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ABSTRACT

In this thesis, we focus on some problems of symmetry breaking in
unified weak-electromagnetic gauge theories. In Chapter 1 we set the
scene with a brief history of weak interaction theory up until the im-
passe which led to the development of the unified weak-electromagnetic

gauge theory strategy. In Chapter 2 we describe the basic ideas under-
' lying the new gauge strategy, illustrate how these ideas can be concre-
tized in a specific model and discuss some of the prospects and problems

which remain to be solved.

In Chapters 3 and 4 we make a small contribution towards some of the
problems which arise in applying the gauge strategy. We focus in parti-
cular on the role of the Higgs scalars in the spontaneous breakdown of
the theory. 1In Chapter 3, we consider the following question: how can
we break the gauge symmetry in such a way that all of the weak vector
mesons acquire mass but the photon remains massless? In Chapter 4, in
the context of a specific model, we study the effects on calculable quan-
tities, such as the proton-neutron mass difference, of varying the Higgs

content and investigate the appearance of pions as part of the Higgs system.

\
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1. INTRODUCTION

I. A Brief History of Weak Interaction Theory

The story of weak interaction theory begins in 1934 with Fermi's
attempt to describe the B decay of nuclei.1 Although nuclear B decay
had been discovered around the turn of the century by Becquerel, the
necessary ingredients for a theoretical explanation were not available
until Chadwick's discovery of the neutron in 19322 and Pauli's hypothesis
of the neutrino in 1930.3 Pauli's hypothesis of a neutral unobserved
particle of zero or nearly zero mass was necessary to maintain the prin-
ciple of energy conservation in B decay since the electrons were emitted
with a spread of energies. Thus nuclear B decay was interpreted as the
transformation of a neutron in the nucleus into a proton with the simul-
taneous emission of an electron and "meutrino'". (By current convention

the neutrino is actually an antineutrino): n+p+e_+5e.

Fermi hypothesized that the interaction responsible for B decay is

a simple four point direct coupling without derivatives of the form
Hy = GBIPP(X) oy () (x)0p () |

Relativistic invariance allows a certain amount of freedom in the choice
of the operator 0; it may be scalar (Os=l), pseudoscalar (OP=Y5), vector
(Ov=Yu)’ axial vector (OA=YUY5) or tensor (OT=Guv)’ or some combination
of these. Fermi hypothesized that the interaction is vector by analogy

to electrodynamics-and to a large extent he was right.

Heisenberg conjectured that perhaps the Fermi interaction was the
glue which held nucleons together in the nucleus.4 Just as there is a
connection between the emission of light and the Coulomb interaction be-
tween charged particles, he hoped that the virtual exchange of the Fermi
fields might account for the stability of the nucleus. A calculation,
under the simplifying assumptions that the nuclei can be considered in-

finitely heavy and that the electron (and neutrino) mass can be neglected,



gives the nuclear potential due to Fermi exchange proportional to

l/rs. Since this blows up as r»o, this interaction would result in

an unacceptably infinite binding energy. Assuming that for some
reason the interaction cuts off at about one fermi (10_13cm), we get
good agreement for the binding energy of He3 and He4. However, the
same cutoff produces a binding for the deuteron which is too weak by

a factor of 1012! Because this explanation of nuclear forces is clear-
ly wrong, it inspired Yukawa to propose an alternative: a theory of
scalar meson exchange as the source of nuclear binding. Yukawa pre-
dicted a new scalar particle of mass«1200 m; after some confusion, the

4 5
pion was observed.

Over the next twenty years as more particles were discovered, addi-
tional decays were observed which seemed to arise from weak interactions
as well. The interactions of the new subatomic particles (if we neglect
gravity) seemed to fall into three distinct classes-weak, electromagnetic
and strong-each characterized by wildly distinct coupling strengths. The
strong interaction, which is responsible for nuclear binding, is charac-
terized by a coupling constant g2/4ﬂ:,15. This is three orders of magni-
tude larger than the fine structure constant u=e2/4ﬂ which characterizes

electromagnetic interactions. The weak coupling constant G, has dimension,

but the dimensionless quantity (GBM§)2/4W was generally bel?eved to be a
good analog of o for measuring the weak interactions---in the absence of
other masses to set the scale for the weak interactions. The weak ''coup-
ling constant" (GBMé)Z/AH;lO_llis nine orders of magnitude smaller than
the electromagnetic interaction. If, on the other hand, a considerably
larger mass naturally set the scale for the weak interactions, then the
weak dimensionless coupling constant might be of the same order as the

electromagnetic coupling constant. This is what happens in unified weak-

electromagnetic interaction theories.

Among the new weak interaction decays was the decay of the newly found
muon: u—+e—+5e+wu. Since this is a four fermion decay, it was natural to

describe it by an interaction similar to the Fermi theory of £ decay



o= Guavu (x)0y, (), (D0, ()

with G of the same order as GB. Similarly the weak decay of the pion
(ﬂ_*u-+$u) could be described by a four fermion interaction, through

= 6

the s —_— Dt Y
eduence ﬂstrongp L u’

H o= Gﬂ\bp(x) 0¢n<x) wu (x) owwcx)

Throughout this period, debate raged over what the operators O in these
expressions happen to be. Nuclear B decay experiments suggested that the
operators involved were either combinations of V and A or combinations of

S and T, with the latter favored. U decay experiments indicated V and A,
while pi decay suggested A or P since the pion was found to be pseudoscalar.

