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CHAPTER I

INTRODUCTION -- CAUSAL THEORIES OF TIME AND SPACE-TIME




This essay explores the following problem: to what
extent is it possible to construe the causal structure of
space-time as basic and from it to reconstruct the topo-
logical and metrical structure of space-time? The problem
is first examined within the context of Minkowski space-time
(Chapter II) and then generalized to the class of space-time
models considered in the general theory of relativity

(Chapter III).

Much of the essay is technical. But it is motivated
by philosophical debate over the viability of causal theo-
ries of time and of space-time. By way of introduction,
this initial chapter presents a brief discussion of these
"causal theories." Nothing approaching a thorough analysis
is intended. Rather the goal is merely to state what a
causal theory time or space-time is supposed to be, outline
several objections that have been raised against such theo-
ries, and most importantly, suggest why interest in them
leads to the questions considered in Chapters II and III.

This should set the stage.




Put bluntly, the root issue is this: in talking about the
temporal or spatio-temporal structure of the universe just what
are we referring to? On one account time or space-time is to be
thought of as a non-material "scaffolding" with which the universe
comes equipped, against whose background the events and processes
of physics unfold. Events stand in spatio-temporal relation to one
another by virtue of their relative positions on this utterly per-
vasive scaffolding. So, for example, when we say that the emission
of a photon precedes its absorption we are referring to the relative
position of the "temporal moments" or "space-time points" at which
the two events occur; we are not referring to the internal constitu-
tion of these ezents or any physical interaction (or possible physical
interaction) between them. Furthermore, when we ascribe topological
and metrical structure to time or space-time (saying, for example,
that space-time is non-Euclidean in the presence of massive celestial
bodies) we are really attributing this structure to the scaffolding
itself; we are not, at least in the first instance, reporting on the

behavior of clocks, rigid-rods, light rays, etc.

Many people have balked at this conception thinking it unin-
telligible or at least unnecessary. They believe in events, of course,
but are loath to countenance some "thing" in which or against which
they occur. Thus they contend that if talk about temporal or spatio-

temporal structure makes any sense at all, it must be conceived as but




abbreviated talk about patterns of relations among events. Time

or space-time for them is nothing above and beyond (is constituted
by) these patterns of relations in much the same way that a "family
tree" is nothing more than a pattern of genealogical relations among

the members of a family.

Such an account is called a relational theory of time or

space-time. The basic relations among physical events entering into
a relational theory may or may not be themselves spatio-temporal. A

causal theory of time or space-time is a species of relational theory

in which the primitive relations are "physical" but not spatio-temporal.
Thus the causal theorist not only denies the existence of space-time
points populating the universe (-the stuff of which non-material
scaffolds are built-) as do all relationalists, but he goes on to deny
the existence of any irreducibly temporal or spatio-temporal relations

between events as well.

Originally the causalist's primitive relation was that of

causal influence or possible causal influence of one event on another.

The goal of the causal theory of time was to use this relation to give
an analysis of the temporal relation "earlier than." Leibniz enter-

tained a theory of this form and so apparently did Lechalas.

Recent versions have taken different "causal relations" as
primitive and have undertaken to analyze different temporal (cr
spatio-temporal) relations in terms of them. The development from
Reichenbach through Carnap, Mehlberg, Grlinbaum, van Fraasen, Winnie
et al is a convoluted story with ins and outs, objections and revisions.
(Critical historical surveys can be found in Lacey [11], and van

Fraasen [19]),




There seem to be two reasons for the resurgence of interest
in causal theories of time following the emergence of Einstein's
special theory of relativity. For one thing the theory itself
seemed to support the idea that the temporal relations "earlier
than" and "simultaneous with" are defined by causal relations. This
interpretation drew support from Einstein's own operationalist pre-
sentation of the theory written when he was still heavily under the
influence of Mach. Reichenbach certainly read him this way as is

clear from his essay in the Einstein-Schilpp volume.

...The concept of causal chain can be shown to be the

basic concept in terms of which the structure of space and
time is built up. The spatio-temporal order thus must be
regarded as the expression of the causal order of the physical
world. The close connection between space and time on the one
hand and causality on the other hand is perhaps the most promi-
nent feature of Einstein's theory, although this feature has
not always been recognized in its significance. Time order,
the order or earlier and later, is reducible to causal order;
the cause is always earlier than the effect, a relation which
cannot be reversed. That Einstein's theory admits of a re-
versal of time order for certain events, a result known from
the relativity of simultaneity, is merely a consequence of
this fundamental fact. Since the speed of causal tramsmission
is limited, there exist events of such a kind that neither of
them can be the effect of the other. For events of this kind
a time order is not defined, and either of them can be called
earlier or later than the other.

