • 6 , that there is a k > 0 such that for

all v,v' in V: (r(v),r(v')) = k(v,v'). We have then that

� to a dilation factor, Minkowski space-time is the only

inner product space compatible with (S,T).

Anticipating several definitions from the next

chapter, we say that a model (S,T) is compatible with a
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space-time (�) iff there lS a bijection ¢ : S + M such

that for all a,b in S: aTb iff there is a piecewise

smooth timelike curve connecting ¢(a) and ¢(b). As we

shall see, if (M,g) is compatible with (S,T), then

(M,g) must be conformally isometric to Minkowski space­

time. So, � to � conformal factor, Minkowski space-time

lS the only space-time compatible with (S,T)

At this point we could formulate notions of compati­

bility appropriate to more general geometric spaces and

state corresponding characterization theorems. The addi­

tional elements of geometric structure that are superimposed

would be underdetermined by the initial causal structure.

The more general the geometry, the weaker the characteriza­

tion theorem.

A second confusion has to do with the definability

of non-standard congruence relations from causal relations.

I do not think it unfair to attribute this confusion to John

Winnie based on his remarks in the discussion of his paper [�,J

at the May 1974 Conference on Space-Time held at the Uni­

versity of Minnesota. It is clear that, in the sense of

categorical axiomatizability, the causal structure of Minkowski

space-time does not distinguish it from those space-times to

which it is conformally isometric. Winnie seemed to sug-

gest that a parallel situation exists with respect to the

definability of congruence relations.
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This is not the case. Let (M,g) be an arbitrary space-time

conformally isometric with Minkowski space-time other than Minkow­

ski space-time itself. (Here we are again anticipating Chapter III

and, in particular, the discussion on pp. III, 58-9.) Presumably

the claim is that the metrical congruence relation in (M,g) is

explicitly definable from causal relations. But it is by no means

clear, first of all, that (M,g) carries any general notion of dis­

tance or congruence. Any two points will be connectible by curves

of length zero, of arbitrarily large (positive) length, and of

arbitrarily small (negative) length. One can naturally define a

kind of distance function over the domain of points causally re­

lated to one another. Of all causal curves connecting two points

there will always be a unique one (a geodesic) of maximal (positive)

length. In the special case of Minkowski space-time this

"maximizing" distance function will agree with that determined by

the Minkowski metric. But no counterpart "minimizing" definition

is available for the case of spacelike related points. They will

always be connectible by spacelike curves of arbitrarily small

(negative) length.

It is the case that in (M,g) two arbitrary points are con­

nectible via a unique geodesic. (This is not true in arbitrary

space-times.) While the motivation for doing so is not clear,

one might just define the distance between arbitrary points to be

the length of this unique geodesic. Relative to this notion of

distance (M,g) does carry a congruence relation and one can
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meaningfully assert that the relation is definable from causal re­

lations. But now the claim, while meaningful, is flatly false.

Indeed, the only congruence relation (of this sort) definable from

causal relations (-- in any sense of definable, no matter how weak--)

is the standard Minkowski relation. This will follow from a general

classification result proven later in this section. Quite apart

from Winnie's claim, the problem of classifying those "congruence

relationsll definable from causal relations is of interest because

it helps to illuminate Robb's definability theorem.

A congruence relation on Minkowski space-time M is at the
n

very least an equivalence relation between pairs of points. If

nothing more than this is meant, there are clearly a great slew of

rather uninteresting relations definable from causal relations

which pass muster. One could render "congruent" only pairs of

points whose associated vectors are parallel, or parallel and of

equal Minkowski length, etc. Another hybrid relation congruence

would agree with the standard congruence relation for, say, time-

like related points, but would render congruent pairs of spacelike

related points only if their associated vectors were paralletl, etc.

Rather than consider all of these, we will classify

a more restricted class of relations. Let us say that a map

d: M x M -?- � is a (generalized) distance function on
n n 'F"\
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Mn if: (i) d(a,a) = 0 for all a; (ii) d(a,b) = d(b,a)

for all a,b; and (iii) d is continuous. By a congruence

relation in what follows we shall mean an equivalence rela­

tion between pairs of points which derives from some such

distance function. This characterization does rule out the

flcongruence relations" mentioned in the previous paragraph.

But it is still quite general. Certainly any congruence rela­

tion derived from a space-time conformal to Minkowski space­

time will be included.

The problem is to classify all congruence relations

(in this sense) on Mn which are definable from causal

relations. Rather than distinguishing between weaker and

stronger senses of explicit definability (according to the

richness of the language in which definition is given), we

will classify all congruence relations that satisfy a mini­

mal, necessary condition of definability from causal rela­

tions. We say, quite generally, that a relation is implicitly

definable (from causal relations) if it is preserved under

all causal automorphisms of Minkowski space-time.

It is first off quite easy to think of a number

of congruence relations which are definable:

(1) {a,b} '\.r {c,d} iff la-bl = IC-dl

(We use '\.r

of points.)

as a general symbol for congruence between pairs

This is just the standard relation. By
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Robb's theorem we know it lS explicitly, first order defin­

able (n > 3).

( 2 ) {a,b} � {c,d} iff a = a

(3) {a,b} � {c,d} iff ar b & c r d & Ib-al = Id-cl or

......,CaTb & cTd)

(4) {a,b} � {c,d} iff ao b & cod & Ib-al = Id-cl or

---, (aob & cod)

(2) simply renders congruent all pairs; (3) renders congruent

all spacelike or null pairs, but renders timelike pairs con­

gruent iff they are congruent in the standard sense; (4)

is like (3) except that the distinguished role played by

timelike pairs in (3) is played by spacelike pairs in (4).

Clearly these are explicitly, first order definable (n > 3)

too. More interesting is:

(5k) {a,b} � {c,d} iff Ib-al = Id-cl
aTb & cod & Ib-al = -kld-cl

or

where k is some positive real. (5) renders palrs congru­

ent iff they are Minkowski congruent or if one pair is time­

like, the other spacelike, and the absolute value of the

Minkowski length of the timelike pair is k times that of

the absolute value of the Minkowski length of the spacelike

pair. It follows immediately from Zeeman's characterization
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of the causal automorphisms of M
n

that this congruence

relation is implicitly definable (n > 3). We know,

further, that if k belongs to the Euclidean field over

the rationals, it is even explicitly, first order definable

(rr » 3).

As we shall now prove, these few possibilities

which readily come to mind are the only ones!

2.11 Theorem (n > 2): If a congruence relation lS im-

plicitly definable, then it must be one of those

listed.

It follows that for the case n = 2, the only im-

plicitly definable congruence relation is (2). The under-

lined claim above also follows since none of the listed con-

gruence relations is one derived from a space-time conformal

to X .

n

In what follows let us suppose that � is a con-

gruence relation associated with a distance function d and

lS implicitly definable. Then for all causal automorphisms

¢ and points a,b,c,d: d(a,b) = d(c,d) iff d[¢(a),¢(b)] =

d[¢(c),¢(d)]. The argument proceeds, quite simply and labor-

iously, by repeated use of this fact. The following nota-

tion is useful: for any distinct a and b, (ab ... ) lS

the open half line beginning at a and containing b.

Step 1 (n > 2): Let a and b be distinct. Suppose there

are distinct points c,de(ab ... ) such that d(a,c) =

d(a,d). Then d(a,e) = 0 for all ee(ab ... ).
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Suppose that c lies between a and d. Then

take ¢ to be the dilation which leaves a fixed and takes

d to c. Then since d(a,c) = d(a,d), we have

d[a,¢(c)] = d[a,¢(d)] = d(a,c). Repeating the argument we

have for every
n

n, d[a,¢ (c)] = d(a,c). Since
n

¢ (c) -+ a

as n -+ 00 we have by continuity that d(a,c) = d(a,a) = O.

If ee(ac ... ), let ¢' be a new dilation which takes c to

e and leaves a fixed. Then d(a,e) = d(a,¢'(c) =

d(a,¢'(d)) Repeating the very same argument (with e play­

ing the role of c, and ¢'(d) playing the role of d) we

have d(a,e) = O.

Step 2 (n > 2): Suppose a and b are distinct and

d(a,b) = o . Then:

(i) if a -+ b, then for all c and d: c -+ d �d(c,d) = 0

(ii) "
a « b ,

" " " " " " .

c <c d �d(c,d) = 0

(iii) If ao b ,
" " " " " II • cad �d(c,d) = o .

The argument is the same in all three cases so we

may as well prove it for the relation a which stands for

anyone of them. For any a, let d : M -+ rR. be defined
a n

by d (b) = d(a,b).
a

Since d (a) = d (b) = 0
a a

and d
a

is

continuous there must exist distinct points b' ,b"e(ab ... )

such that d(a,b') = d(a,b"). Hence, d(a,e) = 0 for all

ee(ab ... ).

Now let (cd ... ) be any half line of the same
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"atypeft as (ab ... ). There will exist a causal automorphism

taking a to c, and (ab ... ) to (cd ... ). It will be

the composition of a translation and rotation or pseudorota-

tion in the case n > 3 • In the special case n = 2 , <p

will arise from a translation and the right combination of

null stretchings. So d[c,<P(b')] = d[c,cp(bfl)] for distinct

<P (b ' ) and <P(b") on (cd ... ) , and hence dCc,f) = 0 for

all fe(cd ... ) . In particular d(c,d) = o .

SteE 3 (n > 2 ) : (i) For all a,b: a -+ b � d(a,b) = 0

(ii) For all a,b,c,d where a « b and

c « d: dCa,b) > 0 <:==-> dCc,d) > 0

(iii) For all a,b,c,d where aab and cad:

d(a,b) > o ¢=> dCc,d) > o .

We first prove (ii) -- the argument for (iii) lS

parallel and then use it to prove (i) . Suppose first that

a « b and a « d. Consider the line segment connecting b

within
+

d(a,b) while d(a,d)and d I (a). Suppose > 0 < 0

or d(a,d) > 0 while d(a,b) < o . Then there would have to
-

be a point e on the line segment such that d(a,e) = 0, by

continuity again. Since a« e this would entail d(a,b) =

o = d(a,d) by the previous step in the argument. And this

is a contradiction.

Now assume a« band c« d. Let

<Pk: e * e + k(a-c) define a one parameter family of translations
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for 0 < k < 1. Since ¢lCc) = a and ¢lCc) « ¢lCd)
it follows from the previous paragraph that dCa,b) > 0 iff

d[¢l Cc) '¢l Cd)] > O. But the function d: rR� tR defined by

k + d[¢kCc)'¢kCd)] is continuous. So by the sam£ considera­

tions as in the previous paragraph, dCO) > 0 iff dCl) > 0,

i.e. dCc,d) > 0 iff d[¢lCc)'¢lCd)] > O. Hence, dCa,b) > 0

iff dCc,d) > o.

Next we prove Ci) and give the computational de-

tails as a sample. Suppose there were points a and b

with a + b but dCa,b) # o. Without loss of generality we

assume d(a,b) > 0. It follows then that for all c, if

acrc then d(a,c) > o. CIf {c. }
l

lS a sequence of points

converging to c where acrci for each i, then dCa,ci)
will eventually be positive. Hence the claim follows by

Ciii) of this step.)

Consider first the case n > 3. Choose standard

coordinates in which a = CO, ... ,0) and Cab ... ) con-

sists of the points Ck,k,O, ... , 0) for k > 0. Let each

such point be bk and let ck be the point (O,O,k,O, ... , 0)

for k > 0. Since for all k, d(a,bk) > 0 and dCa,ck) > 0,

by continuity we can find k,k> ° where d(a,bk) = dCa,ck).
Now there is a Lorentz transformation cp Ca "pseudo-rotationtf)

which leaves a and ck fixed but moves bk to some other

point on (ab ... ). We shall check this in a moment. But

then it follows by Step 1 that d(a,b) = ° which is a contra-

diction. [It suffices to define cp by:
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Then 1¢(e)1 = lei for all e, � is linear, and ¢ pre-

serves temporal orientation. So it is indeed a Lorentz trans-

formation and as claimed ¢(a) = a, ¢(ck) = ck' but

¢(bk) = (2k,2k,O, ... , 0) � bk.]
Finally consider the case n = 2. Take standard

coordinates Ix , }
l

in which a = (0, ... ,0) and (ab ... )

consists of the points bk = (k,k) for k > O. If ck = (O,k)

for k > 0 then again there exist k,k such that d(a,bk) =

d(a,ck) and again to establish a contradiction it suffices

to exhibit a causal automorphism which leaves a and c­
k

fixed but which moves bk to some other point on (ab ... ).

No linear map, in general, will do this. But we can find a

null stretching map which will. [If x
' =

o
and

x' = x + x are null coordinates, define ¢ by:I 0 I

(x� ,xi ),___,. [x�, (xi)
3 Ik2] • ¢ is a causal automorphism and

we have ¢(a) = a and in x' x'
0' I

co-

ordinates c£
= (-k,k). But ¢Cbk) � bk though ¢Cbk)eCab ... )--

since in x' x' coordinates
0' I

¢(bk) = (0,8 k3/k2).J

Putting together the first three steps we have

bk = (0, 2k) and

established that the character of d Cwhether less than,

equal to, or greater than zero) is the same for all time­

like pairs and the same for all spacelike pairs. Next we

show that if d is not identically zero over all timelike
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pairs Crespo spacelike pairs), then within that class, �

agrees with the standard Minkowski congruence.

Step 4 Cn > 2): If there exist points a and b where

a« b Crespo aab) and dCa,b) 1 0 then for all

c,d,c' ,d' where c« d and c' « d' Crespo

cad and c'ad') we have: d(c,d) = dCc' ,d') iff

Id-cl = Id'-c'l·

Again the cases a« band aab are parallel

and we do the former. The argument runs more or less as

in the previous steps. Suppose a« band dCa,b) 1 o.

Without loss of generality assume d(a,b) > O. Let c,d,c' ,d'

be arbitrary points with c« d and c' « d:

Suppose first that dCc,d) = dCc' ,d') > 0 although

lc-dl 1 Ic'-d'l, say IC-dl < Ic'-d'i. Then there would be

a causal automorphism ¢ taking c' to c, d' to d, and

having the property that for all e,f: I¢Ce) - ¢Cf)1 =

l/kle-fl for some k > 1. ¢ is the composition of a trans-

lation, a pseudo-rotation and a dilation with dilation factor

Ilk. Now we have dCc,d) = dCc' ,d') and hence

d(c,d) = d[¢(c') ,¢Cd')] = d[¢(c) ,¢(d)]

Since I¢n(c) - ¢n(d)1 = l/knlc-dl � 0

n n
-

.•.
= d[ ¢ C c) ,¢ (d)].

as n � 00 it follows

that dCc,d) = 0 which is a contradiction. So

d Cc vd ) = d Cc ' ,d') � Id-cl = Id'-c'l·

Conversely suppose dCc,d) ¥ dCc' ,d'). Say

dCc' ,d') > dCc,d) > O. Then by continuity there is a point
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e'e(c'd' ... ) between c' and d' such that d(c' ,et) =

d(c,d). So by the previous paragraph it follows that

Ict-e'l = IC-dl. But since e' is between c' and d'

we have �'-e' I > Ic'-d'i. Therefore Ic-dl > Ic'-d'l·
At this point we are almost done with the charac­

terization. We know that � must render timelike pairs

congruent either always, or precisely when they are congruent

with respect to the Minkowski congruence. Similarly for

spacelike pairs. It follows that if � does not render any

timelike pairs congruent with spacelike pairs, then � can

only be (1), (3), or (4) above. (If all timelike (spacelike)

pairs are rendered congruent, d must assign them all 0

and hence they must be congruent with all null pairs too.)

It remains to determine that if � does render some time­

like pair congruent with some spacelike pair then � must

be of form (2) or (5k) for some k.

SteE 5 (n > 2) : If there exist points a,b,c,d such that

a « b and cod and such that d(a,b) = d(c,d) -t o ,

then there is a k > 0 such that for all e,f,g,h

if e « f and goh then d(e,f) = d(g,h) iff

If-el = -klh-gl·
Take k such that I b-al = -k I d-c I · Let <p be

the causal automorphism which takes e to a and f to b

with dilation factor 1 > 0 l.e. I<p(r) - <P(s)! = l!r-s!
for all r,s. Then we have: d(e,f) = d(g,h) iff d(a,b) =

d [ <p ( g) ,<p ( h ) ] iff d ( c , d ) = d [ <p ( g) ,<p ( h)] iff I d - c I = I <p ( g ) - <p (h)
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(by the previous step) iff Ib-al = -k�lh-gl iff �If-el =

-k�lh-gl iff If-el = -klh-gl.
This completes the proof of the theorem. (There

should be a faster, more direct argument.)