It appeared that no universal interaction could explain all three decays.

In 1956 an apparently unrelated dilemma associated with the purely
hadronic decays of mesons lead to a breakthrough in weak interaction
theory. The 6+ meson which decays into two pions and the T+ meson which
decays into three pions were found to have the same mass and lifetime. This
suggested that they were really the same particle (the kaon); however parity
conservation prohibited the same particle from decaying both ways. Lee and
Yang solved the dilemma by observing that no experiments to date had verified
the invariance of the weak interactions under parity. They conjectured that
in fact parity is violated by the weak interactions and suggested that a good
experiment to test parity violation was to measure the right-left asymmetry
in the B decay of oriented Co60.7 Their conjecture was verified by C.S.Wu

who performed the experiment.

The idea of parity violation opened the way for a universal weak inter-
action theory, as proposed by Feymman and Gell-Mann in 19589 and later modi-

fied by Cabibbo.lO It is based on a V-A current-current interaction

= g HH
Hweak ff‘ JuJ
G is a universal constant. The current JU is the sum of a hadronic part and

a leptonic part

Jhadronlc -V -A
H Hou



ic - - +
leptonic _ = (-+Y5)e + 3 (1 Y5)u

J
u e 3 W

The weak interactions also describe the weak decays of the so-called
strange particles (kaons, lamba, etc); these decays violate the con-
servation of a new quantum number, strangeness, which is conserved
by strong and electromagnetic interactions. To describe strangeness
changing decays (such as A>pte +ve) as well as strangeness conserving
(such as nuclear B decay) it is commonly assumed that the hadronic
current contains two pieces:

Jhadronic _ J(AS---o) (As=l)S

H H H
Gc is called the Cabibbo angle and is about 13.70.11 The hadronic currents

cosO® + J in®
c c
satisfy well defined algebraic relations among themselves, called current

algebra, which enable calculations of some weak hadronic processes even

though the exact form of the hadronic current is not specified.

The current-current Lagrangian describes in a universal manner a me-
lange of seemingly disparate phenomena-purely leptonic processes such as
U decay, semileptonic decays of both strange and nonstrange hadrons and
even nonleptonic strangeness violating decays. Weak processes, which would
ordinarily be masked by the much stronger strong and electromagnetic in-
teractions, can be detected in decays which violate symmetry principles
respected by the strong and electromagnetic interactions such as parity
conservation, time reversal invariance and strangeness. These tests of
the weak interaction Lagrangian are all low energy tests. Another good
place for examining the weak interactions is in scattering experiments of
leptons, which do not interact strongly. These experiments are hard to

come by and are in their early stages with the new neutrino beams.

At the same time that the phenomenological description of the weak
interactions evolved, a self-consistent relativistic quantum mechanics
was developed, first for quantum electrodynamics and later for more gen-
eral Lagrangian field theories. In the calculation of cross sections, the

new quantum field theories often give meaningless infinite results. How-



ever, by an ingenious process of redefining parameters in the Lagrangian,
called renormalization, the calculations are rendered finite. When a

theory can be made finite by redefining a finite number of parameters, the
theory is said to be renormalizable. Unfortunately, the four-fermi phen-
omenological theory of the weak interactions, when treated as a field theory,
is not renormalizable. At least with our present degree of technical know-
how, unrenormalizable field theories do not have predictive power and there-
fore are not physically interesting. Until the recent advent of unified
weak-electromagnetic gauge theories, all attempts to modify the four-fermi
theory, so as to reproduce the same phenomenology at low energies but in a

dynamically predictable way, failed.

Could we perhaps ignore field theory and treat the phenomenological in-
teraction as a description of the weak interactions at all energies without
calculating higher order effects, since it is at higher orders that the in-
finities crop up? The answer is no, because when we do this we soon run into
difficulties with the principle of unitarity.12 This principle, which states
that probability is conserved (namely that the sum of the probability of all
possible outcomes of an experiment is 1) is clearly one which we are not will-
ing to give up.

At this impasse many particle physicists took solace in religion, mum-

"

bling from Corinthians, "....the weakness of God is stronger than men.'" How-

ever, a possible strategy for constructing a renormalizable weak interaction
theory was suggested by Weinberg and Salam in 1967.13 The technical proof

that their strategy actually works was given by 't Hooft in 1971.14 We are
still a good way from the concrete realization of their strategy in a specific

model which elegantly describes the physics of the weak interactions.

ITI. Plan of the Thesis

In the first part of the introduction we have given a brief history of
weak interaction theory up until the impasse which led to the development of

the unified weak-electromagnetic gauge theory strategy. In Chapter 2, we



describe the basic ideas underlying the new gauge strategy. We start

with a Lagrangian, invariant under a local gauge group, containing mass-
less vector mesons. However the gauge symmetry of the Lagrangian is not
manifest in the states of the system; the symmetry is said to be spontan-
eously broken. In the gauge theories, we break the symmetry by giving
nonzero vacuum expectation value to some scalar fields, called Higgs
fields. Generally when a symmetry of the Lagrangian is spontaneously
broken, the theory contains zero mass scalar particles called Goldstone
bosons. However when a local gauge theory is spontaneously broken, the
Goldstone bosons which afe linear combinations of the Higgs fields do not
appear as physical particles. Instead they become the longitudinal compo-
nents of the massless vector mesons, which now acquire mass. It is these
massive vector mesons which transmit the weak interaction force between
pairs of fermions, just as the exchange of ?hotons is responsible for the
electromagnetic interaction between charged particles. The theory which
results can replicate the low energy phenomenology of the Fermi theory and
it is renormalizable as well. To illustrate how these ideas can be con-
cretized in a specific model, we begin in Chapter 2 by describing the Wein-
berg SU(2)xU(1l) model of leptons.13 This was the pioneering work in the
field; since then a plethora of models have been built, none of them
entirely compelling. But we have learned a great deal in working them out
and thinking about their consequences and pitfalls. In the concluding sec-
tion of this chapter, we discuss some of the exciting prospects for the new

gauge strategy and the perplexing problems which have yet to be solved.