Second, the special theory of relativity brought with it the
prospect of a causal theory of space-time, not merely one of time.
Previously it had been assumed that time and space had their separate
and distinct relational bases. Causal or signal relations would
suffice for the one; but an analysis of the other would require,

instead, congruence relations among rigid rods or something along

those lines. Now, it appeared, signal relations would suffice for




the whole job and this would be in accord with Minkowski's
conception of a single, unified space-time structure of which
temporal structure is but a (non-unique) projection. In fact, as
early as 1914 the British mathematician Robb [i1¢] showed that the
geometry of Minkowski could be built up from a single two-place

"after" relation. (Much more about this in chapter II.)

That a unified causal theory of space-time was impossible
within the framework of classical (Newtonian) space-time structure
can be demonstrated in the following way. Within that classical
framework, because there is no bound to the velocity with which
causal signals can propagate, the relation of non-signal connecti-
bility factors the space-time into a one-parameter family of
"simultaneity classes." Causal relations, however, provide no in-
formation whatsoever about the structure of these classes. In par-
ticular, it is not possible to define the Euclidean congruence rela-
tion in terms of them. In contrast, Robb was able to give an explicit
definition of the Minkowski congruence relation in terms of his single

causal priority relation.

Reichenbach's original "causal definition" of the relation

"earlier than" was of the following form [|4]: event E) is earlier

than event E, if and only if it is possible that there be events Sl

and S where Sl is the cause of 82 and Sl coincides with E, while

27 1
82 coincides with E2. Actually the definition was more complicated

allowing for the interpolation of a finite causal chain of events

between S, and 82, but that is secondary. The sense of coincidence

1
intended was that of spatio-temporal coincidence.




Several objections were raised to Reichenbach's analysis

and subsequent attempts at causal theories of time or space-time
sought to circumvent them. First it was maintained that Reichenbach's
asymmetric relation 'Sl is the cause of Sz' is unavailable to a would-
be causal theorist. According to the objection, the relation is it-
self of temporal character, there being nothing to distinguish initial
and terminal events in a causal interaction or signal propagation
except for their temporal order. Reichenbach had recognized the prob-
lem and had attempted to distinguish cause from effect (without prior
recourse to spatio-temporal relations) with his "mark-method." But,

as Mehlberg and Grlnbaum argued, the mark-method just did not work.

Reichenbach and those that followed him accepted the objection.
Subsequent versions of the causal theory (including Reichenbach's
own revision in [I5])adopted symmetric relations of causal connection
and separated-off the goal of giving a causal account of the "direction
of time." They contented themselves with the project of giving an
analysis of temporal order up to a specification of the direction of
time. For the later Reichenbach this meant an analysis of the relation
of "temporal betweeness." Grlinbaum wanted a causal theory of time that
did not prejudge the issue of whether time is "open" or "closed" i.e.
whether it has the order structure of the line or the circle. He took
it as his goal not just to give an analysis of the three place betweeness
relation (-which collapses when time is "closed"-), but also that of
the four place relation of "temporal separation." E
This relation holds between events E, F, G, and H,
intuitively, if their relative position in time

is as in the figure.




A second objection to Reichenbach's definition was that
it made use of the relation of spatio-temporal coincidence between
events. It thus failed, on this ground too, to be a full causal
account of temporal priority, i.e. one given completely in non
spatio-temporal terms. A recent version of van Fraassen [19] seeks
to avoid this circularity by giving a causal analysis of spatio-

temporal coincidence between events.

This move by wvan Fraaésen has not been discussed in the
literature (except by Earman [4] in a different context) and so it
will not be inappropriate to make a short detour and examine it here
more closely. In his set-up the relation of "causal connectibility"”
is taken as primitive. As a primitive it is never defined, but in
an informal explication van Fraassen states: "X is causally connectible
with Y if and only if a signal emitted with X would arrive coincidently
with Y, or conversely." ([19], pg. 196) Using the relation
he gives the following formal definition: "two events are
coincident if and only if: any event is causally connectible

with the one if and only if it is causally connectible

with the other." ([9], pg. 184).