F. Definability of Standard and Non-Standard Topologies

In this section we discuss the definability of

standard and non-standard topologies from causal relations

as the definability of congruence relations was discussed

in sections C and E.

To define a topology is to specify which subsets

are "open." For the standard Minkowski topology this is

easily done in the following way:

(Euclidean

topology)

o is open � V a[aeO =7> 3 b 3 c(beO & ceO &

b «a «c & I+(b)n I-(c) C O)J.

The equivalence is proven with a trivial computation which

establishes that 'chronology diamonds" of the form

+ ,....-
I (b)" I (c), where b « c, can always be inscribed In

(Euclidean) open balls. Recall that a basis for a topology

is a set of sets r.B such that: (i) u{B : Be(L")} = whole

space; and (ii ) given any BI and B2 in 1:)
, BI n B2 =

.....

U {B : Be 63 } where 6 is some subset of 6. The topology

generated by the basis � is simply the collection of sets

which are (possibly empty) unions of sets in�. In this

language we can say that the sets I+ (b) n I- (c) form a
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basis for a topology, the Alexandrov topology, and that the

Alexandrov topology is equal to the Euclidean topology.

The defining condition above can also be given In

terms of the symmetric causal relations.

CEuclidean 0 is open � � a[aeO ==> 3b,c,d,eCbeO s

topology) ceO & deO & ceO & B Cb,a,c) & B (b,d,c)T T

& B-rCb,e,c) & afJCd) u JCc) & lCb) n l(c)-

(J(d) L) JCe)) C O)J See diagram

The shaded area is the set

reb) nI(c)-(J(e)\.J J(d))

Her e the set s I ( b) (l I ( g ) - ( J ( d) \) J ( e ) ), whi ch ar e 0 pen

because the J sets are closed, form a basis of the sym-

metric Alexandrov topology, which is equal to the Euclidean

topology.

Extrapolating from the form of these causal defi-

nitions, we say that a topology is explicitly first order
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definable from causal relations if it satisfies an equ1va-

lence of the form: 0 is open.¢:>

where the condition on the right is formulated in a first

order language with non-logical symbols '0', and 'e' in

addition to '<', 'K' (or whatever). We also say that a

topology 1S implicitly definable from causal relations iff

openness 1S preserved by all causal automorphisms, or, equiva-

lently, if the causal automorphisms form a subset of the

homeomorphisms of Minkowski space-time onto itself with

respect to that topology.

Quite clearly there are many non-standard topolo-

gies which are explicitly first order definable from causal

relations. The following are a few examples:

(Indiscrete Topology) 0 1S open ¢)'Va(aeO) v 't/ a(a�O)
(Discrete Topology) 0 is open �:1 a(aeO v afO) .

+
is � \;j a[aeO =9 3 b (beO(I Topology) 0 open &

b « a & I+(b) c.. O)J .

This is the topology generated by the basis sets I+(b). It

is strictly coarser than the Euclidean topology and is To
but not Tl (and hence not Hausdorff).

(J+ ,1- Topology) 0 is open ¢:;> \j a[aeO =9 j b "3 c (beO &

ceO & b<a & a«c & J+(b) n I-(c) c O)J.

This is the topology generated by basis sets J+(b) n I-(c).

It is finer than the Euclidean topology. It induces the
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discrete topology on all spacelike sets, and induces the

half open interval topology on time lines and null lines.

One can easily add to this list by choosing other combina­

tions and iterations of the I+,I-,J+,J-,E+'E- sets for

bases.

It seems quite natural to ask what is so special

about the Euclidean topology from the causalist's point of

view. Some definable topologies might be ignored because

+
they are not even Hausdorff (e.g. I topology). But others

are even finer than the Euclidean topology (e.g. J+ ,1-

topology). Nor will it do to dismiss all non-standard

topologies as mathematical curiosities devoid of physical

significance. From the causalist's point of view, at least,

it would seem that some of them are of more obvious physical

significance than the Euclidean topology.

If '1 lS a topology on Minkowski space-time it

lS implicitly definable from causal relations, we said, if

the causal automorphisms form a subset of the � -homeomorphisms.

If the causal automorphisms fully exhaust the set of ;f -

homeomorphisms, we say that '::t is a Zeeman topology (Zeeman [Z.3 ] .)

One SHehis the follO"i·rin-r:::

(Zeeman Topology): 0 is open� \:} a[aeO � 3 b 3c(beO &

+
ceO & b«a«c & (I (b) n I-(c) -

E (a» U {a} CO) ]
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+ -

[1 (bY'll (c)-E(a)]u{a}
(_

/

" /

vb

The Zeeman topology is generated by basis sets which consist

+ -

of the usual I (b) � I (c) sets, where b« c, from which

the points on the null cone of an interior point, except

for the point itself, have been deleted. This topology is not

the one investigated by Zeeman in [23J which he calls the

"fine topology," but is equivalent to another which he men-

tions in passing. Obviously it is explicitly first order

definable from causal relations. We now describe some of

its properties and verify that it is, in fact, a "Zeeman

topology." This should show, by example, what one can do

with nonstandard topologies.

First, it should be clear that sets of the form

[I+(b) � I-(c) - E(a)] U {a} where b« a «c (call them

lIZ sets") do indeed form a basis for a topology which is

strictly finer than the Euclidean topology. Given any Euclid-

ean open set 0 (fiE open" as against "z open") and a point

aeO, we can find points b,ceO with b« a «c such that

I+(b) n I-(c) CO. Hence ae(I+(b) n I-(c) - E(a)) U {a} C O.

So every E open set is the union of Z sets. If
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Zl = [I+Cbl) () I-CcI) ECal)] U {a- } and
1.

Z2
+

I-Cc2) u= [I Cb2) () E(a2)] {a2}, then too it follows

that Zl n Z2 is the union of Z sets. Let

I = I+Cbl) " I
-

(cl) n I+Cb2) (J I-Cc2). If neither al nor

a
2

is in I , Z
1

n Z
2

= I - E Cal) U E ( a
2 ) i s E -0pen an d

so certainly must be the union of z sets. If or

(say al) is in I Csee figure), then Zl n Z2 = (I-ECal)) U {all.
/' c2

"r "
-,

-,

/

,

/

/

"

"

ZlnZ2=CI-ECal))V{al}
is shaded

/
"

-,

-,

"

"
"

,

,

-,
'\.

')
/

"

"

,

"

By choosing

" /

·'./b2
d, eel - ECal) so that d « al « e, we have

that Z1 () Z2 = CI-ECal)) U [(I+Cd) n I-Ce)-ECal)) U {all]
and so in this case too Zl n Z2 is the union of Z sets.

If both al and a2 are in I , then Zl" Z2 =

[1- ECal) U ECa2)] u {al,a2} and by inscribing two small

Z-sets one can recapture both al and a2 as al was re-

captured in the previous case. So the Z-sets do form a

basis for a topology which is strictly finer than the

Euclidean topology.
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Its fineness exhibits itself in the following way.

In M3 consider the two curves f: [O,�) + M and

g : [O,�) + M defined by f: t + Ct,t,O) and g t +

Ct, t sint, t cost). Both curves are E-continuous but neither

is Z-continuous at t = o. This is because no Z-set

image

image
of g

"centered" at the origin will include any points in the

image of the curve other than the origin itself. More

generally, an E-continuous curve will be Z-continuous at a

a

point iff no (E connected) segment of the curve containing a

lies in the null cone of a.

The special topological significance given to curves

falling within null cones is what is crucial here. Zeeman's

idea �s to code the null cone structure of Minkowski space-

time into a hybrid topology. It should not be surprising that

he is able to recover what he, with hindsight, so carefully

encoded. The recovery theorem, stated with proof in

Zeeman [2.3J, is:
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2.12 Theorem (n > 3): If ¢ : M + M is a bijection then
n n

¢ is a homeomorphism with respect to the Z-topology

iff ¢ is a symmetric causal automorphism.

It follows, of course, by the symmetric version of

the Zeeman theorem above, that the group of Z-homeomorphisms

is generated by the translations, dilations, orthochronous

homogeneous Lorentz transformations, and anti-orthochronous

homogeneous Lorentz transformations.

Proof: If ¢ is a symmetric causal automorphism,

then ¢, ¢-l will take Z-sets to Z-sets; so they will

certainly be Z-continuous.

Assume conversely that ¢ is a Z-homeomorphism.

We note first that ¢ must be an E-homeomorphism as well.

[This is so because of the fact that a Z-open set 0 is

E open iff for every point aeO there is a Z-open set

0' C 0 containing a which has the property that

0' - {a} is Z-connected.] It follows that given any point a

there is an E-open set 0 containing a such that for all b

in 0, aAb implies a'Ab'. (Primes will denote images under

¢.) This is a local version of the claim to be established.

To see this, suppose to the contrary that we could find a

nested sequence of E open sets O. whose intersection is
l

{a},

and we could find points b.eO. with aAb. but not
l l l

a'Ab!.
l

Since the b. E-converge but not Z-converge to a,
l

the b!
l

E-converge but not Z-converge to a'. But since



,I

87

-'(a'Ab!) for all i, this is impossible. If there were a
1

Z-open set (r+(c) n I-Cd) - E(a)) U {a} which did not

eventually contain all the bi, then the E-open set

I+(c) n I-Cd) would not eventually contain all the b!
1

either.

Suppose now that a -+ b but -, C a' Xb ' ) . Consider

the null segment Cab] connecting them. By the preVlOUS

paragraph we know that a'Ad' for all points d in some

initial Chalf E-open) subsegment [ac). Let be the

first point in Cab] such that � CarAct). If {c.} 1S
o 1

a sequence in [aco)
must all be in ECa')

E-converging to co' then the c!
1

though they E-converge to a point

not in E(a'). This is impossible.

We conclude that aAb implies a'Ab'. The reverse

direction is, of course, symmetrical. So q' is a symmetrical

causal automorphism. qed.

The "recovery theorem" is only valid for dimension

n > 3. The argument to see that it 1S false for n = 2

is precisely the same as that employed above to establish that

for n = 2 the relations -+ and K are not definable from

Turning M2
o

on its side by rotating 90 takes Z-sets

to Z-sets, but destroys the relations T and K.

We have established that the group of homeomorphisms

of the Zeeman topology is the group of symmetric causal auto-

morphisms. We can push this line still further and explicitly
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define from causal relations a "super Zeeman topology"

whose associated group of homeomorphisms is the group of

(asymmetric) causal automorphisms. In effect we code into

the topology not only the cone structure, but the temporal

orientation as well.

(super Zeeman

topology)

o is open <::=? Va[aeO =9 ] b 3 c(beO & ceO &

+ - +
b < < a < < c & C I C b )fl I ( c ) - E (a)) U { a } CO) ] .

The basis sets for this topology are sets of the form

(I+(b) � I-(c) - E+(a)) U {a}. The future null cone of a

(except for a itself) is removed from I+(b) n I-Cc),

rather than the entire cone as in the Zeeman topology. With

almost precisely the same arguments as just used, we can

show that if � lS a homeomorphism of the super Zeeman

topology, then a � b implies ¢(a) � �Cb). So in dimension

n = 2 as well as n > 3 � must be an (asymmetric) causal

automorphism.

2.13 Theorem (n > 2): If ¢ : M � M is a bijection,
n n

¢ is a homeomorphism with respect to the super

Zeeman topology iff � is a causal automorphism.

The Zeeman and super-Zeeman topologies do have

properties which from the usual viewpoint are pathological.

The former induces the discrete topology on all null lines

so that the trajectories of photons are nowhere continuous.

The latter induces the half open C ] interval topology on all
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null lines so that the trajectories of photons are still no­

where continuous, but are everywhere lower semi-continuous.

[Photons depart discontinuously, but arrive continuously?]

On the other hand, both do induce the standard Euclidean

topology on all timelines and they single out via their

homeomorphisms the group of symmetric (resp. asymmetric)

causal automorphisms. That might be considered of great

physical significance to causal theorists. Zeeman's own

starting point is one questioning the physical significance

of the Euclidean topology for Minkowski space-time. His

claim is that the Euclidean topology fails to reflect the

non-isotropy of space-time and that its group of homeo­

morphisms is unwarrantedly large.
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CAUSAL STRUCTURE IN GENERAL RELATIVISTIC SPACE-TIMES
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The notion of "causal structure" is readily extended from

the special case of Minkowski space-time to the larger class of

space-times considered in general relativity. Once this is done

Robb-type questions about the recoverability of topological and

metrical structure from causal structure suggest themselves.

Several such questions will be formulated and answered in this

chapter.

The starting point of the investigation is a well-known

result of Kronheimer and Penrose [10] that in all strongly causal

space-times (as in Minkowski space-time) the Alexandrov topology

is equal to the manifold topology and hence the latter is expli­

citly definable from (asymmetric) causal relations. An unpublished

theorem of Hawking [7] extends the result establishing that any

(asymmetric) causal isomorphism between strongly causal space-times

must not only be a homeomorphism, but a smooth conformal isometry

as well. These results will here be extended in several directions.

We show that: (1) Hawking's theorem generalizes to the larger class

of past and future distinguishing space-times; (2) the result of (1)

is in a sense best possible since it cannot be extended to the class

of space-times which are past or future distinguishing but not both;

(3) it falls out of the proof of (1) that in any space-time topo­

logical, differential, and conformal structure are uniquely deter­

mined by the class of (point set images of) causal curves.

Of necessity the chapter presupposes a knowledge of basic

topology and differential geometry.

A. Space-times and their Physical Interpretation

Relativistic space-times, or just plain space-times,
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are geometric models which in a quite natural way generalize

the structure of Minkowski space-time. They are models for

the spatio-temporal structure of the universe.

Space-times are, first of all, differentiable manifolds.

00

They are standardly taken to be smooth (C ) though this is

largely a matter of convenience; nothing beyond being C2 or c3
ever seems to enter into proofs. They are standardly taken

to be connected and without boundary. The first condition

is reasonable because even if the universe could be dis-

connected it is natural for us to limit investigation to

"our component." Indeed it is not clear how we could ever

obtain knowledge of, or even just establish the existence

of, any other. The condition that space-times be without

boundary is again largely a matter of convenience. But it

can also be defended with the vague intuition that there

is no "edge" to space-time. God's work is not so untidy.

The same intuition motivates other conditions that are often

imposed on space-times, e.g. inextendibility, local in-

extendibility, the condition of being "hole-free," geodesic

completeness, etc. Some of these will be discussed later.

As differentiable manifolds (of dimension 4, or more

generally dimension n�2), space-times carry both topological

and differential structure. They also carry a metrical

structure which arises, intuitively, from the assignment of

a Minkowski type metric at each point. Space-times are taken

to be endowed with a smooth, non-degenerate, pseudo-Riemannian

metric of Lorentz signature (+1, -1, -1, -1) or, in general,
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(+1, -1, ... , -1). Such a metric assigns to each point p

in the manifold M a symmetric bilinear map g: M xM + R,
P P P

where M is the tangent space to the manifold at p. Most
p

important for our purposes, the metric defines a "null cone"

in each Mp. A vector XSMp is said to be timelike (null,

c,,:usal, spacelike) if g (X,X) ., 0 (g (X,X) = 0, g (X,X»O,
p p p-

g (X,X)<O). The condition that the metric be non-degenerate
p

i.e. that for all points p there

is no vector XsM such that
p

g (X,Y) = 0 for all YsM , can be
p p

understood as asserting that the

null cone at each point is not a

collapsed or "degenerate" cone.

The assumption that the metric

be smooth is again adopted for

convenience and simplicity only.

M

M
P

A non-degenerate pseudo-Riemannian metric of signature

(+1, -1, ... , -1) has the property that for each point there

is a coordinate frame' ix.} on an open neighborhood of the point
1

such that at the point itself the metric assumes the form

222 2
ds = dxO - dXl -

... -dxn_l. In this sense the metric is

pointwise or "infinitesimally" Minkowskian. (In general

pointwise or infinitesimal properties are ones which obtain

in the tangent space of a point.) This is not to be confused

with the very much more stringent condiuon that the metric
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be locally Minkowskian in the sense that there be a

coordinate frame {x.} on an open neighborhood of each
a,

point such that at all points in the neighborhood the

t
'

h f d
2 d:2 d

2
h i d ime r i.c assumes t e orm s = Xo -, � ..