In Chapter 3 and 4 we make a small contribution towards solving some
of the problems which arise in applying the gauge strategy. We focus on
the role of the Higgs scalars in the spontaneous breakdown of the theory.

We find that a lot of physics may lurk in the Higgs sector.

In Chapter 3 we ask ourselves the following question: how can we break
the symmetry in a unified weak-electromagnetic gauge theory in such a way
that all of the weak vector mesons acquire mass but that the photon remains

massless? We find that all but a few low-dimensional choices of Higgs re-

presentations can break the symmetry in the necessary way. Given the Higgs



representation, we then examine what restrictions are placed on the
electric charge operator of the theory. We work out in detail the
analysis for a few specific symmetry groups. We also give all the
.possible Higgs representations, which can break the symmetry down to

electromagnetism, for all the unexceptional classical Lie groups.

In Chapter 4 we study the effects on calculable quantities of
varying the Higgs content in a specific model. The model is not
realistic because it does not include strange particles, but we find

it an interesting testing ground nonetheless.

One quantity, which most physicists agree should be determined in
a complete theory, is the proton-neutron mass difference. In this model,
it is calculable. The question of the proton-neutron mass difference
has haunted particle physicists for decades. Previous calculations based
solely on electromagnetism resulted in either an infinite mass difference
or else the wrong sign. However, the discovery of gauge theories provided
the possibility that both the weak and electromagnetic interactions could
conspire together to produce a neutron heavier than the proton. 1In a
spontaneously broken gauge theory, if a mass difference or mass is zero
in zeroth order, without any restrictions on the parameters of the
Lagrangian, even after the symmetry is broken, then that quantity is

necessarily finite and calculable.

‘In the context of our model we find that even though a mass or mass
difference may be calculable, its value depends critically on the symmetry
breaking mechanism. For example, we find that the proton-neutron mass dif-
ference is a function of the way in which the symmetry is broken; the mass
difference can be either positive or negative depending on the way the Higgs
content is chosen. Since this model is preliminary (as are all existing
models) no definitive value of the mass difference is obtained. Although
a quantity may be calculable, namely a finite function of the renormalized
parameters of the theory, it is quite another matter for it to be com-
putable—to know what that function is. Until we understand how the
strong interactions fit into the weak-electromagnetic framework, even

though the mass difference is still calculable if the strong interaction



theory is renormalizable, it is not really computible since its value
will be modified by the presence of the strong interactions. However,
there is a class of strong interaction theories, called asymptotically
free, which act like free field theories at high momenta. There are
experimental indications based on electroproduction data, that the strong
interactions are in fact asymptotically free. For these theories, the
mass difference calculation to lowest order is unaffected by the presence

. . . . 1
of the strong interactions at least in a naive quark model. .

In the same model, we examine a possible mechanism for incorporating
pions into weak-electromagnetic gauge theories in the Higgs sector. One
of the goals of particle physics is to understand why pions are so light
compared to other strongly interacting particles. In our model we have
a mass degenerate triplet in the Higgs sector which interacts strongly
with nucleons. We identify this triplet with the pion triplet. The pion
mass difference, due to weak and electromagnetic effects, is then
calculable. If we impose an extra symmetry on the theory, we find that
the pions are massless in zeroth order, but pick up mass, which is
calculable, in higher orders. This model is the first implementation
in a weak-electromagnetic theory of a general mechanism suggested by
Weinberg for generating scalar particles of very small calculable mass,
called pseudoGoldstone bosons. Our calculation illustrates some of the
problems and prospects of implementing this idea in a more realistic

model.
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2. A NEW STRATEGY: UNIFIED WEAK-ELECTROMAGNETIC GAUGE THEORIES

I. Spontaneous Symmetry Breaking

In both classical and quantum field theory, the symmetries of the theory
correspond to invariances of the Lagrangian. In the conventional realization
of the symmetry, the ground state or state of lowest energy (called the vacuum
in quantum field theory) is invariant under the transformations of the symmetry
group and particles belong to mass degenerate representations of the group.
However, there is no reason to expect that the ground state of a system necess-
arily embodies the invariances of the Lagrangian. Although the set of equations
which determine the dynamics of a system is invariant since it comes from the
Lagrangian, the solutions need not be if the boundary conditions are not also

invariant.

In classical physics, for example, consider an infinite 2-dimensional array
of magnetic dipoles which interact ferromagnetically through nearest neighbor
interactions. In the ground state all the dipoles are aligned parallel to one
another. There are infinitely many possible ground states - one for each vector
in the plane. Although the interaction is invariant under rotations in the plane,
the physical ground state is not - it singles out a unique direction, the direc-

tion in which all the magnets point.