One is naturally inclined to object that the problem of
circularity remains. The relation of spatio-temporal coincidence is
built into the relation of causal connectibility. But it is in terms
of the latter that the former is to be defined. van Fraassen antici-
pated the objection, but insists that it misses the mark. He maintains

that a cross definition of the relations is all that one needs in




providing a causal theory of time or space-time. By way of

explanation he says the following ([i4], pg. 195):

...0ur position here is that within natural language

there is no defining-defined hierarchy and that there

is no such thing as "the" meaning of a term, although

there are meaning relations (inclusion, equivalence)

among terms. Within a specific formulation, some terms

are defined and others undefined, but the status of being
defined is not invariant under transitions to other for-
mulations of the theory. The claim of the causal theory

of time is not that spatio-temporal terms are defined, but
that they are definable, in terms of causal connectibility...
Formulations of theories are, in a sense, artificial, since
they must rely on a choice of primitive terms (and of axioms)
that is to some extent arbitrary. But a dictionary (say,

of English) is circular and should be for in natural languages
there are no inherent definitional hierarchies. (italics in
original)

The point seems to be that with terms like 'causal connectibility'

and 'coincidence,' as with the basic terms of natural language, there
is no clear subordination of one to the other as primitive and defined.
It is sufficient that a formal definition of coincidence can be given
in terms of causal connectibility. That a definition could also be
given the other way around is harmless; so is the fact that one's
informal interpretations of the relations reveal how they are inter-

twined.

But this will not do and it is hard to understand why
van Fraassen did not recognize as much. The causal theorist is not
just claiming that spatio-temporal relations are definable in terms
of some formal two place relation called "causal connectibility."
This is of no support to his reductionist ideals whatsoever if that
relation is itself spatio-temporal in character. ©Nor will it do to
deny that there is any such thing as the character of the relation

(i.e. spatio-temporal or not) as there is no such thing as the meaning.
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For then it is not clear what if anything is left to the reductionist

thesis in the first place.

One can avoid a long debate with van Fraassen over the nature
of "reduction" by simply turning his defense against him. If his
defense against the charge of circularity were adequate it would
serve equally well to justify the use of an asymmetric relation of
causal connectibility. At arm's length he would have a snappy, no
work snlution to the problem of giving a causal theory of the direction
of time, one which he somehow overlooked. If critics (like Mehlberg,
Grlinbaum, or van Fraassen [19]) objected to his use of this relation
as primitive on the grounds that it is itself spatio-temporal in
character (since it has built into it the temporal relation "later-
than"), van Fraassen would only have to remind them that he also gives
a formal definition of "later than" in terms of the asymmetric causal
connectibility relation. After all, there is no such thing as "the"
meaning to relations like "later than" and the asymmetric causal

connectibility relation, etc.

It seems then that van Fraassen does not succeed in giving
a "causal definition" of spatio-temporal coincidence. Without the
use of that relation of spatio-temporal coincidence the causalist's
program cannot succeed. But there are more important objections to
be made which stand even if the causal theorist is conceded both that
relation and the asymmetric relation of causal connection or connec-
tibility. At least three such can be culled from the critiques of

Lacey [li], Earman [4], and Sklar [i1%].

The first objection concerns the very motivation for a causal
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theory of time or space-time. As mentioned earlier, the rela-
tionalist balks at the idea of an irreducible spatio-temporal
structure to the universe. The prospect of non-material
scaffoldings, to use that metaphor again, is too much for him.
But it certainly is not clear that this conception is any more
objectionable than others which play important roles in theore-
tical physics such as, for instance, a field of force. Further-
more, there are many physicists who are relatively comfortable
with the concept of space-time but not so with that of causation,
causal signal, or localized event. The latter are by no means
secure, ultimate, first concepts of physical theory. Thus even
the desirability of the causalist's reduction program, quite

apart from its success, may be called into question.

A second basic line of objection does challenge the possi-
bility of its success. It contends that in the end the causalist's
primitive relations are at least in part irreducibly spatio-temporal,
this quite apart from the problem of giving a causal analysis of
spatio-temporal coincidence. As Earman puts it: "...there is the
suspicion that 'causal connectibility' is just another name for a
spatio-temporal relation, a relation which must be understood in

terms of spatio-temporal structure." ([4], pg. 74)

Sklar [18] gives an argument to this effect. Though the causal
theorists speak of causal connection or connectibility, they are

thinking quite explicitly of signal connection or connectibility.




van Fraassen, in fact, explicitly denies that he wants or needs

any recourse to the "general notion of causality." ([14], 194) He
does this by way of defense to the charge that the "general notion"
is an unworthy primitive relation. In one informal explication of
the non-modal relation he states: "'X is causally connected with Y'
is equivalent to 'Either X and Y belong to the history of one and the
same object, or belong to the history of one and the same signal, or

are coincident with some pair of events thus connected." ([14], 194)