-

Xn_ 1
• T 1S con 1 t.i.on

_)

equivalent to the vanishing of the Riemann curvature

tensor, is flatness�

One final condition that is usually built into the

definition of a space-time is temporal orientability

i.e. the condition that M admit a continuous non-vanishing

time like vector field · At every point of a space-time

manifold the null cone has two lobes. Temporal orientability,

intuitively, is the condition that it be possible to assign

labels of "future lobe" and "past lobe" to cones over the

entire manifold in a continuous manner -- that it be possible

to assign a globally consistent "direction of time." A

temporal orientation is a specification of just such a

direction to time. It is a specification of a continuous,

non-vanishing timelike vector field. It is an interesting

question whether the spatio-temporal structure of the uni-

verse really must be temporally orientable or not. Certainly

in the context of much (local) work on relativity theory,

the assumption plays no role at all. But there does not

seem to be any interesting theory of global causal structure

which does not presuppose temporal orientability. For

this reason we will assume it. On the o"ther hand, it will

emerge that work on causal structure can be developed w�thout
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presupposing a specification of temporal orientation. In

particular, as will be shown in section D, results con-

cerning the recoverability of spatio-temporal structure

from causal structure can be cast in a form involving only

symmetric causal relations. Until then, however, we will

assume that a space-time does corne equipped with a temporal

orientation. Summarizing what we have said so far, we have

the following definition:

3.1 Definition: A (relativistic) space-time is a connected,
smooth, four Tor n} dimensional differentiable manifold
without boundary M, together with a smooth, non-degenerate
pseudo-Riemannian metric of Lorentz signature g on M,
together with a temporal orientation of (M,g).

A space-time inherits from its pseudo-Riemannian structure

component conformal and projective structures. The former

is that structure given by the null cones at each point. Two

metrics g and g on M are said to be conformally equivalent or

conformally isometric if at each point p and for all vectors

XEM , X is causal with respect to g if and only if X is
p p

causal with respect to gp' i.e. g (x,X»O+�g (X,X»O. [One
p - p -

could equally well require that X be timelike (null, spacelike)

with respect to g if and only if it be timelike (null, space-

like) with respect to g. The conditions are equivalent]

Conformal structure on a manifold can be thought of as being

given by an equivalence class of conformally isometric pseudo-

Riemannian metrics. There are other forms in which the con-

dition of conformal equivalence between metrics g and g can

be stated. By the argument in the proof of Lemma 2.6, it is
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equivalent to the condition that at each point p there is

a real, positive k such that for all X,Y,£M: g(X,Y) = k 9 (X,Y).
p p

This is the pseudo-Riemannian version of the claim that metrics

are conformally equivalent if and only if they agree on all

"angles" between vectors. Given a differentiable curve y: I-+M

where I is a connected subset of ffi, we say that the curve

is causal (timelike, null) if its tangent vector at each

point is non-zero and causal (timelike, null). Clearly,

then, 9 and g' are conformally isometric if and only if

they admit the same causal (timelike, null) curves. With

a simple computation one can also verify that they are

conformally isometric if and only if they admit the same null

geodesics. Finally, two smooth metrics 9 and 9 on Mare

conformally isometric if and only if there is a smooth,

non-vanishing map Q: M+ R such that at all p, gp
= Q2"!p)gp'

- 2
space-times (M,g) and (M' ,g' )or, to abbreviate, 9 = Q g. Two

are, naturally, said to be conformally isometric if there

is a smooth diffeomorphism f = M-+M' such that g' and f*g

are conformally equivalent on M.

Projective structure, in contrast, is that structure

given by the class of geodesics. Two metrics 9 and g on M

are projectively equivalent if for every differentiable

curve y: I-+M, where I is a connected subset of R, y is

a geodesic of 9 if and �nly if it is a geodesic of g.

Correspondingly, we say two space-times (M,g) and (M' ,g')

are projectively equivalent if there is a smooth diffeo-
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morphism f: M�M' such that y is a geodesic in (M,g) if

and only if foy is a geodesic in (M'p'). It is a standard

result of differential geometry that two pseudo-Riemannian

metrics 9 and g are projectively equivalent iff in any

coordinate system the components of their unique derived

affine connections satisfy:

(*)

for some vector field with components �k.

Using (*) we can give a simple computational

verification of the fact that if two metrics � and � on �

are both conformally and projectively equivalent then they

can differ � at most a constant factor, i.e. 9 = �2g where

i
� is constant. Recall that rjk can be expressed as:

i il
( * * ) r

j k
= 1/2 g [g 1 j ,k

+ 9 lk , j
- 9 j k , 11

where gl' k= aQlk, etc. Substituting g = �2g into (**) yields:
J , �x

k

(***)
- i i -1.[ i i il Jrjk- r

jk
= � °j�'k+ok�'j -g gjk�'l

where �'k = �,etc. Now given any i, choose j = k�i.
>

oX
k il

From (*) and (***) jointly we obtain: 9 gkk�'l = o.

We can certainly choose coordinates so that (at any point)

gkk�O. Hence gil�'l = 0 for all i. Finally, multiplying

by gik and summing yields �'k=O for all k. So � must be

constant as claimed.

The underlined fact is usually cited in connection with the
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physical interpretation of conformal and projective

structure. It is taken to be a fundamental assumption

of relativity theory that: i) light rays travel along

(piecewise) null geodesics, and also that: ii) free

particles (i.e. particles subject to no forces other

than gravity) travel along (piecewise) timelike geodesics.

In a highly idealized, schematic sense, then, we can

determine the space-time metric up to a conformal factor

by observing the trajectories of light rays. (Part of

the idealization enters in the assumption that there happen

to be sufficiently many light rays around to provide ade­

quate data.) Similarly, by observing the paths of free

particles we can determine the metric up to a projective

factor. Thus, given a background assumption that conformal

and projective structure are derived from a pseudo-Riemannian

metric, we can determine the metric up to a constant factor,

a factor which is usually conceived as a choice of units.

Without wishing to enter into an extended discussion

of this standard gloss, I want to make a few comments.

First, the fact that two metrics agree on the subclass

of timelike geodesics does not on the face of it entail

that they agree on all geodesics. And we certainly do

not have observational access to the class of space like

geodesics, not even in the highly idealized sense in which

we do have access to timelike and null geodesics. Thus
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without further argument it is not clear that, as claimed,

by observing the paths of free particles, or with any

observations whatsoever, we can determine the metric up

to a projective factor. Further argument, however, is

not difficult to provide. One can prove that if two space-

time metrics agree on which curves are timelike geodesics,

then they must agree on all geodesics i.e. if given all

differentiable curves y: I�M, y is a timelike geodesic

of g if and only if y is a timelike geodesic of g, then

g and g must be projectively equivalent. One proves that

agreement on time like geodesics so constrains the components

of the respective affine connections of g and g that (*) above

must hold.

But agreement on timelike geodesics certainly also

-

constrains g and g to be conformally equivalent. This is

immediate. Just the fact that all timelike geodesics of g

are timelike curves of g (geodesic or not), and symmetrically,

forces this conclusion. So the condition that metrics agree

on all time like geodesics forces them to agree up to a constant

factor. In a sense, then, fundamental assumption (ii, that

free particles traverse timelike geodesics, together with

our idealized set of observctions, determines the metric (up

to a constant factor). Any further invocation of assumption

(i) that light rays traverse null geodesics, is redundant.
,

This is the second point.

Thi�d, it is misleading to construe (i) as a fundamental
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assumption of relativity theory. That light does travel

along null geodesics is a consequence of the particular

equations which govern the electromagnetic field. One

could make good sense of relativistic physics even if

electromagnetic theory were quite different so that, for

example, electromagnetic waves, like sound waves, traveled

at less than the maximal possible velocity. What is

essential to relativity theory is that there is such a

bound to the velocity with which physical bodies, signals,

or interactions can propagate. So it is appropriate to

formulate the first conformal-structural-fixing-assumption

in the following form which makes no particular reference

to light or electromagnetic waves: ei') all physical bodies,

signals, and interactions traverse causal curves in space­

time. This principle does rule out the existence of

"tachyons" but is certainly embraced by relativity theory

in its standard (classical) form.

Fourth, there is a question whether (ii) really can be

used to empirically determine the space-time metric up to a

projective factor, even in the highly idealized manner

described. Here I do not have in mind the point

that (ii) as it stands is false insofar as gravitationally

dipole test particles will not traverse timelike geodesics�

Quite apart from this there are difficulties
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reflecting a significant difference between (ii) and

both (i) and (i'). The application of (ii) to determine

th� projective structure of space-time presupposes the

availability of test particles, i.e. it presupposes the

absence of non-gravitational forces. This is an assumption

above and beyond the idealizing assumptions needed for the

application of (i) or (i') -- that there happen to be many

particles and/or signals around. We can imagine that in

some chaotic region of space-time signals are beamed in all

directions from all points, yet all are being perturbed in

their trajectories by some cluster of forces which are present.

Now it might be the case that from a knowledge of the dynamic

effects of these forces on different sorts of bodies and

signals we could correct for perturbation and reconstruct

the paths they would otherwise traverse. In this way we

could at least indirectly determine projective structure.

The point I want to make here, however, is that this in­

direct procedure requires much more than an acceptance of

relativity theory. It requires in addition a knowledge

of what forces happen to be present and a knowledge of their

dynamical effects. In contrast, to invoke (i) or (i') one

need not know anything about what forces happen to be present

or about their dynamic effects. One may ignore such con­

siderations altogether.

A fifth point is that when discussing the observational

determination of conformal and projective structure one must

---------�
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be sensitive to the difference between "curves" and their

images. Straightforwardly, to assert that two,metrics g and g

are, say, conformally equivalent one must establEh that for

all differentiable curves y: I�M, y is a causal curve with

respect to g if and only if it is a causal curve with respect

to g. But even in our wildly idealized laboratory situation

we have, at best, observational access to the ordered point

set images of causal curves. We can only check-off which space­

time points are occupied by a given signal or particle, and

in what order. For this reason we would like to be able to

construe the underlined mathematical result in a manner which

refers only to images of null geodesics (or causal curves)

and timelike geodesics.

This can be done but things are just a bit delicate.

Given an ordered point set on a manifold there is a clear

sense in which we may say that it forms a continuous curve.

But it is not on the face of it meaningful to assert that

the ordered point set forms a differentiable curve.

pifferentiability is parametrization dependent. The best

one can do is say that it admits of differentiable para­

metrization. Accordingly, to say a continuous curve-image

is a (differentiable) causal curve, null geodesic, timelike

geodesic, etc. is to say that it admits a parametrization

with respect to which it is a causal curve, null geodesic,

timelike geodesic, etc.

On this construction it is clear what it means to assert
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that a mapping between space-times preserves causal curves,

etc. while referring only to images of curves. So the

following formulation is unambiguous.

3.2 Theorem: If (M,g) and (M' ,g') are space-times and
f: M+M' is a smooth diffeomorphism where both f and
f-l preserve causal curves and time like geodesics (or
just the latter), then g' and f. g agree up to a con­

stant factor.

A sixth and final point will help to motivate a technical

question considered in section C (Theorem 330). Suppose we

are committed to the belief that our universe has the structure

of a space-time in the sense of the definition above and

suppose we are committed to principles (i') and (ii). Further

let us grant the idealizing assumptions needed for the invo-

cation of (i') and (ii) that in any region of space-time where

we want to perform our measurements physical bodies and signals

are being sent in all possible directions at all possible

velocities. Let us also overlook the problem mentioned in

connection with the invocation of (ii) -- that in our laboratory

region of space-time non-gravitational forces may be present.

Even with all these assumptions does it follow that we

can "read-off" the metrical structure of space-time (up to

a constant factor)? The assumptions are meant to be so strong

that we have a kind of empirical access to which ordered point

sets are causal curves and which timelike geodesics. Still

it is not clear that this in conjunction with the theorem

is enough to uniquely deter.mine metrical structure. It is

not because the manifold structure of space-time is not
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empirically "given" the way it is in the formulation of

the theorem. It remains to be established that the

manifold (topological + differential) structure is

uniquely determined by the specification of causal curves,

timelike geodesics, or both.

�lliat we want to know is whether the following is true:

Claim: If (M,g) and�' ,g') are space-times and
if f: M�M' is a bijection where f and f-l preserve

causal curves and timelike geodesics,
then f is a smooth diffeomorphism and (hence) g' and

f�g agree up to a constant factor.

In section C we do establish precisely this. It follows that

the standard gloss about the empirical recoverability of

space-time structure can be rendered in a new strong form.

The notion of a "space-time" as defined above is an

exceedingly general one. No mention is made of Einstein's

equation (which imposes constraints on the space-time

metric g), though traditional accounts of general relativity

give it a central role. Further, almost no constraints are

placed on the character of the underlying manifold Mi all

sorts of mathematical curiosities are admitted. [The quali-

fication "almost" is needed since the very admissibility of

a smooth (or just continuous) non-degenerate pseudo-Riemannian

metric of Lorentz singature is a constraint. A manifold will

admit such a metric, in general, if and only if it is para-

compact and either non-compact, or compact with vanishing

Euler characteristic.
2

For example, the two. sphere S does

not admit one. Hawking and Ellis [2], pg. 39-40]. We close

-----""
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this section with a few remarks about further constraints

on the structure of, space-time which are often imposed.

First, Einstein's equation. So far as general rela-

tivity goes, space-time is only half the story. The other

concerns its material content, where matter is so understood

as to include .any repository of energy-momentum such as,

for example, an electromagnetic field. It is assumed that

the "matter fields" which populate space-time are described

by a number of tensor fields on the underlying manifold M

and that these tensor fields satisfy "field equations"

involving the space-time metric g. It is further assumed

that the various matter fields contribute to an aggregate

energy-momentum field described by a symmetric, second order

covariant tensor T. Einstein's equation:

R .. -1/2g .. R+Ag ..
= T ..

1J 1J ,1J 1J

correlates the space-time metric g with t�is energy-momentum

tensor T. The comparison with classical electromagnetic

theory is instructive. In that theory the subject matter

is the electromagnetic field and its dynamical behavior

is correlated with the distribution of charge and current

sources by Maxwell's equation. In general relativity the

subject matter is the space-time metrical field and its

dynamical behavior is correlated with gross energy-momentum

sources by Einstein's equation.

One line of research in relativity theory, traditionally
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and still today, is to find expressions for the energy­

momentum tensor when it derives from simple matter sources,

plug them into Einstein's equation, an� look for solutions.

These solutions corresponding to specified matter sources

are called "exact solutions." They have been found where

energy-momentum derives from: a) a vacuum; b) a homogeneous

fluid of "matter dust;" c) an electromagnetic field: and

d) a combined source of dust fluid together with electro­

magnetic field. Because of the great complexity of the

Einstein field equation, solutions are found only after

very strict symmetry conditions on g are imposed.

Quite naturally there is interest among relativity

theorists not only in finding and classifying a relatively

small number of highly idealized exact solutions, but in

generic space-time structure as well. In a sense, any

space-time as dained above can be regarded as satisfying

Einstein's equation for some energy-momentum distribution

or other. Given a metric g we can simply compute the

corresponding value of the left-hand side of the equation

and use it to de£ine the right-hand energy-momentum tensor.

The resulting energy-momentum distribution may turn out to

be physically unreasonable in that it has negative density

somewhere or other (though it automatically satisfies a

conservation principle). But this can be avoided by stipu­

lating that the metric, whatever it happens to be like, at

least satisfies one of several hierarchly ordered "energy
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conditions." That energy-momentum density be everywhere

non-negative is the weakest of these conditions and is

called the "weak energy condition." (See Hawking and

Ellis [�], sec 4.3 for details)

So at a second level of research in relativity theory

a space-time is taken to be a space-time in the sense above

which also satisfies some weaker or stronger energy con­

dition. Then the idea is to see what general results one

can establish concerning space-time structure, results

which by the very way things are set up will not depend

on particular assumptions about the material content of

space-time. The most striking success here has been the

"singularity theorems" of Penrose, Hawking, and Geroch.

At yet a third level of research even the constraints

imposed by the energy conditions are dropped. There are

two reasons for doing so. First, the added assumptions

are not needed for some theorems that one wants to prove.