In quantum field theory, if the Lagrangian is invariant under a sym-

metry but the vacuum is not, then the states of the system are not covariant

with respect to rotations of the group. A symmetry manifest in the Lagrangian
but not in the ground state is said to be spontaneously broken. A theorem of
field theory states that if the symmetry is not manifest in the ground state,
then it is not manifest in the states. (This terminology is somewhat mislead-
ing since the symmetry is not broken - it is merely hidden.) In that case, if
the "broken'" symmetry is continuous and if the theory obeys the usual axioms of
quantum field theory (Lorentz covariance, positive definite Hilbert space, local-
ity,...) then the symmetry is realized by the appearance of zero mass spinless

particles, called Goldstone bosons - one for each generator of the group.

As an example of the two possible realizations of a Lagrangian symmetry,

we consider a simple model of scalar fields:

L1=-How+ @D =376 +F - w7 1)
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This Lagrangian is invariant under the continuous group SU(Z)L X SU(2)R

3 J - .
with the o,m fields assigned to the representation

o+i'n'o 4+
in
H = {2 T, = 1/2, T, = 1/2
o-ir
CN )
T

V2’

[This is just the o-model of Gell-Mann and Levy without nucleons.]2
Classically, the ground state of the system is the state which minimizes

the energy density H

2 2 s 2 a2
H=H@0)" + (M1 +UF)" + @D + VM
where the potential V isB2(02+52—A)2. Clearly the minimum is achieved

2
for <g>, <7> = constant at the minimum of the potential, given by

2
(g_\") =0 {a“a’ ) >0
%3l yEv $19¢5 1)vEV

where ¢i are the independent scalar fields. This stability condition for

the vacuum carries over into the quantum field theory.

The potential looks quite different in the two cases A<O and A>O

(see Figure 1). In case A<O, the minimum is achieved for <g>=0, é§>=0
and we can therefore do conventional perturbation theory. In case A>0,
the potential minimum occurs at <02+?2>=A. Since the calculatiomal
apparatus of perturbation theory in quantum field theory is based upon
the assumption that fields have zero vacuum expectation value, we must
reexpress the Lagrangian in terms of new fields which do not have vacuum
expectation value. There are an infinite number of ways in which we can
choose new fields, corresponding to an infinite degeneracy of the vacuyum.
Any choice is physically equivalent; therefore we may take <g>=/A,

<?>=0, and define a new field
6'=0-VA , <g"> =0

Rewriting the Lagrangian in terms of the new field, we find

ofn = - HoeH + o0 -+ +2VD o2 @
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I.A<O II. A>0

o2+12 o2+72

Figure 1

Figure 1. Shape of the potential in the two cases I. A<O and II. A>O.
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LI’ which is the Lagrangian appropriate to A<O, describes a theory in which
the symmetry is conventionally realized -- the ¢ and T fields are a mass
degenerate multiplet with mass m2= —AABZ. When the symmetry is spontaneously
broken for A>0, the (0,#) multiplet splits into a singlet ¢ with mass m2= 8AB2
and a massless T triplet. The Lagrangian is now invariant under SU(2) instead
of SU(2)xSU(2). For each generator of the spontaneously broken SU(2) group,

the theory develops a massless scalar particle - ﬂ+ 7° ﬂ—.3

The appearance of zero mass spinless particles in spontaneously broken
quantum field theories is a general phenomenon.Goldstone showed that in a mani-
festly causal and Lorentz covariant field theory, if the Lagrangian is invari-
ant under a continuous symmetry group, then either the vacuum state is invari-
ant under the transformation or there must be massless spinless particles in
the theory. These massless bosons may be elementary fields in the Lagrangian,
as in the o-model, or they may be bound states of fermions. The appearance of
Goldstone bosons as bound states occurs in the four fermion interaction model
of Nambu and Jona—Lasinio.l Since there are no known massless scalar particles,
the idea of using spontaneously broken field theories in particle physics to
describe nature was not considered seriously, except as a possible approximation

for the smallness of the pion mass.

We outline a nonrigorous proof of the Goldstone theorem based on Goldstone,
Salam and Weinberg.4 A more rigorous version has been given by Streater.
Suppose the Lagrangian is invariant with respect to a symmetry group, under

which the fields transform as

a, _ .a
879, = eTij¢j (3)
Then the currents JS= i@gé%——o 6a¢i are conserved, whether or not the vacuum
8§37 ¢,
i

is invariant under the transformation. From the canonical commutation relations,
a : .
Q= SJidBX is the generator of the transformation

a
133 @

a
Suppose that the vacuum is not invariant under the transformation. Then
a . . . g
Q |0>*0. In particular we assume that there exists a set of spinless fields,
which need not be fundamental, transforming as

a _ na
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If the vacuum is not invariant, then

. .a a
<0 o> =719, <e.>< 0
l1Q”, 4,11 i3 <47 (5)
for some ¢i.[If <¢> is nonzero, ¢ cannot carry spin since angular momentum
conservation is an exact symmetry, nor can it carry charge since electric

charge symmetry is exact.] Writing the spectral representation for the

commutator we find,

<0| 13, %) ,¢, ()1]0> = 2 [ an’a(x,u’)0 X(n’) (6)

where A is the usual causal Green's function for mass m and

M., o, .a, 2 3
P o(p )ﬂs‘i(-P )= =(2m) gﬁ(p—pn)<0|J§(o)|n><n|q>i(o)]o> (7
The ability to express the commutator in this form depends on the manifest