Now Sklar would argue that even without the last clause
involving coincidence, the relation reveals itself as irreducibly
spatio-temporal in so far as it uses the notion of "one and the same
signal (or body)." Our implicit criteria of signalhood or bodyhood,
the argument runs, reguire of a set of events that they exhibit spatio-
temporal continuity. He further argues that if anything like a Humean
analysis of self-identity and causation is correct, then spatio-
temporal continuity of events will be an irreducible component of their
causal connection, or connectibility. Humean analysis leads, that is,
to what is "at least partially a spatio-temporal theory of cause. "

(L], 341)

...Is it plausible to claim that we directly apprehended

the genidentity, causal continuity, and causal order of

a set of events and only inferred to the temporal or
spatio-temporal structure of the set? or is it, rather,

the other way around: We directly apprehend certain spatio-
temporal features of a set of events and on the basis of
these features attribute, by inference or definition, to the
set of events certain "causal" features such as the set being
a set of genidentical events, being a causally continuous
set, and being a causally ordered set. ([el, 339)
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It may well be that both of these uni-directional accounts are
terribly naive. But Sklar is not here insisting on the latter. He

is rather calling into question the adequacy of the former.

The force of this second line of objection is to deny to the
causal theorist his basic relation of causal connection or causal
connectibility. As such it does not cut against a relational theory
of time or space-time but only against a causal species of one. Even
if it were accepted one might still maintain that there are events
and spatio-temporal relations (eg. causal connectibility) among events
and nothing else - in particular, no temporal instants or space-time
points. This position requires that there be enough events to go
around, that the universe be an "event plenum"; but that does not
worry the relationalist. He is prepared to countenance "null events"
or think of events merely as specifications of (possibly zero) values

to assorted matter fields.

A third basic line of objection to causal theories of time or
space-time applies even if the causalist (or relationalist) is
conceded the relation of causal connectibility. The objection is
that the reconstruction program, even if it works for Minkowski space-
time, breaks down for some of the space-time models envisaged in the
general theory of relativity. One of these, the argument goes, just
may correctly model the spatio-temporal structure of our (i.e. the

real) universe; if so, the causalist is stuck.

Earman [4] levels this attack against van Fraassen. He claims
that the criterion of event coincidence that van Fraassen gives

(cited above) breaks down, for example, in any space-time which admits
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of closed causal curves. (This is of course a very different
objection to van Fraassen's causal definition than the one previously
given. That one, in contrast, applies even if space-time structure
were Minkowskian.) 1In particular, it collapses in space-times like
"rolled-up" Minkowski space-time (i.e. Minkowski space-time where

for some k>0, the points (t, X,v, z) and (t+nk, x ,z) are identified
for all integers n) in which all points are pairwise‘connected by a
causal curve. That Earman's objection should be telling is striking
since van Fraassen wants his theory to apply even if "time is closed."

And if it closed anywhere, it is in rolled-up Minkowski space-time!

Earman's claim is clearly sound if one accepts what might
be called the "standard interpretation of causal structure" in
relativity theory. (This is discussed at greater length in chapter III.)
Accordingly, whenever two points in a space-time are connected by a
future directed causal curve, that curve itself represents the tra-
jectory of a possible signal, or causal interaction - possible in the
sense that a particle or signal traversing this path would be moving
less than or equal to the maximal possible velocity. For suppose X
and Y are events occuring at distinct points on a closed causal curve
and suppose Z is any third event whatsocever. If Z is causally connec-
tible with, say, X then it must also be causally connectible with Y via
a linked causal chain. And conversely. So by the criterion of event
coincidence, X and Y must be coincident. In rolled up Minkowski space-
time, all events everywhere turn out to be coincident under the cri-
terion. This is of course absurd. (Earman, incidentally, might just

as well have pointed out that van Fraassen's "Postulate V" is false
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in rolled up Minkowski space-time.)

van Fraassen wrote a reply [2] in which he defended himself
against Earman's charges and denied any incompatibility between his
"Postulate V" and the possibility that time be closed. Not surprisingly,
his‘reply is based on a rejection of the "standard interpretation.”

The reply, again, seems clearly inadequate.

van Fraassen claims that as applied to, say, rolled up
Minkowski space~time, there are two ways to interpret the relativistic
principle that there is an upper bound to the velocity with which
signals propagate:

...Under the first interpretation, the principle holds
only locally: 1light signals are the fastest among signals
in restricted spatio-temporal regions. Under this inter-
pretation any two events are causally connectible, but may
not be 'locally causally connectible'...It would seem that
this is the correct approach if one wants to provide a
philosophical foundation for the General Theory...