In particular, many results about causal structure (e.g.

those proven in this chapter) make no use of them. Second,

it is thought desirable to avoid dependence on Einstein's

equaion if possible. Authors such as Penrose have

expressed much greater confidence in the assumptions dis­

cussed above -- that space-time has the structure of a

pseudo-Riemannian manifold of Lorentz signature and that

axioms (i'} and (ii) obtain -- than in the particular form

of Einstein's equation. And there are other gravitational
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theories around which hold on to these central assumptions

while rejecting the equation. The Brans-Dicke theory is

an example. Understandably one is interested in proving

results which apply to all of these theories.

Finally a word on constraints that are sometimes imposed

to exclude seemingly arbitrary, contrived space-time manifolds.

As the definition stands, if one starts with a space-time (M,g)

and removes a closed set S from M, then the resulting manifold

M-S together with the restricted metric gIM-S jointly from a

perfectly good space-time. One can, for instance, just remove

a single point. But there seems to be something rather un­

satisfactory about such punctured space-times. Perhaps it

violates our sense that the universe should satisfy a Leibnizean

"principle of plenitude." God, after having created M-S,

would not have stopped but rather would have continued

to create all of M, that being the more perfect and total

universe. However compelling the theology, a condition of

"inextendibility" or "maximality" is often" imposed on space­

times. A space-time (M,g) is inextendible if for all

space-times (M' ,g'), if there is a smooth isometric imbedding

f: M+M' of Minto M' then f must be onto, i.e. (M,g) cannot

be extended smoothly and isometrically to some large space­

time (M',g').

Even after inextendibility is imposed as a constraint

still many seemingly pathological space-times slip through.
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The following simple example is (essentially) given in

Hawking and Ellis I'], pg. 58-59. Start with two dimensional

Minkowski space-time in standard (t,x) coordinates and remove

two closed slits:

Sl={ (t,x): t=O & -2�x�-1} and 82�{ (t,x): t=O & 1$x�2}.

excise

�-
-- - -

-[ 82

-

',I Two dimensional
8
\ /

Minkowski

: � ]
)\

i ;ace-time
: (0,-2) (0 '-tr'identify (0,+1) (0 t2�
I � :
L -.----'

A space-time which is inextendible but not locally inextendible

But now identify the upper edge of slit 81 with the lower

edge of slit S2 except for their respective endpoints.

And similarly identify the lower edge of Sl with the upper

edge of S2 (see figure). The resulting space-time is

inextendible but still the points (0,-2), (0,-1), (0,+1),

(0,+2) seem to be "missing." One can capture one sense

in which they are missing as follows. One can find an open

set (e.g. an open disk of unit radius centered at the point

(O,3»such that the set has non-compact closure in the

given space-time, but which can be smoothly isometrically

imbedded in another space-time, say two-dimensional Minkowski
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space-time, in such a way ,that its closure in this new

space-time is compact. This gives the definition of

"local inextendibility." A space-time (M,g) is locally

inextendible if for all open O� and all space-times

(M' ,g' ), if cQ [0] is non-compact in M and if f: 0 -+ M'

is a srnoo·th isometric imbedding of 0 into M', then cQ(f [0])

must be non-compact in MI.

Imposing the condition of inextendibility or of local

inextendibility on space-time structure mayor may not be

reasonable. The point to be made here is that insofar as

one is dealing only with problems of conformal structure

or causal structure (which is derivative from the former)

the imposition effects no restriction whatsoever. Indeed

one has the following result:

3.3 Theorem: Every space-time is conformally
�sometric to a space-time which is locally
inextendible.

(This point arose in conversation with Robert Geroch.)

To prove this it suffices to appropriate a proof used

by Clarke rzJ to show that every strongly-causal space4ime

is conformally isometric to one which is null geodesically

complete. [The definition of strong causality is given in

the next section. A space-time is null (time-like, causal)

geodesically complete if every null (timelike, causal) geo­

desic through a given point can be extended in either direction

to arbitrarily large values of (anyone of its) affine para­

meters.] We skip here both Clarke's argument and the
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demonstration that it can be adapted to prove the theorem.

Instead we turn to the description of causal structure in

relativistic space-times.

B. Causal Structure of Space-times and the Hierarchy of

Causal Conditions

So far five levels of structure in space-times have

been discussed: topological, differential, pseudo-Riemannian,

conformal, and projective. Our primary interest is with a

sixth level, causal structure, and the extent to which it

uniquely determines the other levels. In this section we

develop a fragment of the theory of causal structure and

present results on the hierarchy of causality conditions.

Most of the material is needed for later sections but not

all. A few other results are proven (e.g. Hawkings Theorem

that stable causality is equivalent to the existence of a

universal time function) in the hope of rounding-out a service­

able exposition of work in causality conditions. The material

is not new. The exposition is certainly not comprehensive,

nor even is it fully self-contained ( -- though it is relative

to the assumption of a few technical lemmas from differential

geometry --). But hopefully it may be more readable than the

expositions in Hawking and Ellis {�] and Penrose {\3] from

which it is largely drawn. It differs somewhat from both.

First, a preliminary word about what causal structure
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has to do with "causality." According to assumption (i')

above, all bodies, signals, and physical interactions in

space-time traverse causal curves. If causal interaction

is a species of physical interaction then, no matter what

else is the case, it follows that an event at one space­

time point can enter into causal interaction with an event

at another point only if there is a causal curve connecting

those points. And conversely, if the points are connected

by a causal curve then it is possible that some signal

travel from one to another (along the curve) while at all

times moving less than or equal to the maximal possible

velocity. It is possible in the sense of being compatible

with the principles of relativity theory though, to be sure,

it may not be possible in some other sense which also takes

into account particular conditions present at the two points

(e.g. absence of an energy source). Certainly the emission

and absorption of a signal is a paradigm case of causal inter­

action. So one has that two events can possibly stand in

causal connection to one another if and only if the points

at which they occur are joined by a causal curve. On the

assumpQon ( not one to be discussed here -- ) that causal

interaction is future directed, an eve� can exercise causal

influence on a second if and only if there is a future di­

rected causal curve Y: IO,l]�M with initial point x at which

the first occurs and terminal point y at which the second

occurs. When there is such a curve we say that x is causally
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prior to y and write x<y. At the level of its causal

structure a space-time is just its underlying point set

together with this abstracted two place relation of

causal priority (or with one of the several other "causal

relations" that are studied).

The formal theory can be set up in different ways. We

have so far taken curves y: I�M to be causal if they are

differentiable with everywhere non-vanishing causal tangent

vectors, and taken them to be future (past) directed if their

tangent vectors everywhere fall in the future (past) lobe of

the null cone. One can, however, not only work with: a) dif­

ferentiable curves, but also with: b) smooth curves; c) piece­

wise differentiable curves; d) piecewise smooth curves;

e) piecewise geodesic curves; and f) continuous curves. In

working with piecewise differentiable (smooth, or geodesic)

curves one must add to the defining condition of being causal

that at points where differentiability fails at least the

curve is upper and lower differentiable and that both upper

and lower tangent vectors are causal, falling in the same

lobe of the null cone. One can work with merely continuous

curves taking them to be causal if they can be arbitrarily

well approximated by causal curves in one of the other senses.

More precisely, a continuous curve y is taken to be causal

if given any two points a and b on y and any open set 0 con­

taining the section of y stretching from a to b, 0 must contain

a causal curve (say, in sense (a)) connecting a and b as well.
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Now there are reasons, technical and interpretive, why

one might want to choose anyone of these different kinds of

"causal curves" in setting up one's definitions. But so far

as the resulting causal structure is concerned it makes no

difference which one chooses. With the aid of technical

lemmas on smoothing of curves one can show that two points

are causally connectible in one sense if and only if they

are causally connectible in each of the other senses. (The

differences between the different kinds of curves cannot be

ignored, however, when it comes to considering the claim

made above in section A.] For specificity we shall continue

to construe causal curve in the sense of (a). We shall not

bother to explicitly invoke the smoothing lemmas each time

we need them, however. Also we shall lapse into referring

to ordered point sets as causal curves. How such talk is

fleshed out was explained in section A.

Similar remarks apply to timelike curves. These are

curves (in any of the senses above) Whose tangent vector or

vectors at every point are non-vanishing timelike (and,

where distinct, fall in the same lobe of the null cone.) Here

again the�x different senses of connectibility by a time­

like curve collapse.

The basic causal relations <, «, and + defined in

Minkowski space-time can now be defined so as to apply to

the general space-times being considered. It is convenient

to relativize them to arbitrary open sets. Given a space-time (M,g)
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and an open subset O£;M with points a,b in 0 we define:

a<b (0) � a=b or there is a future directed
causal curve from a to b lying wholly within o.

a«b(O)�there is a (non trivial) future directed
timelike curve from a to b lying wholly within o.

a+b (0) � a<b (O) but not a«b (0) .

In the special cas� where O=M, we write simply a<b, a«b, and

a+b. These relations are referred to, respectively, as causal,

timelike (or chronological), and null priority. In Minkowski

space-time they agree with the definftions given previously.

The corresponding symmetric relations: a K b (0), a T b (0),

and a � b (0) are defined in the obvious way, e.g. aKb ++ a=b

or there is a future or past directed causal curve from a to b.

To define these relations one need n�t presuppose a specification

of a temporal orientation. Furthermore, just as before, one

defines future and past sets corresponding to each of the

basic relations:

+
{bla<b(O)} J; (a) {blb<a(O)} JO (a) {blaKb(O)}JO (a) = = =

+ {bla«b(O)} I; (a) {blb«a(O)} 10 (a) {b j a rb Iu ) }10 (a) = = =

+ {bla+b(O)} E;(a) = {blb+a(O)} EO (a) {bla�b(O)}EO (a) = =

Where 0 = M we simply drop the subscript.

Many facts about these basic causal relations carryover

intact from the case of Minkowski space-time. The following

are immediate from the definitions. In any space-time (M,g)

if a/b,c are in M then: a�a; a«b+a<b; a<b&b<c+a<c; and

a«b & b«c+a«c. But in order to establish that other relations
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carryover, certain basic "working lemmas" from differential

geometry are needed. These concern the local behavior of

geodesics in Lorentzian manifolds. We will not prove them, Dut

will state them for reference and then show how they are used to

develop the theory of causal structure.

The first working lemma applies quite generally to all

differentiable manifolds carrying an affine connection whether

or not the connection is derived from a pseudo-Riemannian mani-

fold. Suppose M carries a s�Doth affine connection. Recall

first the exponential mapping exp : M t» D --)oM defined on a sub­
a a a

set D of the tangent space M at each point a. For every vector
a a

XEM there is a unique (affinely parametrized) geodesic segmenta

through a whose tangent at a is X. If there is a point on that

geodesic (extended in the direction of the tangent vector)

whose affine length from a is 1, then the vector X is in the

domain of exp and exp (X) is defined as that point on the
a a

geodesic�D , it turns out, must be an open subset of M and expa a a

must be a smooth diffeomorphism of D on to its image (Hicks[],
a

pg. 131). An open set 0 containing a is called a normal

neighborhood of a if there is an open subset D�Da in the tangent

space M such that exp [D] = O. An open set 0 is called a
a a

convex neighborhood if it is at once a normal neighborhood of

everyone of its points, or equivalently, if every two of its

points are joined by a unique geodesic segment fully contained

in o. The first lemma we nee·d is the following theorem of White-

head:
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3.4 Basic Lemma: For every point a in a space-time

(M�g) and every open set U containing a, there is a

convex neighborhood 0 such that at:O£U.

A proof is given in Hicks �], pg. 134.

The next lemma concerns causal structure within convex

neighborhoods. In any space-time there are two different "null

cones" which can be associated with any point a.. One is simply

E(a). The other consists of those points which are connected

to a via a null geodesic, i.e. the image under exp of the null
a

cone in M. The former is always a subset of the latter (as we
a

shall prove in a moment), but only in certain space-times (eg.

Minkowski space-time) will the two coincide. For example, con-

sider a copy of· two-dimensional Minkowski space-time rolled-up

into a vertical cylinder as in the figure. Here there is a

future directed null geodesic y from a to b,

but still a«b since there is a future directed

timelike curve yl from a to b as well. As one

would intuite, at least the cones must always

coincide locally.

3.5 Basic Lemma: If (M,g) is a space-time with 0£M

a convex neighborhood, then for all points b,c in 0:

(1) b<c (0) <=> b=c or the unique geodesic in 0 from

b to c is causal

(ii) b«c (0)<=> the unique (non-trivial) geodesic in 0

from b to c is timelike; and hence:

(iii) b+c(O)<=> b=c or the unique geodesic in 0 from b

to c is null.
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Hawking and Ellis 00, pg. 103 give a proof of the theorem

using "Gauss' Lemma.1f As an immediate corollary one has:

3.6 Corollary: If (M,g) is a space-time then

for all a€M, I+(a) and I-(a) are open.

Proof: Suppose a«b and y: I + M is a future directed

timelike curve from a to b. Let 0 be a convex neighborhood

containing b but not a and let c be any point on YnO other

than b. So c«b (0). Bi the theorem there must be a future

directed tirnelike geodesic in 0 from c to b. If D £M is the
c c

(open) domain of expc )2nd if Dc' is the intersection of Dc
with the �open) set of future directed timelike vectors in M , then

c

expc (Dc') is an open subset of I+(c) containing b. But I+(c)S

r+(a). So I+(a) must be open. Symmetrically for I-(a). qed.

Lemma 3.5 has other simple consequences which are used

repeatedly in proofs. One is that given any point a and any

open set 0 containing a, we can find a point b in 0 such that

a«b (0) b c ca (0), az.b (0), etc.]. To find such a b we need

only pass to a convex neighborhood 0'£0 containing a, choose a

future directed time like vector X in the domain of exp and
a

consider exp (X). Either exp (X) itself falls in 0' or some
a a

point on the future directed timelike geodesic from a to exp (X)
a

does. Another simple consequence of this last mentioned fact

together with Corollary 3.6 is that in all space-times, for all

points a, b, c we have: a«c & b-c cc => (-3 d) [a c c d & b-c cd & d«c];

and symmetrically. Yet another consequence is the fact that if

a«b, then there are open sets 0a and 0b containing a and b

respectively such that 0a«Ob. In general we take S«T to

abbreviate: \I s: V t (s€ S & t€T c> s«t); s«T abbreviates:
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...q t (tsT=) s«t), etc.]

The final basic working lemma establishes that another

property true in the tangent space of a point remains true

under projection onto a local neighborhood of the point.

3.7 Basic Lemma: If (M,g) is a spacetime, with

O�M a convex neighborhood, then for all points a,b in

0,: a�b (0) implies that tlie only future directed causal

curve from a to b in 0 is the unique null geodesic

connecting them.

Proofs along different lines are given in Hawking and Ellis

([8], pg. 112) and in Penrose ([13] f1. pg. 13). It follows immediately

from this that within a convex neighborhood 0 "strong transi­

tivity" holds: a<b (0) 8. b c c c (0) � a c-cc (0) and a«b (0) <l-

b <c (O)�a«c (0). .Also if a-e-b (O)&- b�c (0) then a«c (0)

unless the two null geodesics from a to b and from b to care

mutual null geodesic extensions of one another.

One now shows that this result can be extended to the

global case.

3.8 Corollary: If (M,g) is a space-time, then for all

points a, b in M, a....,.b implies that any future directed

causal curve from a to b must be a null geodesic.

Pf: The proof follows from the fact that if a causal

curve A from a to b is not a null geodesic, it fails to be a

null geodesic at some point,
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By compactness of (the image of) y, we can cover it

with a finite set of convex neighborhoods.

Suppose y is not a null geodesic at a point x 1

and suppose xl falls in one of the neighbor- -0
2

hoods °1· Let HI be some point on YOol to

the past of xl· If y rarairs in 01 we have gl«b
Otherwise there will be a point on

Y (, Bnd (Ol) to the future of x which falls

in some neighborhood 02 (see picture). Then

if x2 is some point on y (1°1 "°2 to the future

of xl' we have �1<�X2 (°1). Let �l be a fut�re directed

timelike curve from £1 to x2. Let E2 be some

point on r-ll'l °2. If Y :rem:i::s in 02 we have :62 <xb (°2)
and hence Zl«b. Otherwise there will a point on ynBnd (02)
to the future of x2 which falls in some convex neighborhood 03.
If x3 is some point on y n 02 fl 03 to the future of x2 we have

,g2« x3 (°2) and hence �l« x3. Continuing in this way we generate

a future directed timelike curve from �l to b .

In a parallel fashion we can work our way downward in a

finite sequence of steps. Eventually we shall have a future

directed tirnelike curve from a to b thus contradicting our

assumption that a�b. qed.