Lorentz covariance of the theory. Since the current is conserved,

0 = <o| [3*35(x),9,(0)]|0>=0 2‘fdm A(x,m )p 2(n?)= fdm Az, m2>m2pa< )
Hence m pi(m )=0 which implies
pla(mz) = Niaa (™

(8)
<o| [35(x) ¢, (0)1]0> = N5 D(x)

~.a
where D(x)= A(x,0). Generally, we would expect N, to be zero and hence there
would be no massless particles in the theory. However, in our case this is

impossible. From equation (5), we know

a 3 a a 3
0f<o| [0%¢;1]0> = [@xeol [33(=), 8, (1] 0> = 1, ? [ D() = N2
Thus the spectral representation (7) must include states of zero mass.

We can arrive at a physical understanding of the appearance of zero mass
scalar particles from the degeneracy of the vacuum. If the Lagrangian is in-
variant under a continuous symmetry group but the vacuum is not, then there are
an infinite number of states which have the same energy as the vacuum and which
are obtained from one another by infinitesimal transformations under the group.
Physically, these extra vacua are obtained by adding zero-velocity massless

scalars to the particular state which we pick as the physical vacuum.
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II. Evasion of the Goldstone Theorem: The Higgs Mechanism

The proof of the Goldstone theorem depends critically on the manifest
Lorentz covariance of the theory. There is, however, a class of quantum
field theories which cannot be quantized in a manifestly Lorentz covariant
fashion if we insist that the Hilbert space in which we operate has a posi-
tive definite norm.6 These theories, called gauge theories, are invariant
under local symmetry transformations. For each independent symmetry gene-
rator, there is a massless vector meson in the theory. Quantum electrody-
namics is a well known illustration of an abelian U(l) gauge invariant theory;
the massless vector meson is, of course, the photon. However, aside from the
photon, there are no other massless vector mesons in nature; this appears to

limit the usefulness of gauge theories for physics.

The simplest example of a gauge theory is electrodynamics. If one in-
sists on the positive definiteness of the inner product in Hilbert space, then
the canonical quantization procedure runs into difficulties. Although the
electromagnetic field vector AU has four independent components, the photon
has only two independent polarizations. Although one can choose three independ-
ent polarizations (as for a massive vector meson field) in a Lorentz covariant
manner by imposing the subsidiary condition euku=0, we must impose a further
noncovariant condition to eliminate the extra degree of freedom. For example,
we can choose Euﬂu=0 where nu=(1,0,0,0) is a pure timelike vector. In that
case the two independent polarization vectors are spacelike and orthogonal to
the direction of propagation of the field. Introducing a "free' vector n

into the theory breaks the manifest covariance.

The Lagrangian for the electrodynamics of a set of scalar fields ¢i with

charge Qi and spinor fields wn with charge Qn is the form:

L = -l - 29,0 * (@6, ) =9y"D y=Im y-P($)-Tr, vo, (9

where
a) Fuv= aUAV_BVAU

b) The gauge covariant derivatives of the scalar fields ¢i are

Du¢i = au¢i + 1Qi¢iAu
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c) The gauge covariant derivatives of the spin 1/2 fields wn are
=9 + i A
Duwn uwn 1Qnwn H
d) P(¢) is a fourth order polynomial in the scalar fields and Fi are
Yukawa couplings. Both P(¢) and Fi couplings conserve charge.
(The reason that P(¢) contains at most fourth order terms is that

otherwise the theory is not renormalizable.)

The Lagrangian (9) is invariant under the local transformations
Au(x) »> Au(x) - BUA(X)
0,0 > 6, () + 1QA(x) ¢, (%) (10)
b ) > Y () + 1Q A(x)Y (%)

The fact that the transformation can vary from point to point in space-time
as A(x) is what makes the theory locally gauge invariant. (This is often
called gauge invariance of the second kind; if the theory is invariant only
for A=constant it is said to be gauge invariant of the first kind.) This is
the most general Lagrangian that is locally invariant under the simple one-

parameter abelian gauge group U(1).

To see what happens when a gauge theory is spontaneously broken, we con-
sider the simple version of the abelian gauge Lagrangian discussed by Higgs.7

The Lagrangian is constructed from a gauge field Au and a complex scalar field
¢: x

D“¢ = au¢ + iQ¢Au

£

W = R 90" ) -v(oxt) (11)

where

V(6%4) = abkd + b(9%0)°
Suppose we allow the symmetry to be spontaneously broken by choosing a<o:

<¢>=v,v real. The condition that the potential be a minimum is then

{—g% = <ad* + 2b(¢*)¢x> = 0

v (o) = Oy v> = —a)3h (12)

We rewrite ¢ as ¢=v+¢l+i¢2 where <¢l>=<¢2>=0 and ¢l’¢2 are real. Substituting
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in the Lagrangian and using condition (12), we find

2 2 2.2
= - 1lp M- 1 +QA - (3 ¢,- - 1 !
OL() g F(3,017Q8 607 = 33 9,0 $1)7 - 207V A A