In van Fraassen (1970), however, I chose the second
interpretation, a global interpretation of the 'first
signal' principle, which is that arbitrary pairs of events
are not causally connectible. That rules out actual tra-

jectories 'all the way around time.'...The interpretation
of 'causal curve' must now be that, if this curve is given
by a function f (t) = (x t), for all t, then only

14 y 14 Ztl
its proper segments can %e tﬁe paths of possible causal
signals. ([ac], 91-2, italics in original)

The first interpretation supports Earman's objection. The second

is contrived and, even from van Fraassen's standpoint, leads to
unacceptable conclusions. If a signal (say a light signal) can be
sent from a point P, to P,, and if coincident with its arrival another
signal can depart P, for P, then van Fraassen would certainly want to
hold the departure event at Py causally connectible with the arrival
event at P.,. Indeed this would seem a paradigm case of causal con-

3

nectibilit the kind one encounters in Einstein's discussions of
Yo
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simultaneity. But he cannot do so and still hold on to his
second interpretation - just take P, = P,. O0f course van Fraassen
cannot avoid this objection by revising his new principle to state:

only very proper segments of causal curves can be the paths of

possible causal signals. We would only have to choose n points PireeesPy

in order on a closed causal curve so that P.= Pn and for each i the

1

segment from Pj to Pi+ is appropriately small. Nor may van Fraassen

A 1
simply assert that there is an interval on any closed causal curve
such that no events occurring at any two of its points, no matter how
close, are causally connectible. Apart from the lack of justification,
this move would undercut the possibility of giving a causal account

of local spatio-temporal structure (of that region in which the

interval occurs).

Earman's criticism that causal theories of time and space-
time break down in a large class of models studied in general rela-
tivity is really the starting point for this essay. Suppose one does
concede to the causal theorist the relation of causal connectibility
or some other primitive causal relation. Just what can he do with it?
Chapters II and III are devoted to this gquestion. Part of the work
is just to formulate precise questions which cut across the lines of
particular theories. The other part, of course, is to answer them.
Both tasks are accomplished by appropriating recent work by mathe-
matical physicists (Hawking, Penrose,Geroch, Carter, et al) on the

"causal structure" of space-time.

Earman notes that one can define a topology explicitly in

terms of the asymmetric causal connectibility relation, the Alexandrov
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topology, but that this topology is equal to the manifold topology
only if the space-time is strongly causal. (The technical terms
used here are defined in Chapter III.) First, one can ask whether
there might not be some other topology definable in terms of this
relation which is equal to the manifold topology under weaker
conditions than strong causality. John Winnie [2)] holds this
guestion up to Earman in his recent paper. Second, one can ask
whether the Alexandrov topology, or others which are definable from
the asymmetric causal connectibility relation, are also definable
from the symmetric relation. It is the latter, after all, which
recent versions of the causal theory employ. Third, one can ask if
there might not be some sense weaker than explicit definability in
which the topology of space-time is determined by its "underlying"
causal structure. This weaker sense, at least, might be realized in

non-strongly-causal space-times.

Fourth, one can ask if the metrical structure of space-time
can be fully or partially reconstructed from the causal connectibility
relation (symmetric or asymmetric). Robb did show that the recon-
struction is in some sense (actually two different senses) possible
in the special case of Minkowski space-time. The question is whether
his results carry over to the larger class of space-times considered
in general relativity. If not, is there some other interesting sense

in which metrical structure is determined by causal structure.

All these questions are posed with respect to the primitive
relation of causal connectibility (asymmetric and/or symmetric). One

can also ask, fifth, whether there is not a richer level of structure
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determined by some other "causal relation" which might serve to
determine spatio-temporal structure. In particular, one can repose
the first four questions in the case where a kind of "genidentity"
relation is taken as primitive. In such a set-up one starts with
the point set trajectories of causal curves (i.e. future directed
causal curves), rather than simply the fact of their existence or
non-existence, and tries to use them in reconstructing topological
and metrical structure. It certainly is not clear that Earman's
objections stand if causal structure is construed in this more
generous spirit. Indeed, as it turns out, from the class of future

directed causal curves one can, in any space-time, always reconstruct

topology uniquely.




CHAPTER IT
THE CAUSAL STRUCTURE OF MINKOWSKI SPACE-TIME --

WHAT ROBB DID AND DID NOT PROVE

19
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Minkowski space-time provides the paradigm case for
causal theorists of space-time. As noted above, Robb [ 1L ]
proved in 1914 that one can in a sense reconstruct its topo-
logical and metrical structure from its causal structure.

But after all this time there still seems to be a great deal
of confusion about what he did and did not prove (and could
not have proven). Part of the problem is that Robb's results
are buried in a terribly long book whose flat style of expo-
sition makes it easy to lose the line of argument. More im-
portant, there are at least two different senses in which the
geometric structure of Minkowski space-time is (at least
partially) determined by its causal structure. One has to do
with "explicit definability," the other with "categorical
axiomatizability." In discussing Robb's work it is important
to distinguish them, though this is rarely done.