Using some of the last results we can establish the

existence of neighborhoods of a particularly convenient type.
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3.9 Corollary: Given any point a in a space-time (M,g)

and a convex neighborhood 0 of a, there are points b,c in

o where b«a«c (0) and

J� (b) n Jo (c) = (1 [I� (b) () 10 (c)] C 0

Proof: The idea is to show that if b,c satisfying

these conditions could not be found then the metric at a

would have to be degenerate.

First we can find an open subset o'� 0 containing a such

that ct(O') � 0 is compact and hence Bnd (0') £ 0 is compact.

Now let {b�} and {c� J be sequences in 0' converging chronolo-

gically to a, respectively, from below and above, i.e. for

Suppose for alIi, it is not the

cas e that ('1 [I� (b i) I"t I� ( c i)] c o .

Then for each i there will be a point x.
J_

on Bnd (0') such that b.«x.«c. (0).
J_ J_ 1

Let x be a point of accumulation of the

x. on Bnd (0'). There must be a geodesic segment ax in 0
1

from a to x.

Using Lemma 3.5 and the fact that at all points the map

exp is continuous, we can now prove that ax is both past and

future directed causal. This implies that its tangent in M
a

is both past and future causal which is impossible. Consider

any b.. There must be a geodesic segment from b. to x. By
J_ 1
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the continuity of eXPb the tangent to this segment in

i

Mb must be future directed causal. This is so because
i

b <..:'x
. .I (0) for all i

I �i and the x.; accumulate at x. So
1. - 1

b. <x (0) for all i. But now applying the same argument
1

with respect to exp we may conclude that a < x (0). The
x

argument to establish x< a (0) is symmetrical.

So there must exist points b r C in 0 with b«a«c (0 ) and

Cl[I� (b)(lI� (c) ] £. O. Now quite generally
+

(x) �we have J

czt r" (x) ] and J (x)£ a[I
-

(x) ] for all x. This follows by

"strong transitivity." Certainly then we have here that

+ - +-

JO (b) 1\ JO (c) £. d[IO (b) I' 10 (c)]. But now inside any

convex neighborhood it follows by Lemma 3.5 and the continuity

of expy that for all x}y xc c£..[I+(y)] implies
+ +-

y < x (0); and s ymmetrically . So C£[ 10 (b) I'l I � ( c) ].£ J
0

(b ) 0J 0 ( c )
qed.

+ -

In the proof we built in enough to insure that Jo(b) n Jo (c)

c Ci(O'). As the closed subset of a compact set, J� (b)n J� (c)

must itself be compact.
+

Sets of the form JO (b)n JO (c) will be

called local closed diamonds if 0 is a convex neighborhood, if

b«c (0), and if they are compact (which itself entails

J� (b) (I Jo (c) = cl.[I� (b) () I� (c)]). The corresponding sets

I� (b)� 10 (c) will be called local open diamonds.

As noted in the previous proof, J+ (x) c CR[I+ (x) ] holds

quite generally and theconverBe'holds inside convex neighborhoods.

But in cases as in the figure ys d[I+ (x)] even though xiy;

hence J+ (x) is not closed. One does have the following simple



characterization of [I+(x)] to work with:

y€ U[I+ (x) ]�I+ (y) � 1+ (x) •

Similarly: y€ et[I- (x) ]�I- (y)£ 1- (x).
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x

This is easy to check. Also whenever y€ a[I+(X)] it

must be the case, as in the figure, that there is a past

directed null geodesic from y which is fully contained in

Ci[I+(X)]. We prove a somewhat more general version of this

time and y

claim. First we need a definition. If (Mig) is a space-

I � M is a future directed causal curve, then a

point b is a future endpoint of y if for every open set °

containing b, Y eventually enters and thereafter remains in 0,

i.e. there is a t €1 such that for all t > t , y(t)€O. Simi-
o 0

larly one defines a past endpoint. Note that endpoints of y

need not belong to y. We say that a causal curve is future

(past) inextendible if it does not contain a future (past)

endpoint. Also some notation: for any set S,

I+[S] = U{I+(S):S€S}. Similarly for I-[S], J+[S], etc.

3.10 Corollary: If (M,g) is a space-time with S£M a

closed subset, and if a€ (£(I+[S]) - J+[S], then there is a

past directed null geodesic from a which lies entirely within

Ge(I+[S])and which is past inextendible; and symmetrically.
+

Proof: Since at J [S] I atS. Hence for some convex neighbor-

+ -

hood 01 there must be a closed local diamond J 1 = J
01

(b 1 )() J
01

(c 1 )

+
containing a = al such that JlnS = ¢. Since al € d(I [S]) we
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can find an infinite set of points xi in the interior of

Jl accumulating at a�, all of which are in I+[S]. So for

each 1 , there will be a point s· €S and a future directed
l

time like curve yt from si to x· To reach xi ' y� will have
1 t

to cross Bnd (J I) at some point y; . Let a2 be a point of

accumulation for the y; on

There· must be a geodesic segment a2al from a2 to al .

By considerations as presented in the proof of Corollary 3.9

this segment must be future directed causal. Indeed, it must

be a null geodesic segment. For if it were timelike we would

have a2€I-(al). Hence there would be some point in I+[S] n I-(al)

and so al€I+[S] which is impossible.

Now a2 € C{(I+ [S]) and so we can repeat the same argument with

respect to it. We can find a closed local diamond J2= J�Jb2) �J�JC2)
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containing a2 such that J2�S = ¢. We can find an infinite

set of points z· in the interior of J2 converging to a2 , all
1

of which are in I+[S]. So for each 1 there will be a point

s.sS and a future directed timelike curve cr. from s. to g .•

1 111

Eachcr. will have to cross Bnd (J2) at some point w' and these
1 1

points will have a point of accumulation a3 in Bnd (J2). Precisely

as before we may conclude that there must be a null geodesic

segment from a3to a2. Further this segment must be extension of

that from a2 to ale Otherwise, by Corollary 3.8 we would have

+
a3«al and h�nce alsI [S].

Continuing this way we generate a past directed null

geodesic from a every point of which is in�(I+[S]). It never

reaches S since then we would have a s J+(s). Further it must

be past endless. If b were a past endpoint it would follow that

bs C9 (I+[S]) - J+[S]. Then we could redo the same argument within

some local closed diamond containlng b and extend the null

geodesic a bit further - qed.
* * * * * * * * * * * * * *

Rather than proving more of these basic facts about causal

structure, we turn now to the hierarchy of causality conditions.

The first condition is that of chronology, i.e. for all

points a, a</<a. Equivalently, this is the condition that

there be no closed future directed timelike curves. If such a

curve existed then under the standard interpretation it would

be possible for a particle or signal, traveling strictly less
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than the maximal possible velocity, to take a cosmic trip

beginning and ending a� the same point. Because of worries

about the possibility of the particle "undoing what is already

done" (shooting its particle grandfather before puberty),

violation of chronology is often said to involve some sort of

causal anomaly. Hence the term "causality condition." The

stronger conditions will assert that there are no almost closed

time like or causal curves in several different senses of

"almost."

Right off one has an easy result to the effect that every

compact space-time exhibits chronology violation.

3.11 Theorem: If (M,g) is a space-time and if M is

compact, there is a point a in M for which a«a.

Proof: For every point b in M there is a point a such

that b«a, i.e. be I-(a). It follows that {I-(a) : as M}

is an open cover of M. Suppose I-(al) , ... , I (an) is a

finite subcover. Now al must be contained in some I-(ak1), i.e.

a 1 < <ak 1
• Similarlyak must be contained in some I-(ak ), i.e.

1 �

a, «ak . Continuing in this way we generate a sequence
J<. 1 2

al«ak «ak « .... «ak «ak .

1 2
n n+l

{l, ... , n}, there will have to be two that are equal; say k : = k./.
1 1

Since the k.'s come from
1

Then taking a = ak we have a«a as claimed. qed.
i
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The simplest example of a space-time in which chronology

fails is Minkowski space-time "rolled up along a temporal

axis." If {x�} are standard coordinates and k>o we identify
a.

all points (xo+nk,xl,x2,x3) )for integral n)with (xo,xl,x2,x3).
Now the curves a in this space-time defined by a(t) =

(t,kl,k2,k3) for fixed k1,k2,k3 will all be closed, future­

directed and timelike. Indeed they are geodesics. This

space-time has the further property that for all points a

and b we have a«b (see figure).

When this condition [�a�b(a«b)]

time is degenerate in its causal a

obtains we say that the sp�ce-

structure.

Chronology can be satisfied and yet there still be

"causality violation" in the sense of there being a closed

future-directed causal curve. The condition of causality,

'VaVb Ia<b&b<a+a=bJ, further excludes this possibility. Now

if causality violation occurs in a space-time where chronology

obtains, all closed causal curves must be closed null geodesics;

this follows from Corollary 3.8. Consider, for example, the

following two-dimensional space-time. Start with the (t,x)

plane with metric ds2 = (cosh t-l)2(dt2-dx2)+dtdx. [Recall
that cosh t = 1/2Cet+e-t)]. Along the line t=o, the metric

reduces to the form ds2=dtdx and its associated null cones are

horizontal, pointing in the direction of increasing x. But as

Itl+oo, the cones "tip to the left" asymptotically approaching
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the upright position they have in Minkowski space-time.

Now form a standing vertical cylinder by identifying all

points (t,x+kn), for some

particular k>o,with the

point (t,x) - see figure.

The space-time is not cau-

sal as it admits a single

closed null geodesic - the

t=o equator. But it does

not admit any closed timelike

a closed
null geodesic

Chronology but not causality
obtains

Suppose one now excises a single point from the t=o

curves.

equator in the space-time. This renders it "causal." But

there are still "almost closed" causal curves in the following

sense. Given any point on the equator and any small open set

curve starting at the point

containing that point, there will be a future directed causal

which leaves and then reenters

the open set after circum-

navigating the space-time;

similarly there will be future

directed causal curves which

start in the open set, leave,

and then reenter, reaching

causality but
not past or

future

distinguishabj
lity obtains

the point on the equator after the circumnavigational trip - see

figure. This sort of behavior is ruled out in the next causality
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condition.

3.12 Definition: A space-time (M,g) is future
(past) distinguishing if for all points a and
all open sets U containing a, there is an open
subset 0 <;;;U containing a such that no future
(past) directed causal curve from a which leaves
o ever reenters.

The move to a subset here is necessary. If one only required

that a have some open neighborhood 0 having the desired "no

reentry" property, then the condition could be vacuously

satisfied by taking O=M.

There are a number of equivalent ways in which future (past)

distinguishability can be formulated. Several are given in

the next theorem. Condition (ii) explains terminology.

3.13 Theorem: In any space-time (M,g), future (past)
distinguishability is equivalent to each of the

following:

(i) For all points a and all open sets U containing
a, there is an open subset O�U containing a such
that for all b in 0 we have: a<b + a<b(O)
[b < a + b < a (0) ] •

(ii) \}a\lb (I+(a)=I+(b) + a=b)
I \J a \:J b (1- (ar-I- (b) + a=b)]

(iii) 'f;/ a 'Jb (a<b&b«I+ (a) +a=b)
1\1 a \db (a<b& T" (a) «b+a=b)]

Proof: We prove the equivalences with future distinguish-

ability. Past distinguishability is treated symmetrically.

First, suppose that (M,g) is future-distinguishing. We

show that (i) is satisfied. Given any a and any open U con-

taining a, let 0 <:;.U be as in the defini tion. Now suppose

b is in 0 and a<b. If it were not the case that a<b(O) ,
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then any future directed causal curve from a to b would have

to leave and then reenter O. This is impossible. So a<b(O).

+ +
Next (i )�(ii). Suppose a�, but I (a) =I (b). Let U

be a convex neighborhood of a not containing b. Since

I+(b)� I+(a) we know that a�[I+(b)] and hence, by Corollary

3.10, either b<a or there is a past directe� null: geodesic

from a which falls in Ll[I+(b)]. In either case there is

a point c in U where c<a(U) and the causal geodesic from

c to a in U falls in li[I+(b)]. Now let 0 be any open subset

of U containing a. We can

certainly find a point d in

o where c«d(U) but not

aed (0). But cs(Q[I+ (b)] and

c«d together imply b«d.

Since I+ (b) S I+ (a) we may

oo�ude that a«d even though

not a<d(O). This violates (i).
+

Third, (ii}�iii). Suppose a<b and b«I Ca}. These

assumptions imply, respectively that I+(b) �I+(a) and

I+(a}�I+(b). So r+(a) = I+(b). Assuming (ii) we may conclude

that a = b.

Finally, (iii)�uture distinguishability. Suppose the

latter fails for some point b and some open neighborhood U

of b. Let I. be a nested sequence of local open diamonds
l-

in U converging to b, i.e. for all i, Ii+l� Ii� U and
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n{Ii} = {b}. For each i there will be a future directed

causal curve �i from b which leaves and then reenters Ii.
Each of these will, upon returning, hit Bnd(J ) - where

o

Jo is the local closed diamond corresponding to 10• If y.
a,

hits Bnd(Jo) in a point ai� tne ai will have a point of

accumulation a in Bnd(J ). There will be a local geodesic
. 0

segment from a to b. This segment, further, will have to

be future directed causal. [The argument from the continuity

of exp is as in Corollary 3.9.] So a<b. But now let c be

any point in I+(a). Since I-(c) is open and contains a,

it must also contain a. for some i. Therefore b«a.«c.
l l.

+
Thus we have distinct points a and b where a<b, but b«I (a).

This violates (iii). qed

The condition that a space-time be past and future

distinguishing (PFD) will be of special interest later.

It is strictly stronger than either past or future dis-

tinguishing alone. For example, the following two dimensional

space-time is future, but not past distinguishing. Take the

cylinder with metric ds2=(cosh t-I)2(dt2-dx2)+dt dx, as

described above. Now excise

the closed set {(t,x) :t�o & x=l}
I
f

excise 1
J
I
I
I

---1--02 future but
not past
distinguis
ability
obtain'S

- see figure. It is still true

that all points in the equator

have as their common chrono-

logical past all points below

the equator. But the space-
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time is future distinguishing. Causal curves from points

on the t=o equator which could previously circumnavigate

the cylinder and return to arbitrarily small neighborhoods

of the original point are now blocked by the cut.

If we cut a second slice from the example, say the

set {\t ,x) :t.:_o '6 x=o}, then we arrive at a space-time which

is past and future distinguishing.

But here there still remain "al-

excise_+--_�

I excise
I
I
I past and
I future
L

d" - distinguish
--_'I&--+-_�I�_> ability

- -
,.,

obtain but
not strong
causality

most closed" causal curves of

a sort - see figure. Given

"between" the cuts and any

any point a on the t=o equator

small open set 0 containing

the point there will be future

J
_-r

'J(�o

- - --.--..,

----

directed causal curves which

leave from 0 and eventually reenter. "Strong causality" excludes

this possibility.

3.14 Definition: A space-time (M,g) is strongly
causal if for all points a in M and open sets U

containing a there is an open set O£U containing
a such that no future directed causal curve which
leaves 0 ever reenters.

There are several different equivalent formulations; orein

particular is important because it establishes a sufficient

condition for the definability of the space-time topology

from causal relations. Recall that in Minkowski space-time
+ -

the sets of form I (b}nI (c) form the basis for a topology
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called the Alexandrov topology. It is easy to check that in

the general case as well these sets form the basis for a

topology.

a£IlnI2, we can find points c3 and b3 such that c3«c2' c3«cl'

a«c3 and bl«b3, b2«b3, b3«a. Therefore a£I+(c3)nI-(b3)�IlnI2.
So every intersection of basic Alexandrov sets is the union

of basic Alexandrov sets.] Let the name carryover.

In Minkowski spa�e-time the Alexandrov topology 1A is

equal to the manifold topology 1M. But in arbitrary space­

times this is certainly not so. In rolled up Minkowski

space-time above, where for all points a and b a«b, the

Alexandrov topology collapses to the indiscrete topology.

And in the previous example of a space-time which was PFD

but not strongly causal (SC), �A was strictly coarser than

the manifold topology (though it was To). Every Alexandrov

neighborhood centered at the point a will include the point d.

It is true, however, that if a space-time is strongly causal

then its associated Alexandrov topology is equal to the

manifold topology. Indeed, the two conditions are equivalent.

This and other equivalences ar� established in the next theorem.