+QvAu(QAu¢l-8 “¢2)—b(¢i+¢§) 2t ¢l(¢i+¢§)—(a+6bv2) ¢>i
The gauge meson picks up mass u2=Q2v2,¢l picks up mass m2=2(a+6bv2)=8bv2
and ¢2 is massless. At first glance, it appears that ¢2 is a physical
Goldstone boson for the theory. What really happens, however, is that
¢2 decouples from the rest of the particles and disappears from the phy-
sical spectrum. The extra degree of freedom associated with ¢2 becomes
the longitudinal component of the now massive vector meson. To see this,

we rewrite the Lagrangian in terms of new fields:

¢ = (v+p)eis

1
A =B ->3 8
u u Qu
of = - L5 B -3 8)° - L(3 0-iQoB ) (3%p+iQeB") - 1q S%m g
Eouv ovu 2 p u

bp4—4bvp3—4bv2p2

As predicted the O degree of freedom no longer appears explicitly in the

Lagrangian - instead it is incorporated into the massive Bu meson field.

This phenomenon is more general and happens whenever a gauge theory
is spontaneously broken. The would-be Goldstone bosons of the spontaneously
broken gauge theory, called Higgs mesons, get'eaten-up'bythe massless vector
mesons, which acquire mass. The extra degree of freedom associated with mass-
ive vector mesons (3 instead of 2) is supplied by the Higgs scalar, which
disappears from the particle spectrum. No massless bosons need survive. Thus
the spontaneous symmetry breaking strategy and the gauge field program stand

or fall together-each saves the other from its zero mass problem.
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I1I. Non-Abelian Gauge Theories

We would like to be able to use spontaneously broken gauge theories
to describe the weak interactions. Since the weak interactions are vect-
orial in character and since we now know how to make the gauge vector mesons
massive via spontaneous symmetry breaking, we seem to be well on our way.
Furthermore, since electrodynamics is also described by a gauge theory, it
seems like a good idea to try to combine the weak interactions and electro-
dynamics into a single unified theory. In breaking the symmetry of the uni-
fied theory, we must break all the symmetries except for electric charge
symmetry such that all the vector mesons except for the photon acquire mass.
(see Chapter 3) Another justification we have for wanting to unify weak and
electromagnetic interactions, aside from the elegance of such a simplification,
is a basic principle of current algebra called CVC (conserved vector current
hypothesis). It states that the strangeness conserving part of the weak vector
current and the isovector part of the electromagnetic current are members of
the same isotopic triplet. This suggests an intimate connection between the
two types of interactions. 1In addition, the theory of vector meson electro-
dynamics is not generally renormalizable--in unifying the two theories we get

a consistent renormalizable electrodynamics for the weak fields as well.

Gell-Mann and Glashow have shown that all locally invariant field theories
are gauge theories associated with a Lie group.8 They are generalizations of
electrodynamics which is associated with the simplest Lie group, the one-para-
meter group U(l). Given a gauge group G, the Lagrangian is constructed from
a set of massless vector meson fields Aﬁ(one for each independent generator of
the group), a multiplet of scalar fields assigned to a representation (perhaps
reducible) of the group and a multiplet of fermion fields. Suppose that the

group generators satisfy the commutation relations
[0%¢%1 = ¢
In analogy with electrodynamics, the most general Lagrangian is
£ = = L FY - Lo g% 0")) - Ty y-Tm y-P(e)-Tr ue, (13)

where a) The gauge covariant curl is j A%-3 Aa-casYA BA Y
UV Vvu HoV
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b) The gauge covariant derivative of the scalar field is

a
$.A
ju
where Oa is the representation matrix for the scalar multiplet.

Du¢i = 3u¢. +1(6 )

i a’ij

c) The gauge covariant derivative of the spinor field is

o
D =0 + i A
uwn uwn (ta)nmwm U
where tu is the representation matrix for the fermion multiplet.
d) The fermion mass matrix is G invariant, P(¢) is a fourth order

G invariant polynomial and the Yukawa coupling is G invariant:
e,y md =0

P

e sy ] = -(Sa)inon

This Lagrangian is the most general one invariant under the local transforma-
tions
o o] o afy, B,y
A(x) » A (x)-9 X) + C ATA
u( ) u( ) o (%) u(X)

6, (x) > ¢, () + 167 A%, ()

.,Q 0
b)) > () + it ATV (x)
The canonical quantization of non-abelian gauge theories is no easy task.
Just as in electrodynamics, there are redundant variables which do not corres-
pond to independent degrees of freedom. But the non-abelian case is much more
complicated. Even whenthere arenoscalars or fermions present, the Lagrangian is
an interacting one, wunlike in the abelian case. In anon-abelian theory, the
gauge fields carry nontrivial quantum mumbers of the group. Since a gauge
field couples to everything with nonzero quantum number associated with it, just
as the photon couples to everything with electric charge, the non-abelian gauge

fields are necessarily self interacting.

A way of calculating non-abelian gauge theories was developed by Fadeev
and Popov using the path integral formalism.9 Their method involves integrating
out the extra gauge degree of freedom from the generating function for the

Green's functions of the theory. However, the calculations are formal in the
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sense that they involve the cavalier manipulation of functional integrals
which are not necessarily well defined. Moreover, in developing the Feyn-
man rules it is in most gauges necessary to introduce (as a calculational
device) scalar ghost fields which obey Fermi statistics. This calls into

question the unitarity of the theory.