The goal of this chapter is to give a unified presen-
tation of Robb's two theorems (--one corresponding to each of
the two senses--) and related results by Zeeman and Latzer
on the causal structure of space-time. In some cases new,
simpler proofs are given. A few elementary results on the

definability of non-standard topologies and congruence relations
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are also established. Hopefully the rather detailed (per-
haps laborious) exposition will resolve some of the confusion
to which I referred and also provide a clear basis for com-
parison when the causal structure of general relativistic

space-times 1s considered in the next chapter.

A. Basic Definitions and the Interdefinability of Causal

Relations

At the outset there is a question about how to charac-
terize Minkowski space-time. It can be taken to be an inner
product space (M,( ,)) where M is a 4 (or n) dimensional
vector space over the reals, and (,) is an indefinite (non-
degenerate) inner product on M of Lorentz signature; it can
also be taken to be a space-time (M,n) where M i1is a 4 (or
n) dimensional, smooth differentiable manifold diffeomorphic
to Euclidean space Eu (or E") and n is a flat (non-degener-
ate) Lorentz metric on M. Of course there is a natural iden-
tification of the one with the other, but strictly speaking
things can be said about Minkowski space-time in the one guise
that are not well formed with respect to the other. So for
example, the claim that the topology of Minkowski space-time
is explicitly definable in terms of causal relations does not
make sense, again strictly speaking, under the first construc-

tion. On the other hand, the claim that parallelism between
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vectors is so definable does not make sense under the second.
Having made the point I shall ignore it for the most
part, though it will have to be recalled occasionally. I
shall go back and forth from vector space structure to mani-
fold structure and take for granted the natural identifica-
tion. Also I shall consider Minkowski space-time in dimen-
sion n(n > 2), even though only the case n = 4 1is of physi-
cal interest presumably. For the cases n > 3 nothing in
the proofs turns on dimensionality and so the added generality
comes for free. The case n = 2 1is quite different from all
the others. But seeing exactly why some of the proofs break
down in this case is instructive. That dimension 2 should
be different from all others is not surprising since only
here are there finitely many (two) rather than continuum
many null times through every point. To keep track of things,
all propositions will be marked (n > 2) or (n > 3) to
specify the range of applicability.
The Lorentz signature of the inner product (,) means

that a basis can be chosen with respect to which

(u,v) = UGV = Up Vo= e = U Vg if u = (uo,...,un_l)
and v = (vo,...,vn_l) in that basis. Such bases and their
corresponding coordinates are called standard. I shall assume

one is fixed once and for all.
First some standard terminology and some not altogether

standard notation is given. A vector v 1is timelike, (null
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or lightlike, causal, spacelike) according as

vl >0, (|]v] =0, |v] >0, |v] <0). Here |v]| = (v,v).

Given two points a and b:

a 1is temporally (or chronologically) prior to b (a << b)

if |b-al > 0 and a_ < b

o
a 1is causally prior to b (a < b)
if |b-a] >0 and a_ < b
= o — "0
a is null (or horismos) prior to b (a» b)
if |b-al] = 0 and a_ < b
o — "o
The notation is that of Kronheimer and Penrose [to]. The first

two relations are interpreted to mean that a signal can be
sent from a to b traveling less than (resp. less than or
equal to) the velocity of light. The third relation is taken
to mean that a signal can be sent from a to b traveling at
the velocity of light but that no signal can be sent which

(at any time) travels less than that maximal velocity. These
definitions depend on our prior choice of coordinates. Another
choice of standard coordinates would systematically preserve
or reverse the three. Hence the choice of one serves as a
specification of "temporal orientation." Note that a < a

and a + a, but not a << a. It is convenient to work with
all three of these relations, but we may think of any one of

+them as basic since each can be defined from each of the

others (n > 2):
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a<<b <> dc,dla <c<béta<d<bété =—(c<d g
—(d < ¢)]

a>*b<&<> a<bé& ™ (a<<hb)

a <b < Vclb << ¢ = a << c]

(1) a+>b<>» a<b s — (a << b)

a<b<> Jcla~+c~>0Db)

a<<b¥<> a<bée —(a-~>Db)

Robb's relation 'after' is slightly different from all three.
In the present notation, a after b obtains if b # a and
a < b.

Corresponding to each of the three causal order rela-
tions is a symmetric relation whose definition is independent

of any prior specification of temporal orientation:

a 1is temporally related to b (atb) if a << b or b << a

a 1is causally related to b (akb) 1if a < b or b < a

a 1s null related to b (axb) 1if a -+ b or b > a.