3.15: Theorem: If (M,g) is a space-time, the
condition that it be strongly causal is equivalent
to each of the following:

(i) For every point a and every open set U containing a,
there is an open subset ° c: U containing a such that for
all b,c in 0, b<c+b<c(O)

(ii) r:JA = �M
� A

is Hausdorff (i.e. T2)(iii)

�----------------�------------
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Proof: The proofs here are very much like those in the

previous theorem.

First, strong causality+(i). Given any a and any open set U

containing a, let 0 S U be as in t.he definition of strong causali ty.

Suppose b,c are in 0 and b<c. It must be the case that b<c(O),

since otherwise the future causal curve from b to c would have

to leave and reenter o.

Second, (i) + (ii). Certainly j A S ::tM is always true. So

suppose :r M 1-:fA· Then there must exist some r_::r M-open set U

containing a point a such that no basic Alexandrov neighborhood

of a is contained in U. We may assume that U is a convex neigh-

borhood (by passing to a subset). Let 0 now be any open subset

of U containing a. We can find points b,c in 0 such that

+ -

b«a«c(O) and J=Ju(b)nJu(c}�O is a local closed convex neigh-

borhood. Since r+(b)nr-(c)iu, there must be a future directed

timelike curve from b to c which leaves and reenters U, and

hence J. Let d be a point on this curve in 0 just prior to its

Next, (iii}+(iv). SUp-

reentry in J - see figure.

One has then that b«d but

not b<d(U), and hence not

b<d(O). This violates (i).

That (ii)+(iii) is immediate.

pose there exist distinct

points a and d such that
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be any two Alexandrov neighborhoods of a and d respectively. We

show that 1ln12�¢ and hence that �:rA is not T2. We have bl«d and

b2«d. Hence there must be a b3 where bl«b3, b2«b3, and b3«d.
It follows that b3E12 and, since 1-(d)«1+(a), b3EI1.

::>
Finally, (iv) strong causality. Suppose failure of strong

causality is witnessed by a point a and an open set U containing a.

We can find a neated sequence of local open diamonds {1.}�U
1.

converging to {a}. For each fuere will be a future directed time-

like curve y. which leaves and reenters U.
1. Suppose each 'Y leaves

i

Jo (for the first time) at a point d. in Bnd(J ). Then the d. will
1. 0 1.

have a point of accumulation d in Bnd(J ). We may as well assume
o

that the d. converge to d (by passing to a subsequence). Similarly
1.

suppose each y. reenters J (for the last time) at a point c. in
1. 0 1.

Bnd(J ) and that the c. converge to c in Bnd(J ). The usual
01.0

continuity considerations guarantee that c<a<d(U). Now consider

Eventually all d. will be in I+(X)
1.

and eventually all c. will be in I-(y). So there will be some i for
1.

which x« <d. < <c. <; <y. Thus 1- (d) .< <1+ (a). This contradicts (iv). qed
1. 1.

The space-time in figure a is strongly causal, but given any

small neighborhoods 01 and 02 of al and a2 respectively, there is

excise
Fig. a

identifi
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a future directed causal curve from 01 which enters 02 and

one from 02 which enters 01. We may say that this is a

violation of 2nd-order causality. Correspondingly we may

say that the space-time in fig. b violates 3rd-order cau-

sality, but not 2nd-order causality. Generalizing this idea

we come up with the following definition (which is a variation

of the original du� to Carter I\l).

3.16 Definition: If (M,g) is a space-time, it is
nth order causal (n>2) if for n arbitrary distinct
points aI' ... , an with arbitrary open subsets Ul'
... , Un containing them respectively, we can find
corresponding open subsets 0i with aiEOi� Ui such
that there do not exist n future directed causal
curves ai where for i=l, ... , n-l ai leaves 0i
and enters Oi+l and where an leaves On and enters 01.

Clearly by cutting more lines as aligned in the previous two figures

we can, for any n, generate a space-time which is nth but not

n+lst-order causal. Notice too that in a natural way strong

causality can be construed as 1st-order causality. [Carter IS

scheme works somewhat differently.] We can also formulate

the condition of nth-order causality using only causal relations.

3.17 Theorem: A space-time is nth order causal iff
there do not exist n distinct points aI, ... , an in M

such that for i=l, .•. , n-l I-(ai)«1+(ai+l) and
1- (an) «1+ (al) .

We skip the proof which only iterates a construction from the

previous proof.

The strongest causality condition that has been studied is

"stable causality." Consider again the space-times above exhibiting

2nd and 3rd order causality. It is clearfuat the slightest
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"widening" of the cones whatsoever will allow a future directed

timelike curve to scoot past the barriers and close back on it-

self. The space-time, then)admits "almost closedu causal curves

with respect to metrics arbitrarily close to the original. "Close­

ness of metric" can be made precise in the following way. If (M,g)

is a space-time, let ;j(M) be the set of all smooth, non-degenerate

Lorentz me·tries on M. Given 9 and g in ;f (M) define g<g to hold

if for all points a in M and non-zero vectors XsM , g (X,X»O+g (X,X»O.
a a - a

Intuitively, g<g just means that the associated cones of � are

everywhere wider than those of g. One way of defining stable

causality, then, is this:

3.18 Definition:
if there is a g in

A space-time (M,g) is stably causal

,i(M) where g<g and where (M,g) is causal.

Clearly if g<g and (M,g) is causal, then (M,g) is causal for

all g in i (M) where g<g<g.
The examples above indicate that, for every n, there can be

a space-time which is nth order causal but still not stably causal.

It is easy to check, however, that stable causality implies nth

order causality for every n.

3.19 Theorem: If a space-time (M,g) is stably causal
then it �s nth order causal for every n>2.

Proof: Suppose distinct points aI' ... , an witness the

failure of nth order causality. Then with the standard con-

struction used before we can find disjoint local open diamonds

I. containing a., and points bL and c. in I., such that
a, a, � a a,

bi<ai<ci (Ii) for all i, and such that r-ccil«I+Cbi+ll for

i=l, .•. , n-l with I-(Cn}«I+(bl}. Now let g be a metric
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in i<M) where g<g and where (M,g) is causal. Then for each i

we have b.«c. with respect to g - if previously b.+c., then
� � � 1.

the null geodesic (with respect to g) that connected them is

now a time like curve. Working with g we can find neighborhoods

O. of b. and U. of c. such that for all i, O.<�U.. If we take
1. 1. 1. � 1. 1.

, '

UV'\

x. in I+(b.)no. and y. in I-(c.)nU. then we have X
1.' «Yl«x2«Y21. � 1. 1. 1. 1.

«
... «Yn«x1. This contradicts the assumption that (M,g) is

causal. �ed

There remains the question whether a space-time that is nth

order causal for every n is necessarily stably causal. I do

not know if this has been settled but would guess that the claim

is false.

Now we prove a theorem of Hawking which gives an interesting

equivalent formulation of stable causality.

3.20 Definition: If (M,g) is a space-time, a smooth map
t: M+-R is called a universal time function on (M,g) if

�---------------��
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for all distinct points a and b in M, a<b implies
t (a) <t (b) •

Hawking's Theorem asserts that a space-time is stably causal if

and only if it admits a universal time function. The proof we

give will fill in some of the detail that is omitted in Hawking

and Ellis «(�], pg 198-201). First several Lemmas that we need

are noted.

3.21 Lemma: If (M,g) is a space-time and t: M+ R
is a smooth function on M, then t is a universal time
function on (M,g) iff vt is everywhere future directed
timelike.

Proof: Consider an arbitrary point a in M and an arbitrary

differentiable curve¥: I�M through a. We can choose coordinates
a

X.
1.

in some neighborhood of a such that at a, the ax. are orthogonal
a at-

- 1.

and ax = vt. From the latter we have dX. = a .• Now consider
o 1. 1.0

the function t(s) = toy(s) defined over I. It follows from our

choice of coordinates that at a:

dt at dYi dyo
II vt II ds = II vt II aXi ds = II vt II ds

where I Ivtl I = g(vt, vt).

Now first suppose ftat vt is a universal time function on (M,g)
Suppose -

but that at some point a vt is not future directed timelike./ Then

-first that vt is spacelike.
we can find a future directed causal curve y through a such that

dy dt
at a vt·ds>o. But we also have that ds>o at a since t is increasing

along y.

dy
So o<vt·ds

dt
= I Ivtl Ids�o which is impossible. Similarly, if

�t is null we derive a contradiction by considering any future directed

causal curve y for which vt·�: � o. And if vt is timelike, past­

directed, we consider any future directed causal curve for which vt·��<o.

/------------------�---------
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Conversely, suppose vt is future directed timelike at ad and let

y be any future directed causal curve through a. Since Vt·�>o
dt

it follows that ds>o. Since a and yare arbitrary here, t must

increase along all future directed causal curves. Hence t must

be a universal time function on (M,g). q�d

The definition of g<g for metrics g,g in j(M} makes perfectly

good sense for smooth, pseudo-Riemannian metrics on M even if they

are not non-degenerate and Lorentzian. From now we use the rela-

tion in the extended sense.

3.22 ,Lemma: If (M,g) is a spacetime with g�g for 9
in d(M) , then for any smooth metric g on M if
g<g<g it follows that g is in �(M).

Proof: Suppose first that g were degenerate at some point a.

Then there would be a non-zero vector X in Ma such that ga(Xt) = 0

for all Y in M. It would follow that g (X,X) = 0, and hence both
a a

ga(X,X)<o and ga(X,X»o. Let Y be some vector which is timelike

with respect to ga (and hence with respect to ga and ga). Certainly

X and Y must be linearly independent. Then for all r,SE � we would

have g (sX+rY, sX+rY) = r2g (Y,Y»o. Hence 9 (sX+rY,sX+rY)>0 for
a a - a _

all r,SE m even though X,Y are both timelike with respect to ga.
This is impossible since 9 is non-degenerate Lorentzian.

a

So g must be everywhere non-degenerate. At any point a, then,

the components of g can be put in the form diag(+l,±l, ... , ±l).
a

If there were a second positive entry there would have to be two

X y
linearly independent vectors, timelike with respect to g (and hence

-

g), such that all vectors rX+sY were timelike with respect to g

(and hence g). Again this is impossible. qed

�-----------------'�
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The final lemma we need asserts the existence of a volume

measure on all space-times. We state only the weak version

that is actually used.

3 • 23 Lenuna: If eM, g} is a space-time and ::J? M
is the

set of open subsets of M, there is a function 11 : 1M-+ R
such that:

l1(M) = 1

O¥¢ -+ 11(0»0
aco' -+ 11(0)<11(0')
onO'=¢-+l1(OUO') = 11(0)+11(0')
For all a in M and all s>O there is an

open set�containing a where 11 (tn<s.

Proof: Every differentiable manifold which admits a C� affine

(i)
(ii)
(iii)
(iv)
(v)

connection must be paracompact (Geroch [ J). SO there must exist

a countable atlas (U. ,¢.) on M where the U. are locally finite,
1.. 1.. 1..

i.e. for every point a in M there is an open set 0 containing a

which intersects only finitely many of the U .. Let p. be the
1.. 1..

standard Lebesque measure on ¢. [U.]C�n, normalized so that
1.. 1..-

p. (¢. [U.]) = 1. Now for each open 0 we define:
1.. 1.. 1..

Then:

�. (0) = p. (¢. [OnU.]) and
1.. 1.. 1.. 1..

u (0) = L 2-i11. (0) •

1..

u (M) = L 2-ill. (M) =:2 2-ip . (¢. [U.] = 2. 2-i = l.
1.. 1.. 1.. 1..

The other requirements on M are checked similarly. In each case the

property is inherited from the p .• qed
1..

Now we can prove Hawking's result.

3.24 Theorem: A space-time (M,g) admits a universal
time funct1..on iff it is stably causal.

�---------------�,
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Proof: First assume (M,g) admits a universal time function t.

Consider the smooth, pseudo-Riemannian metric on M defined by

g = g+dt® dt. We claim gEd(CM), g<g, and (M,g) is causal.

To check the first two claims we pick a convenient coordinate

system at an arbitrary point a. We can find {x.} in some neigh-
d

�

borhood of a such that at a the ox� are orthogonal (with respect
a .i.

d 0
to ga)' axo = vt, and for i = 1, ... , n-l g (ax. ,ax.) = -1. In

a � �

these coordinates at a, � assumes the form ga=(1 Ivtl l+l)dX�-dx�- .... -dX�_]
where II Vt II = g (ve • vt) >0. This insures gE;J (M) and g<g.

Now suppose y: [O,l]+M is a closed, future directed causal

curve with respect to g. Consider t(s) = toy(s). Since teo) =

dt
t(l), the derivative ds must vanish at some point so. At y (s ),

o

by the equation derived in the proof of Lemma 3.21, we then have

dy dy
g(vt, ds) = 0 and hence that ds is spacelike with respect to g.

But this leads to a contradiction. At yes ) we must have:
o

dy dy dy dy dy dy dy dy (dt\�g(ds,ds) = g(ds,ds) + dt ®dt(ds,ds) = g(ds,ds) + dS)<o
even though y is causal with respect to g.

Conversely, assume (M,g) is stably causal. We shall construct

a universal time function on (M,g). Suppose g in .�(M) is such

that g<g and (M,g) is causal. Consider the metrics gk=(3-k)g+kg
defined for kE(0,3). Since 3g<gk<3g it follows by Lemma 3.22 that

gk is in �(M) for each k. Let � be a volume measure on (M,g)

as guaranteed by Lemma 3.23. For each point a and kE(O,3) we

define a "past volume": V(a,k) = ll[I-(a,gk)]' where I-(a,gk)
is the set I-(a) with respect to the metric gk. For given k,
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V(a,k) is a real valued function on M. We claim now that it

increases along future directed causal curves. Suppose a<a'

for distinct points a and a'. (M,gk) is itself stably causal

and hence past distinguishing. So there must exist an open

set 0 containing a' where r-(a,gk)no
thenO' t cj> and 1- (a, gk ) U 0 c 5: 1- (a' , 9k) •

= l-l[I (a,gk)LlO']�v(a',k).
If V(a,k) were continuous we would be almost done.

= ¢. If O' = I-(a' ,gk)nO,
So V(a,k)<V(a,k)+l-l(O')

We would have a "continuous universal time function" and it

would o�ly remain to smooth it. But it need not be continuous

for any k because, as previous examples have shown, space-times

can be rather jagged in their excisions. In figure a, for

instance, the points p. converge to p but their respective pasta

volumes (in any gk) do not approach the past volume of p. All

of the p., no matter how close, can "see around the obstruction."
a

Hawking's idea is to define a new function t which averages the

past volumes over a range of k:

(2tea) = V(a,k)dk.
)1

The function is well defined since for a given a, V(a,k) is monotone

increasing on the interval [1,2] and is, hence, integrable. Certainly

t increases along future directed causal curves since V(a,k) does

so for each k. We now show that it is continuous.
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excise

1- __� _ ..;... _.._ _ _ _ - - -

\

Fig a
Fig b

For given a in M and s>o we must find an open set 0 containing

a such that for all b in 0: t(a)-s�t(b)�t(a)+s. Let U be an

c
open neighborhood of a wi�th compact closure such that �(U)<2.
Compactness quararrt.ee s that for all b in U, any inextendible

curve starting at b must eventually intersect au, the boundary

of U. Now for kl,k2s [0,3] with kl<k2 consider the set I�(a,gk ) ()au.
2

Let F(kl,k2) consist of those points in U such that every past

directed, past inextendible gk -timelike curve from the point hits
I

see figure b. We note that a is in the interiorI�(a,gk )0 au -

2 0

of F(kl,k2) which we write as F(kl,k2).
of F(kl,k2)

[If a were on the boundary

we could find a sequence of points a. converging to a
a.

and points c.saU-I-u(a,gk ) where c�«a. (U) with respect to gk ·

� 2 � �
I

If c were a point of accumulation of the c. it would follow that
a,

c<a(U) relative to gk ,. Hence by kl<k2 we would have c«a(U)
I

�----------------�
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relative to 9k
•

2
We also note

2
Now let n be an integer greater than s.

1

We can partition the

112
11, 1+2nJ, [1+2n f 1+2nJ rinterval [1, 2+2n) into 2n+l subintervals:

2n-l 2n+l
... , [1+'2rl, 2], [2, �]. Corresponding to each interval [1+2n,

i

i+l
0 i i+l

1+ 2n] where o<i<2n we have the set FCl+2n, l+�). Let 0 be the

o

intersection of all of these F sets. Then 0 is an open set con-

taining a. Furthermore, for any ks[1,2] we can find an i where

i i+l
O<i<2n such that k�l+2n<1+2n2k+l/n.

o

Hence O�F(k,k+l/n) for each

ks[1,2]. Let b be any point in o. If for some ks[1,2], dsI-(b,gk)-U
1

then by the definition of F(k,k+n) it follows that dSI-(a,gk+i/n )-U.