However, the validity of the path integral approach was subsequently
verified by the canonical quantization of the theory.10 In the axial gauge
(also known as the Arnowitt-Fickler gaugell), defined by the gauge condition
A§=0, the quantization procedure is relatively straight forward and does
not involve any ghost particles. The resulting Feynman rules agree with those

derived in this gauge via the path integral method and the theory is manifestly

unitary.

When the non-abelian gauge theory of eqtn (13) is spontaneously broken
as the scalar fields develop nonzero vacuum expectation value (<¢i>=Ki), the
new theory is defined in terms of shifted fields which have zero vacuum ex-

pectation value

¢

i - ¢i—Ai

Because of the symmetry breaking, the gauge vector mesons which correspond to
broken symmetry generators acquire nonzero mass. This comes from the

—1/2(Du¢i)*(Du¢i) term in the Lagrangian. The zeroth order mass matrix becomes

2

LI —(Gak)i(f%l)i (14)

The scalar and fermion mass matrices are also shifted:
2
=<8 P(¢) >
ij 3¢i8¢j

m=m +T_.\. (15)
o i"i
The Feynman rules, in a convenient class of gauges parameterized by the

quantity &, are given by an effective interaction Lagrangian:
;fq = - 103 A% g Aa)CaBYABuAyv B lcaBYCaée BAYASUA
27 Wv vy L

e . ou_ o Bu
lau¢i(ea) ¢ A (6 ¢ A) ¢ A _(eseu)13¢1¢JAp

_sT M _ 1 L
e WAy~ Tt~ o 01T Ve

-1
-aquCaBYQBAYU—E wa*ws(eseal)i¢; (16)
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4
<a p(¢) _ (a P(¢) ) .

h . £
where wa are the ghost f1elds‘and f 8¢ 3¢ 3¢ fijkl ¢i¢j¢k¢l

The field propagators in the & gauge are

ﬁu,s\,(k) 8, (k2+u2) 1 + (1'5)kuk\,[(k2+u2)'1(gk2+u2)‘l]a8
Aij(k) = (k2%42) l+ (8,2), (8 A) K2~ (€k2+u2) é

v o -

Alj(k) = (1}<+m)ij

w - 2,2 l

Aae(k) = E(EK™ )

The derivation of these rules is beyond the scope of this work. Of course,

the physics is independent of the gauge E.l3

For a theory to be physically interesting, we must be able to redefine
the parameters in the Lagrangian so that all but a finite and preferably
small number of the scattering cross sections and decay rates are calculable.
When a theory has this property it is said to be renormalizable. The pheno-
menological Fermi theory of the weak interactions, when considered as a field
theory, is not renormalizable and therefore unsatisfactory. We know that the
abelian gauge theory, electrodynamics, is renormalizable. Furthermore, the
massive abelian vector meson theory is renormalizable when the vector meson
is coupled to a conserved current. On the other hand, Boulware showed that the
conventional massive non-abelian vector meson theory (where the vector meson
mass terms are put in by hand in the Lagrangian) is never renormalizable——even
if the currents are conserved.14 Therefore, attempts to describe the weak

interactions by a conventional intermediate vector meson theory were not successfu:

However, it can be shown that the non-abelian gauge theory is renormali-
zable. The original proof is due to 't Hooft - it is very complicated and will
not be given here. When a non-abelian gauge theory is spontaneously broken,
the renormalizability argument can be extended to the broken theory.15 Thus we

have the exciting new possiblity of a renormalizable massive vector meson theory

for the weak interactions.
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IV. An Example: The Weinberg SU(2)xU(1) Model

In the past few years there has been a proliferation of models based on
various gauge groups and containing different numbers of as yet undetected
particles. Each has the virtue of explaining some aspect of weak interaction
phenomenology, but none is entirely compelling. As an example of how gauge
theories might be used to describe a unified theory of the weak and electro-
magnetic interactions, we will examine the first model to do this - the
SU(2)xU(1) model of Weinberg.16 The version we describe contains only leptons,

although it can be extended to include hadrons as well.

The Weinberg lepton model is based on the gauge group SU(2)xU(1l). The

leptons are assigned to group multiplets

\Y]
_ e
L= J(1+y ) (7 T

1/2, Y = -1/2

Il
S
o7
i
A

= 1(1-~ -
R i(l YS) e T

The electric charge operator is Q=T3+Y. The Higgs scalars introduced to break

the symmetry are

¢+
¢ = (d)o)’ <¢'O> = A()\ real), T = 1/2, Y = 1/2

=Y
To complete the picture, we have a triplet Au and a singlet BU of gauge fields.
The most general renormalizable gauge invariant Lagrangian constructable from

these fields is

é( = - 1(3A -3 A -+gh %A )2 - 15 B -3 B )2-Ry"(5 ~iz'B )R-Ly"(» +
PRl TR R TH s i B OOy T ey WY ey
ig7h —1g'B )L - 1|3 gtigt-A? +ig'B ¢|°-G (L4R+R T T2
13% u_;§ u) -1 u¢ 1&%' . 1§-Bu¢ —Ge(L¢R+R¢ L)-a¢ ¢=b(¢ ¢) 17
¢, Fof-22 ¢~ T