The notation here follows Latzer [12]. The relation a is

spacelike related to b (acb) if |a-b| < 0 is also common.

Of course, the interpretation of acb 1s that no signal what-
soever can possibly connect a and b. It is furthermore con-
venient to define "past and future sets" corresponding to the

different causal order relations. In the notation of Kronheimer

and Penrose [10] again:
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T {a) = {Bbfa == bl I"(a) = {b/b << a} I(a) = {b/atb}
J¥(a) = {b/a < b} J7(a) = {b/b < a} T(a) = {biagb)
E*(a) = {b/a » b} E"(a) = {b/b + a} E(a) = {b/aAb}

+ . :
I (a) is called the temporal or chronological future of a;

J (a) is called the causal past of a, etc. E(a) is just what

1s usually called the null cone or light cone of a. Note that

the

I sets are open, while the J and E sets are all

closed. The definitions which stipulated that a < a, a ~» a,

but not a << a were chosen with this topological convenience

in mind.

Only slightly less immediate than the interdefinability

of the asymmetric relations (1), is the interdefinability of

their symmetric counterparts:

(2)

(n>2) atb ¢& akb & a # b &€ N{J(c):ced(a)n J(b)} = {a,b}

arxb & axkb & —1(atb)

(n>2) axb <> VYc,dle,de 0{I():LeI(a)NI(b)}=> —crd]

akb < atb v arb

(n>3) atb < —(aib) & VYclaic = 3d(deE(a)ME(c) & dab)]

akb < atb Vv aib

These are, clearly, first order sentences; set notation is

used only to increase readability. It follows that (at least

for

n > 3) any of the three symmetric relations may be construed
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as basic and the others as derived. To convince oneself of
the validity of (2) it suffices to draw the right pictures.
As a sample this will be done for the third equivalence which
is just a bit trickier than the other two. A full computa-
tional proof will also be given to show, at least once, how
such proofs run. Thereafter, computational verifications will

be omitted.

First we check that for n = 2, Tt and «k are not
definable from A. For this it suffices to exhibit a bijec-
tion ¢: M, > M2 of two dimensional Minkowski space-time

onto itself which preserves X (i.e. for all
a,b: aib & ¢(a)r¢(b)) but which preserves neither 1T nor
k. Let ¢ be the 90° counterclockwise rotation which turns

the light cone at the origin onto its side. Expressed in our

favorite standard coordinates, ¢ maps a = (ao,al) to
(- ' 1 - _ o
a (ao,al) (al, ao). Trivially, ¢(a)r¢(db) <&
[ 1,1 = - (- - =
albl - aiby = 0 <= a;b; - (-a )(-b ) 0 &aib. But ¢ takes

timelike vectors to spacelike vectors (e.g. (1,0) = (0,-1)),
so it preserves neither T nor k.

Assume now that n > 3. Suppose a and c are
distinct and a>c. Then E(a)MNE(e) 1is just the null line
passing through a and c¢. There is a unique null hyper-
plane, NH(a,c), containing this line. (A hyperplane is an
(n-1) dimensional subspace. It is null if through each point

there passes a unique null line contained in the hyperplane,)
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It is tangent to the null cones of all points on the null
line E(a)NE(ec). Intuitively it is clear that it consists

of the line together with all points which are not A related

null hyperplane NH(a,c)

null line
E‘a)NE(c)

to any points on the line. In fact this serves as its defini-

tion:

Def: For distinct a,c where alc
NH(a,c) = [E(a)N E(c)] U {b: Vd(deE(a)Nn E(c) => —bxd}

Still thinking of the case n = 3, it is intuitively clear that

for a given point a, as ¢ sweeps over E(a), the sets NH(a,c)

sweep out all points except those in I(a), i.e.

(3) (n > 3) atb < b ¢ U{NH(a,c) : cial .

This will be verified in detail in a moment. But first notice
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that it is logically equivalent to:

atb<> b ¢ U{E(a)N E(c) : aic} ¢

Y clare = 3Jd(deE(a) 0 E(c) & dab)]

which in turn is equivalent to the third assertion of (2),
since E(a) = U{E(a)n E(c) : aic}. Also note that, as had
better be the case, (3) is false if n = 2 for in that case
NH(a,c) collapses to the line E(a) N E(c), and for any particu-
lar a, U {NH(a,c) : clal collapses to E(a).

To verify (3) we need a computationeal lemma.

2.1 Lemma: If u 1s non-zero then:

(1) (n >2) if for some non-zero null vector v

(u,v) = 0, it follows that |u| < 0 and

|[u| = 0 1ff u = kv for some constant k.
(2) (n >3) |u| < 0 implies there is a non-zero null
vector v where (u,v) = 0.