Thus for any ks[1,2] and any point b in 0 we have:

I-(b,gk} � r-(a,gk+'/(1} u U and hence

s

V(b,k)�V(a,k+l/n)+�(U)!V(a,k+2)+�(U) .

Thus: t(b) =f� V(b,k)dkl+�.lv(a,k)dk + �
Jl+E'/..z

c

.\2+2 e

�t(a)j2 V(a,k)dk +2�t(a) + s

Thus for every b in 0 we have t(b)2t(a)+s. With a parallel

argument we can find an 0' such that for all b in 0', t(a)-s:t(b).

It only remains to take their intersection to establish that t is

continuous. The argument that it can be smoothed is more involved
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than the smoothing argument used to show that differentiable causal

curves can be "rounded off" to smooth causal curves. Hawking gives

a reference to Seifert's dissertation [,�, but does not himself give

the proof. Neither do we. qed

We summarize now the causality condftions mentioned in order of

decreasing strength:

stable causality = existence of universal time function

W
\;In (nth order causality)

1
n+lst order causality

�
nth order causality (n?2)

� -.

strong caus aLi t.y vs 1M = -fAt
past and future distinguishability

�
past distinguishability (future distinguishability)

,y
causality

�
chronology

All arrows are strict except, possibly, for the first. Geroch has

suggested the problem of proving, relative to some general notion

of "causality condition," that stable causality is the strongest

possible causality condition.

C. Determination of Spatio-Temporal Structure from Causal Structure

In the chapter on Minkowski space-time several senses were

discussed in which topological, linear, and metrical structure

were determined by causal structure. These senses were explicit

definability, categorical axiomatizability, and what was called



147

"implicit definability." In this section we investigate to what

extent the results discussed carryover to the class of general

relativistic space-times. We also verify the claim made in

section A that space-time manifold structure is uniquely determined

by the class of causal curves. Only asymmetric causal structure

will be considered in this section5 The results will be generalized

to the symmetric case in section D.

First, explicit definability. In Minkowski space-time, as

we showed, it is possible to give explicit first order "causal

definitions" for vector parallelism, metrical congruence, and

"openness" of sets. From Theorem 3.15 we know that at least in

strongly causal space-times the manifold topology can be defined

via the Alexandrov topology (as in chapter II, pg. 60). The

question arises whether some causally definable topology, more

complex than the Alexandrov topology, might not be equal to the

manifold topology under conditions weaker than strong causality.

But one cannot ask after the possibility of defining vector

parallelism or metrical congruence from causal relations. General

space-times have no vector space structure, nor do they carry a

notion of leng±h between arbitrary points. The latter point is

sometimes overlooked.

In Riemannian manifolds the distance between two points is

taken to be the greatest lower bound of the lengths of (piecewise)

differentiable curves connecting the two points. No such definition

is applicable to the Lorentzian case. It will always be possible

to connect any two points with a (piecewise) differentiable curve

�---------------���-------
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whose "length" is zero, and with one whose (negative) length is

smaller than any specified negative integer. One can try to define

a distance between causally related points, taking it to be the

least upper bound of the lengths of all causal curves connecting

the points. When such a bound does exist it will be realized as

the length of a causal geodesic between the points� (See Hawking &

Ellis [�], pg. 213) And in the special case of Minkowski space-time

this l.u.b. definition coincides with the standard definition of

length for causally related points. But in general the l.u.b. will

not exist. Even where it does exist for all causally related points,

no corresponding definition of length is available for points which

are not causally related. In any space-time it will always be possible

to connect any two points by a spacelike curve with (negative) length

less than any specified negative integer.

Locally, within a convex neighborhood, the l.u.b. definition of

length for causally related points is always avaUable; and the l.u.b.

is realized by the unique local causal geodesic connecting the points.

But again, no symmetric glb definition of length is available for

space-like related points. In addition to the space like geodesic

connecting them there will also be "shorter," flat, spacelike curves

which wrap "horizontally" around the inner cone m-times, for any m.

These, fully contained in the convex neighborhood, will realize

arbitrarily small negative lengths. Thus in an arbitrary space-time

there is no linear structure and no congruence relation which one

can ask to have determined by causal relations.

Second, categorical axiomatizability. There is no problem here
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as to how to formulate the problem. It carries over directly

from the special case of Minkowski space-time. Given a set of

causal relationsd\ and a formal language with relation symbols

for the elements of�, let the�-theory of a space-time be the

class of sentences in the formal language true under interpre­

tation in that space-time. We may say that a space-time is

categorized � its�-theory (relative to some specification

of a language) IT its�-theory is categorical. We know from

chapter II that any space-time conformally isometric to Min­

kowski space-time is categorized by, for example, its< -theory

in the language of second order quantification theory. We might

investigate the question whether any other space-time is simi­

larly categorized. The answer is probably no. But proving

this would be non-trivial and would turn more on technical

points in logic than on features of space-time structure. More

interesting are questions concerning the determination of

spatio-temporal structure from causal relations in the sense

of implicit definability. The requirements of implicit de­

finability are hard enough to satisfy, too hard to be satisfied

in all space-times. Rather than looking for yet stronger senses

in which levels of spatio-temporal structure may be determined

by causal structure, it is appropriate to look for a weaker sense

which just might apply to all space-times.

The notion of implicit definability introduced in connection

with Minkowski space-time will not�rve in the general case.

Recall we said that a topology (resp. congruence relation) is

�-:----------------'�
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implicitly definable from causal relationsf\_ if all R. -automorphisms

of Minkowski space-time are homeomorphisms with respect to the

topology (resp. isometries with respect to the congruence relation).

But, in general, a space-time will not admit any causal automorphisms

(other than the identity); in such cases the criterion would render

all �pologies implicitly definable.

There is, however , a natural reformulation. Space-times as we

have described them are mathematical models carrying several different

levels of structure. The question we want to ask is whether it is

possible to construe the causal structure as primitive and then

uniquely recover the other levels from it. Given a space-time (M,g)

and some class of causal relationsGt, we say that its topological

(resp. differential, conformal, projective, pseudo-Riemannian)

structure is implicitly definable from the relati'ons 6t if for all

�

space-times (M' ,g') and all bijections <t> :M-+M', if <t> is an OJ{ -iso-

morphism, then � must be a homeomorphism (resp. smooth diffeomorphism,

conformal isometry, projective isometry, isometry). We want to

determine which levels of structure are implicitly definable from

which (asymmetric) relations under which conditions.

In Minkowski space-time the three asymmetric causal relations
j

<, «, and -+ are interdefinable and one can equally well work with

anyone of them as primitive. This is not the case in general. No

one of the relations is definable from any of the others. A few

simple two dimensional examples will establish this. First, consider

/:------------------�
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whose associated null cones as in the figure. They are horizontal

A
A

"'",.-
lc

·6
�

L�b... '-Q' b.- � b. � b. "V

"c.

-<.1T' -� "'1T -rr 0 1T 1T 3TT �1T
--- - -

2.. 1.. .l. 'l..

at points where x = nTI and assume standard Minkowski form at points
2n+1

where x = (-2- ) 1T • Let each region between a pair of x = nTI "rings"

be called an A region. Every point in one such is chronologically

prior to every other point in it. Suppose we map each A region

according to any old bijection onto the ring forming the boundary

to its immediate right. So, for example, the point b might be

mapped to a, c to di and so forth. The resulting bijection of the

space-time certainly does not preserve « or � (e.g. c«b but d� a).

But it does preserve <. Certainly, then, « and � are not definable

in general from <.

Next consider again the vertical punctured space-time which

exhibited the fact that causality implies neither past nor future

distinguishability. Let a,b,c

be points on the equator with

c<a<b but not b«� If we map

this space-time onto itself

leaving all points fixed ex-

cept band c, and interchanging

/'
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them, we preserve « but not < or +. Hence neither of the latter

two is definable in general from «�a

Finally we show that < and « are not generally definable

from + Consider again the first example. We map the space

onto itself leaving fixed all points with x coordinate <-n or

�n! but interchanging the rings at -n and 0, and interchanging

the A sections -n<x<O and O<x<n. More precisely we map:

{(t ,x)
(t x)j� (t ,x+l)

, (t ,x-I)

if x-c+n or x� IT
if -n<x<O
if O<x<n

It is easy to check that + but neither < nor « is preserved under

the mapping.

Keeping track of all three relations and the minimal conditions

for their relative interdefinability is a tedious business. Rather

than doing so we shall work with < as primitive and leave it at that.

In the presence of future distinguishability (or past distinguishability)

one has the following equivalences which establish the definability

of « and + from <:

a« <b ++ a<b & 3 c ,dl ,d2 [c�b&a<dl <c<b & a<d2 <c & -. (dl K.d2 f].
a+b++a cb & --, (a< <b) .

This is easy to check. But, interestingly, it does not seem possible

to give a simple first order definition of < and + from «, or of

< and « from +, not even in the presence 'of stable causality. Non-

first order definitions are available in the presence of past and

future distinguishability but they are messy.

We turn now to the questions about implicit definability of

�-.----------------�
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spatio-temporal structure. First, we know that given any space­

times (M,g) and (M' ,g') and any conformal isometry f: M�M·, f

preserves <, «, and�. So in no space-time is projective or

full pseudo-Riemannian metrical structure implicitly definable

f�om any causal relations. The basic positive result that one

does have is due to Hawking. It asserts that in all strongly

causal space-times, topological, differential, and conformal

structure are implicitly definable from <.

3.25 Theorem: If (M,g) and eM' ,g') are strongly
causal space-times and if f: M�M' is an <-isomor­
phism then f is a smooth conformal isometry.

Proof: First f must be a homeomorphism. Since f and f-l

preserve «they must preserve the Alexan� topology, hence

by Theorem 3.15 they must preserve the manifold topology. Next,

f and f-l must preserve (images of) null geodesics. [suppose y

is a null geodesic through a in M but fry] is not a null geodesic

through f(a). Then given any open set 0 containing a we can find

points b,c on YAO, below and above a, so that b�c(O) but f(b)«f(c) (f[O])

Hence b«c. This means that there must be a future directed causal

curve which leaves and then reenters o. Since 0 is arbitrary this

runs into contradiction with the assumption that (M,g) is strongly

causal. So f must preserve null geodesics and, similarly, so must f-l.J
The non�trivial part of the proof is Hawking's argument [7] that

f must be a smooth diffeomorphism. The basic idea is to use families

of null geodesics to construct coordinate patches. One shows that

since null geodesics themselves are preserved
.

1 -1
coordinates are mapped n1ce y by f and f .

the resulting

The argument is rather

./
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technical and we s�ip it here. Of course once it is established

that f is a smooth diffeomorphism then, as discussed in section A,

it follows automatically that f is a conformal isometry. qed
The theorem has as an immediate consequence the following

reductive lemma.

3.26 Corollary: If (M,g) and (M' ,gl) are space-times
and f:M�M' is a homeomorphism such that for all open
o in M and all a,bEO: a<b(O)+�fta)<f(b) (f[O]), then
f is a smooth conformal isometry.

Proof: Given any point aEM let 0 be some convex neighborhood

of a. Now considered as a space-time in its own right (O,glo) is

strongly causal. [For suppose there exist points a,b in 0 such that

-
+

a-cb (0) and for all dEIO (b)
) eE.IO (a) we have d< <e (0). Then by the

usual continuity arguments applying to convex neighborhoods it

follows that b<a(O). Hence a=b.] Therefore (f[O] ,g' If[O]) must

be strongly causal. So flo: O�IO] is an <-isomorphism between

strongly causal space-times and so, by the theorem, must be a

smooth conformal isometry. Since being a smooth conformal isometry

is a local conditi.on on f the result follows. qed

[We note that both the theorem and its corollary can be recast

on the assumption that f and f-� preserve «, or preserve �.]

A natural question to ask now is whether the hypothesis of

strong causality can be weakened or eliminated. That it cannot

be weakened to future distinguishabllity (or past distinguishability)

is demonstrated by the following example. It is given in two-dimensions

here, but higher dimensional analogues are readily available. One

starts with the cylindrical space-time that has been used repeatedly

�-----------------�
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-- the (t,x) plane with metric ds2 c Ccosh t-112Cdt2-dx2} +dtdx,

where points (t,o) and say points Ct,2n} are identified for all

n. One excises two closed half lines:
.

{(t,x): x=o & t>o} and

{(t,x): x=l & t>o} rendering the space-time future (but not past)

distinguishing (see figure). Now let ¢ be a bijection of the space-

time on_to itself defined by:

¢:(t,x) +\(t,X) if t<o

l(t,X+I) if t>o

¢ leaves the lower open half

- t--u

of the space-time fixed but

reverses the position of the

<, «, and + but is certainly

two upper slabs. It preserves

discontinuous along the t=o

axis. A symmetric example

would serve for the past

distinguishing case.

This leaves the question whether the hypothesis in the theorem

can be weakened to past and future distinguishability. We show in

this section that the answer is yes. First we reformulate the problem

somewhat. Recall that a continuous curve is causal if for all points

a and b on the curve and all open sets 0 containing the portion of the

curve from a to b, there is a (differentiable) causal curve in 0

connecting the two points.
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3.27 Lemma: If (M,g} and(M' ,gil are past and future

distinguishing space-times, and if f: M�M' is a <-iso­
morphism, then f and f-l must take future directed
continuous causal curves to future directed continuous
causal curves.

Proof: Suppose first that two sequences {b�} and {c.}
1 1

converge to a causally from below and above respectively, i.e.

for all i, b.<b. 1<�.o<a<.66·<c. I�c .. We claim that the f(b.}
1 1+_ l+ 1 1

and f(c.} must converge to f(a}. Suppose the f(c.) do not converge1 1

to f(a). Let tJ�M' be an open set containing f(a) such that for

all io there is an 1. 2. (.0 where f (ci) is not in U. By future

distinguishability there must be an open subset U's;. U containing

f(a) such that no future directed causal curve from f(a) which

leaves U' ever reenters. Now let f (d) be a point in U' where

f(a)«f(d) (U'). Then of course a«d and there must be an open

set O�I-(d) containing a. For some i ,c� is in 0 for all i>i .

o 1 - 0

Hence f(c.)«f(d) for all i>i. But for some i>i f(c.) is not
1 - 0 - 0 1

in U'. It follows that for this i, the future directed causal

curve from f(a) to f(c.) to fed) must leave and reenter U ' which
1--

is a contradiction. Symmetrically we argue from past distinguish-

ability to show that the f(b.) must converge to f(a).
1

It follows that if y: I�M is a future directed continuous

causal curve, then f&y: I M' is a continuous curve in M'.

�uppose now that f(a), feb) are on foy in M' with f(a)<f(b).

Let a be the closed subsegment of the curve connecting them and

let U be any open set containing (J. We must show f (a) <: f (b) ( LJ ) •

First there must be some point fed) on (J between f(a) and feb)

/'----------------�----------
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such that f (a) <f (d) ( U) • [For let U' f U be a subset of \J con-

taining f(a) having the property that no future directed causal

curve from f(a} which leaves U' ever reenters. Consider any

point f(d)E0 nu�. Since f(a)�f(d) we must have f(a)<f(d) (\]')

and hence f (a) <f (d) (U ) .] Let f (do) be the lub of all points

f (d) on 0 where f (a) <f (d) ( U). Let U liS U be any open subset

of" U containing fed } such that no past or future directed
o

causal curve from f (d ) which leaves tJ II
ever reenters. We can

o

find a point fed) on 0 n \.)" between f(a) and fed ) where f(a)<f(d) (\)
o

-- by our assumption about fed ). Since f(d)<f(d ) we have
o 0

f (d) < f (d ) ( U"). Th is, with f (a) < f (d) CU), entai 1s f (a) < f (d ) (D) •

o 0

Now if f(do)tf(b) we could repeat the earlier argument and find a

point f (d) on 0" V" between f (d ) and f (b) such that f (d ) <f (d) .

o 0

As before this would entail f (d ) <f (d ) ( V") and hence f (a) <f (d) (U) .

o

This would violate our assumption about f(d). So feb) = fed ) and
o 0

f(a)<f(b)(U). qed

The theorem we are going to prove is:

3.28 Theorem: If (M,g) and(M' ,g') are space-times and
if f: M + M' is a bijection such that f and f-l
preserve future directed continuous causal curves, then
f must be a homeomorphism.