Proof: Choose a favorite standard coordinate system.

Then for (1) we have:

5 n-1 2 n-1
v _# 0, v o= Loy, uv = ZIu
o o ] o 1 373
g Bod o
If |u|] > 0 we would also have uj > I uj. Squaring the mid-
1

dle equality and comparing it with the product of the first and

third relations yields:
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n-1 9 n-1 9 n-1 ’
(Z vi)( L u:) < (% u.v.) which entails
1 g
1 1 1
n-1 5
z (u.v.—u.vi) <0 where the sum is taken over
1#7

i,J > 1, which is impossible. So it must be the case that

|u|[< 0. If |u|l = 0 the last inequality is replaced by an
equality which entails uivj - ujvi =0 for all 1i,J > 1. Now
there is an 1 > 1 such that Ve # 0 (for otherwise v, = 0 since
u.
v is null). So for all J > 1, uj = (vi)vj and since
i
n-1 u. n-1 ’ us 5 s
u vy = T u.v., = (;i) I v. = vivo it follows that boE —&Vo
1 33 i1 3 Vi Vi
as well. Of course if u = kv for some constant k, then
lu| = k2|vl = 0. This completes the proof of part (1).

To check part (2) it is simplest to choose a standard co-

ordinate system in which u takes the form (uo,ul,O,...,O). (If

{ei} is the standard basis with which we began, take eé = ey and

choose ei to be the projection of u onto the space-like hyper-

Plane spanned by S ERRREL N normalized so that [ei] = -1.

1 t = = 1 + 1 .
Then (eo,el) 0 and u uoeo ulel for some uo,ul Next

choose eé,...,eg_l in the hyperplane spanned by €.+ 5€ 1 SO

that e! form an orthonormal basis of that hyperplane.

l""’eﬂ-l
The resulting set eé,...,eﬂ_l is a standard basis for the entire

: 2 2 . .
space.) Since |u] < 0 we have ug < ug and since u 1S NON-zero,




30

uq # 0. Take v = (1, uo/ul, 1-(u_/u ,0,...,0) 1in the

o 1
new coordinate system. (Here is where we use the fact
that n > 3.) Then clearly |v| = 0 and (u,v) = 0. qged

As an immediate corollary we have:
2.2 Corollary (n > 2): For all distinct a,c where alc

NH(a,c) = {b : (b-a,c-a) = 0}

Assume first that beNH(a,c). If beE(a) 0 E(c), then
|b-a] = 0 = |b-c| and so (b-a,c-a) = 1/2(|b-c|-|b-a|-]a-c]|) = 0.
Here |c-al = 0 since we are assuming aic. If b¢E(a) O E(c)
then for all d, if deE(a)M E(c) it must follow that — bid.
For any constant k, if d = k(c-a)+a, then |d-a| = |c-a] = 0,
i.e. ceE(e) N E(c). So Dbé¢E(a)m E(c) entails

0 # |b-4d|

| (b-a)-k(c-a)| for all k. Hence |b-a| -
2k(b-a,c-a) # 0 for all k. This is only possible if
(b-a,c-a) = 0.

Conversely assume (b-a,c-a) = 0 and suppose there
is a deE(a)N E(c) such that bAd. Since |a-d| = 0 = |c-4d|
it follows that (d-a,c-a) = 1/2(|d-c|-|d-a|-]a-c])= 0. So
by the first part of the lemma (taking u = ¢ - a and
v = d - a) we have ¢ - a = k(d-a) for some k # 0. There-
fore 0 = |b-d| = |(b-a) - %(c—a)l and hence |b-al = 0 = |b-c].
Thus beE(a) N E(c) and so beNH(a,c). qed.

Finally we can easily check that (3) follows from this
corollary. Suppose first that atb, but beNH(a,c) for some c

where cla. Then we would have |c-a| = 0, (c-a,b-a) =0
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and |b-a| > 0. This is impossible by the first part of the
lemma again (taking u = b-a and v = ¢ - a). Conversely
assume — (atb), so |a-b| < 0. If a = b, then trivially
for any ¢ where alc, beE(a) m E(c), so beNH(a,c). If
a # o then by the second part of the lemma (taking u = b-a)
there ig a non-zero null vector v where (u,v) = 0. If
we take ¢ = v + a then alc, (b-a,c-a) = 0, and therefore
beNH(a,c). This proves (3).

Using the equivalences of (2) we can give a much sim-
plified proof of a result of Latzer's [12] to the effect that

the relation of "temporal betweeness" defined by:
BT(a,b,c)¢_—_> a << b << ¢c v Cc << b << a
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