It is clear that this, together with Lemma 3.27 and corollary 3.26,

will imply our claim.

3.29 Corollary: If (M,g) and(M' ,g') are past and future

distinguishing space-times and if f: M + M' is an

<-isomorphism, then f is a smooth, conformal isometry.

We note that the Corollary remains true if the hypothesis that f is

an <-isomorphism is replaced py the condition that f is an «-iso-

morphism (or +-isomorphism).



158

The proof of Theorem 3.2� is rather cumbersome and will be

broken down into steps. In what follows we assume that (M,g),

(M' ,g') together with a bijection f: M M' satisfy the

hypothesis of Theorem 3.28. Images under f will be denoted with

primes, i.e. for all xEM, x' = f(x}EM'.

A �emrn�: Given any point, aEM, and any convex neighborhood 0
of a, t.here is a point b in 0 where a«b (0) such that f is
continuous over the set I+oCa)n I-OCb).
Proof: Let tJ be a convex neighborhood of a' in M. We show

first that there is a bEI+oCa) such that I+o(a)n I O(b) is mapped

intolJ. Suppose not. Take bo to be any point in I+o(a). Then

there is a point Co in 1+0 (a) n I-
0 (bo) where C6 is not in \]. Now

+ + - -

let bl be a point in I O(a) where I O(a) � I O(bl)�I O(co).
Then there must be a point c1 in

+ -

I O(a)� I O(bl) where cl«co(O) and

ci is not in-�. Next let b2 be a

+ +-
point in I O(a) where I O(a)�I O(b2)

�I-O(CI). Then we can find a c2 in

+ -

I O(a)AI o(b2) where c2«cl(O) but

c2' is not in 1] Continuing in this

way we generate a sequence {c.} in
1-

+
I O(a) converging chronologically to

a such that for all i, c : is not in U
.

1-

For each i, let y. be a future directed
1-

timelike curve from ci+l to ci within o. Linking these segments to-

gether and adjoining the point a we have a future directed continuous
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causal curve r from a to Co threading all the ci. By our construction

no initial segment of r falls within LT. But this leads to a contra-

diction. The image of r must be a future directed continuous causal

curve through a' and V contains an initial segment of everyone of these.

+ +-
So there must be a point b in I OCa) such that I o(a)n I O(b) is

mapped into U .

+ -

over I
°

(a) ("\ I
°

(b) •

But this irrunediately entails that f is continuous

,... i

If VIis
any open set containing Xl in MI we can find points c,d in ° where

a«c«x«d«b(O) such that c' ,diE U and J u+(c')()J ':;(d')S: VI" U. But

certainly I+O(C)(\I-o(d) is mapped into J�(c')nJ-V(d�). So f must be

continuous at x. qed

Let j3 consist of those points in M at which f is discontinuous.

B. Lemma: If Jj � ¢ then there is an open set 0 such that
.f:jn O� ¢ and� 1"\ ° is achronal in ° [i.e. if X,YE£,'-")O then

not x«y(O)].

f h· db
.

t'
s:::-

dProo: Suppose no suc ° eXlsts. Let e any pOln ln � an

let 01 be any open set containing d. By passing to a subset if necessary

we may as well assume that 01
has compact closure. By our

.J

assumption we can find points

xl,y 1
in 01 A £ such that

xl «Yl(Ol)· Now let 02 be an

open set containing xl where

02cr-O (�) - see figure. Re-
-

1

peating the argument with

respect to 02 we can find

points x2'Y2 in 02�Jj where

-------_...... --------�
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x2«Y2(02)· Since 02�I""'01 (Yl} it follows of course that Y2«Yl(01)·
Continuing in this way we generate a sequence crpoints {Yi} in 01
where Yi+l«Yi (01) for each i. The sequence must have a point of

accumulation, say a, in CQ(Ol). Now let 0 be any convex neighborhood

of a. Eventually all Yi must fall in I+oCa). But this brings us

in·to cont.radiction with Lemma A. Given any point b in r"
0 (a), the set

+ -

I O(a)nI O(b) will contain points Yi at which f is discontinuous. qed

C. Lemma: f is continuous at a in Miff f-l is
continuous at al in MI.

Proof: Certainly M- Jj is open in M. So f restricted to M- I.e

is a continuous map from an open subset of M into MI. It follows

by the classical '�nvariance of domain" theorem of Brouwer that

f[M-Jj] is open and f restricted to M-� is a homeom�rphism.

So,' if asM-�, it follows that f-lis continuous at a'. The

converse is symmetric. qed

D. Lemma: Suppose 0 is as in Lemma B and in addition
o is geodesically convex. Then if d is in..,& n o there
is g null geodesic r through dwhere onr��. Further,
if r is any other null geodesic through d,��O = {d}.

Proof: Since £no is achronal in 0 the second claim follows

from the first. By the previous lemma we know that f-l is discontin-

uous at d I. Therefore we can find a sequence (Xl.) converging to d'
1

and a convex open set IT containing d but none of the x.� We may as
1

-------�
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well assume that UrO]CO and uIO] is compact. We can also find

two sequences {b'i} and {Cli} converging chronologically to d�,

respectively, from below and above such that for all i,

b'i«x'i«c'i (locally). Say y'l is a local future directed timelike

curve from b'i to x ",
l.. to Ct.

l..
•

,Now the {bi},and {ci} will eventually fall in 0 converging to d.

For each i, Yi (- the pre image qf yi-) is a future directed continuous

causal curve which leaves and then reenters O. Let dl be an accumulation

point on oOcO of the y. as they (first) leave O. We have d<dl(O)- 1..

by the usual continuity argument. We also have dl s E - for we can

find points lisYi converging to dl even though the 2'i must converge

to d' ;f dl'. So by the achronali ty of £; f1 0 in 0 we have d-+dl (0) •

Similarly if d2 is a point of accumulation on �OCO of the y. as
- 1..

they last enter 0, we must have d2-+d and d2sJO. Hence d2-+dl.
Furthermore the argument used to establish dl c � will now serve

to show that the entire null geodesic segment from d2 to dl must

fall in 5j .

Let r arise by extending this segment as far as possible in

£)(\ o. We claim that r must reach -00 on both ends. If not r would

have a terminal point d in 0 - since J3 is closed. We could repeat

the entire argument from above with respect to d and conclude that

there must be a null geodesic segment F through d falling in Jj" o.

If r did not extend r we would have a violation of the achronality

of B()O in o. So, contrary to assumption, d could not be a terminal

point of r. qed

c
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The next lemma records a geometrically intuitive fact about

the behavior of null geodesics in any space-time. Given a null

geodesic b we say that a sequence of null geodesics {�.} converges
a

to b if for all xsb and all open sets l]containing x, eventually

all b. intersect\J.
l..

E � Lemma: Let d be any point: in M, {d �} a sequence
converging to d, and � any null geodesie through d.
Then there is a subsequence {d.} of the {d.} and a

.

l.. - 1..
sequence of null geodesics {�J where d.sb. for each i
and the b. converge to b.

� � 1..

.i.

Proof: The argument arises from repeated invocation of con-

tinuity considerations. We first work locally and then extend

outwards. Let N be a convex coordinate neighborhood of d and

let e be some point on bnN other than d where, say, e + d. Further

let U�N be any open set containing e. We claim there is an i

and a corresponding point e. in U where e. + d. (N). One way to
� 1.. l..

see this is the following. Let p be a short timelike curve through

e. Let el and e2 be points on pnN, respectively below and above e.

Hence there is a d. where el«d. (N)
� l..

and e20di (N). Unless there is a point on p which is null prior to

di relative to N, it will be possible to disconnect cr into two

non-empty, disjoint, open subsets -- those points timelike and those

points space like related to d ..

l..

Now let tJ. be a nested sequence of open sets converging to e.
a

For each i we can find an e.s \J, and a d. (- here we are moving to
l.. � a

a subsequence -) such that ei + di(O). Let b. for each i be the
1..

-

maximal extension of the null geodesic segment connecting e. and d ..

l.. �
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We must verify that the �� converge to�. Let b be any pointa,

on �nN other than d. Without loss of generality we may assume

that d � b(N). We can find an open subset N�N containing d

where U(N) is compact and �(N) only intersects � at two points,

one b, the other some point "below" d on �. [This follows simply

from UE fact that N is homeomorphic to an operi ball in

Now every �. must leave N and the departure points will accumulate
1

at some c on Bnd(N). By continuity considerations again we must

have d � c(N) and e � c(N). Therefore c must fall on � and, as

things were set up, this is only possible if c = b.
o

Thus we know that the �. converge to � inside N. Let � be
1

the subset of � consisting of points on � which are not convergence
o 0

points of the �.. Clearly � is open. So if � is non-empty we can
1

o 0

find a point x on �-� which is a terminal point of a segment in �-�.

Let V be a convex neighborhood of x. We can certainly find a point
o

y in ��V other than x where ys�-�. So repeating the argument from

the previous paragraph, with x and y replacing d and e, we have

o 0

that all of �nV must fall in �-�. Thus the assumption that � is

non-empty leads to a contradiction; hence the �. converge to � every-
1

where on A . qe d

Our final lemma gives the heart of the argument.

F. Lemma: Suppose 0 is a convex neighborhood satisfying
the conditions of Lemma B (and hence Lemma D). Suppose
d c O nJd and r is the unique null geodesic through d where
o<\rcB. Then for every open set U in M' containing d',
r' (the image of Onf) is hot achronal in U .

Before proving this lemma we verify that Theorem 3.28 follows from it.

The argument is just a rerun in � of Lemma B. Suppose � # ¢. Then

�-----------------�
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we can find a convex neighborhood 0 in M satisfying the conditions

of Lemma B (and hence Lemma oi , Let de:: �(\ 0 and let U1 be any

convex neighborhood of d' in M' with compact closure. By hypothesis

If d'lsU2�I-u (c'l)
1

we can find points cl' dl on rnO where d'l ��'l(l\).
then since dls��o we can find points c2' d2 on �no where

d2 '< <c2
�

(U2) and hence c2' < <cll (UI). Continuing in this way we

generate a sequence of points c.' in U� , where c�srnOLjj and
1 ,. 1-

Ci �l < <ci
' «(.\). These ci' will accumulate at some c' in <J [q]. The

will converge chronologically to c from above. Since f-l must be

c.
'

1

discontinuous at each c.
'

we run into contradiction with the M'-
1

symmetric version of Lemma A. Hence 5j = ¢ and f must be a homeomorphism

Finally we prove Lemma F. Let O,d,r be as in the hypothesis and

let U be any open set containing d'. Since dsiJ we can find a se-

quence (d.) converging to d whose image does not converge to d'. By
1

passing to a subset of LJ and a subsequence of the {d.} we may as
1

well assume that d. ''I -0 for all i. We also may as well take \J to be
1

convex with compact closure. Let � be any null geodesic through d

other than r. We know that �AO�£j = {d}. For each i we can find a

null geodesic �. through d. where the �. converge to �- here we are
111

again moving to a subsequence and relabeling. Moving to a sub-

sequence one final time we may assume that all �. have the property
1

that /1." 0') Jj contains at most one point. This follows from Lemma D
1

and the fact that O-)Jis an open set containing every point on �

other than d, and hence must eventually intersect every /1 .•

1

It will facilitate the argument to truncate � and the /l .• We can
1

�-----------------�



165

find points dl and d2 on aoo where dl � d � d2(O} and where the

closed segment of fl' (the image of IS. under f} between d'l and dl2
falls in V . By fl we shall now understand the segment of fl between

Correspondingly we truncate each !1L so that the resulting
a,

closed segments fall within 0 but still contain dL. We can do so
a,

in such a v.7ay t.h at; every point on !::.. is still an accumulation point

of the fl., but no point outside of (now shortened) fl is' one - see figure.a,

Notice now that fl.' is a "sing�y jointed" null geodesic in U

with joint at dl• This is so because restricted to 0-1;, f is

a homeomorphism. [One can invoke Corollary 3.26 here, or easily

check directly that homeomorphisms preserving continuous causal

curves in both directions must preserve null geodesics.] Simi-

larly the fl.'. are singly jointed null geodesics in MI.
a,

Consider further the situation in -Lf. The initial and

terminal points of the fl.'i converge, respectiv�ly, to d'l and

d'2 in U. By passing to a subsequence again if necessary we may
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therefore assume that all the Ai' begin and end in U. But each

must also leave U since it contains di'. This rapidly leads to

the desired conclusion. Let �- and �+, rand r+ be the respective

upper and lower halves of � and r in 0 - d being the midpoint.

Primes will denote their images in U. Initially, we know, the �i'
must converge to �-'. Suppose now infinitely many of the �'i leave

U be fo re they reach their Hjoint point. n Then they will converge

to the null geodesic extension of �-, in U - see figure. The argument

,

is as in the proof of Lemma E. Let this upper extension be 1.+, ·

L. +, � +,
. if it

-1
Now cannot be an extension of For were, since, f

is continuous at d2
, the �. on o would accumulate at points 'beyond,

a,

d2" on �+. We purposely truncated � so as to avoid this possibility.

Furthermore, f-l must be discontinuous along �+', at least for an

initial segment. Otherwise we would again be able to find accumu­

lation points for the �i off of s . So Z +, the preimage of L +', must
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be a future directed continuous causal curve from d where

1. +nO�J:;. By the achronality of �(\ 0 in 0 it follows that

1+,,0 = r ", Hence 1+' and-r+' will overlap. Meanwhile f-l must
,

be discontinuous along r-. Since r � �- points on r
+'

and r

will be chronologically related to one another.

So our claim follows on the assumption that infinitely many

of fue �i leave U before they reach their joint point. A parallel

argument establishes the claim if infinitely many of the �. enter
1.

U (for the last time) after they reach their joint point. Clearly

one assumption can be false only if the other is true. So lemma F,

and with it Theorem 3.28, is proven.

We turn now to the claim from section A. As Theorem 3.28

-1is formulated, f and f are assumed to preserve continuous causal

curves. What if the hypothesis is changed to the assumption that

they preserve 6ifferentiable) causal curves in the sense explained

in section A? The difference boils down to Lemma A since, as one

can check, all the other steps in the argument are insensitive to

the difference between types of causal curves.

Central to the proof of that Lemma isfue argument that if {x.}
1.

is a sequence of locally chronologically related points in M con-

verging to x from above, then f(x) is a point of accumUlation of

the f(x.). It is, in a sense, a fraction of the argument that f
l-

is continuous. Thereafter it remains to show that f(x) is a point

of accumulation of the f(x,) even if the x. converge haphazardly to x.
1. 1.
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The idea is to generate a continuous causal curve from x which

threads all (or at least infinitely many} of the xi in reverse

order so that the x. converge to x on the curve. The desired
� - --

conclusion then certainly follows since f preserves continuous

causal curves. To prove the theorem while working with images

of differentiable causal curves it suffices to show that one

can interpolate a (differentiable) causal curve through x and

infinitely many of the x. in reverse order so that the x. again
� �

converge to x on the curve. This one can certainly do though we

skip the details of the argument.

It follows from this version of the theorem and Corollary 3.26

that:

3.30 Theorem: If (M,g) and(M' ,g') are space-times
and f: M � M' is a bijection where f and f-l
preserve (images of) future directed differentiable
causal curves, then f is a smooth conformal isometry.

If in addition f and f-l preserve (images of) timelike geodesics

then f g and g' must agree up to a constant factor. This establishes
Ie

the earlier claim.

Before turning to consider symmetric causal relations in the

next section we pick up one small loose end. We know that the

manifold topology is implicitly definable from < in the presence

of past and future distinguishability (n�2) and explicitly definable

from < in the pres ence of strong caus ali ty (r1.� 2). There remains the

question whether explicit definability is also possible under the
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weaker hypothesis. This seems JIlost unlikely for the case n;:3.
The apparent dependence of our proof on the "invariance of domain"

theorem speaks against the possibility. But in the special case

n = 2 a contrived but simple definition is available. Given two

points x,y in a space-time where x � y define:

+ +
N(x,y) = I (x)vI (y) � {z: x�z�y & x � z � y}

/
/

/

/

" ---(�
" "

'- "

l'y, ""
/ "

/ "

/
'

It is easy to check that in dimension two N(x,y) must be open and,

in the presence of past and future distinguishability, the sets

I+(a), I (b), and N(c,d) where c � d form a subbase for the

manifold topology. This can be parlayed into an explicit first

order definition of "0 is open" from <. It will have the form

of the definitions in section F of chapter II.
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