When we shift fields (define ¢l = ), the first four

e
/2 2 VI

terms of the Lagrangian remain unchanged, whereas the last four contain scalar
interactions with vector mesons, fermions and self-interactions as well as the

new mass terms

2
1,2 2,,92,,2°0 1.2, 3, .2 - 2
- L%l +a% )- 4 + -
g 8 ( L o ) 5 (gAu g Bu) XGeee+a¢l
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Thus the charged vector mesons acquire mass u§=1/4kzg2, a neutral vector

meson (which we call the Z meson) has mass u§=l/4k(g2+g'2) and the mass-

less photon is the linear combination

3
-g'A “+gB
8 8B

.
,g2+g'2

The electric charge is e=gg'//g§I;TQT The electron, which started out mass-

A

less, picks up mass AGe and all of the scalars except for (p' disappear from
the spectrum. The coupling of the vector mesons with the leptons, expressed

in terms of the vector meson eigenstates, is

(l+y5)\) W 4——&5— Ey“eAu+ ‘J 2Gel -g ) ) eyVe- EY“YS<=,+GY“(1+Y5)\)]zu
Z1g?
gitg'? g’

ZF

If we calculate | decay in the Weinberg model and compare it with the four-

fermion interaction (see Figure 2), they coincide for q2<<u5 provided that

S _ g 1
vz sty 22
Since g (and g') are necessarily larger than e (§'==J1;:i;§; > 1), we
]

arrive at a lower bound on the charged vector meson mass:

2
_____J—z—‘g >J'2-le ’\41600 2

W 8GF 8GF proton

Therefore, the W meson must be heavier than 40 GeV -- and the Z meson is even
heavier. The appearance of vector mesons of this order of magnitude is common

to all gauge models.

The existence of neutral massive vector interactions is a new feature of
almost all gauge theories (except for the 0(3) model of Georgi and Glashowl7).
Although it is possible to put neutral currents in by hand in the Cabibbo theory,
they were generally thought to be absent. Experimental tests for neutral currents
and their properties are important for determining the validity of the gauge
approach. The detection of very massive vector mesons and/or heavy leptons

will also be crucial tests, but will require very high energy leptonic beams.



Figure 2.
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Figure 2

u decay A. TFour fermion interaction, B. Weinberg SU(2)xU(1)

model interaction.
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V. Problems and Prospects for the New Gauge Theories

The idea of using spontaneously broken gauge theories to describe the
weak interactions has opened the way for solving several outstanding problems
in particle physics. Perhaps most importantly, we have the means to construct
a renormalizable theory of the weak interactions which incorporates the succ-
esses of the phenomenological theory at low energies. Equally exciting is the
ability to explain two seemingly disparate phenomena-the electromagnetic and
weak interactions-by a single unified field theory. Some think that the strong
interactions can also be explained by gauge theories, although there remains

the calculational impasse of the large coupling constant.

One of the most promising features of gauge theories is the possibility
of calculating masses and mass differences. Previously in renormalizable field
theories, if a bare mass or mass difference vanished, then either it remained
zero to all orders because of an underlying symmetry of the Lagrangian or else
it was infinite. 1In a spontaneously broken gauge theory, if the zeroth order
relation holds in the presence of all coupling constants not subject to artif-
icial constraints, then there are no possible counterterms to cancel infinities
in the masses or mass differences. Then all higher corrections are finite since

the theory is renormalizable (see Chapter 4 for more details).

Although there are a variety of gauge theory models which reproduce in a
more or less phenomenological way the known results for low energies, they pre-
dict new phenomena which have not yet been observed. They all contain various
numbers of very massive vector mesons and most predict several new massive lep-
tons and/or hadrons. The higher order corrections to the weak interactions
when they are calculable are finite and very small. To determine if any of
these theories correctly describes the weak interactions, the most likely place
to look is in the purely leptonic sector where strong interactions do not intro-
duce complications. However, these experiments are difficult and hard to come

by.

Aside from the lack of experimental corroboration, none of the gauge models
is entirely compelling in its description of weak interaction phenomenology.

Most models describe some aspect of weak phenomenology, but none can account
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for all the properties of the weak interactions in an entirely natural manner.
It is also a matter of taste what quantities we require a model to predict.
Some of the more perplexing aspects of the weak interactions we might want a

successful model to explain are:

a) the role of the muon. Why is the muon much heavier than the electron
and does it play a necessary role in particle dynamics? Is the ratio
of the electron mass to the muon mass calculable? (To good approxi-

mation me/mu& 20L/3)l8

b) the Cabibbo angle. This is easily accommodated in many models but not
readily explained or calculable. In models where it can be calculated,
it is difficult to get nontrivial (6#00,900) results. Is the Cabibbo

angle spontaneously generated?19

c) CP violation. Why is it so small; why is it only observed in the neu-

.. 20
tral kaon sector; is it perhaps spontaneously generated?

d) the IAI]=1/2 rule. Perhaps gauge theories can explain this selection

rule which is not well understood.21

e) the proton-neutron mass difference. Can we calculate this and can we
2

obtain the correct sign? (see Chapter 4).2
There are important questions which remain to be solved which are not phen-
omenological in nature. Although the Higgs mechanism successfully accomplishes
the spontaneous symmetry breaking, it seems contrived. Some have considered the
possiblity that the symmetry breaking occurs dynamically without the introduction
of extraneous scalar fields. However it is not known how to calculate dynamical
symmetry breaking or where the extra degree of freedom for the massive vector

meson field comes from.23

Another important group of problems stems from the strong interactions.
Whether or not the strong interactions are to be described by a gauge theory,

there seems to be a conflict between our previous ideas of symmetries and
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symmetry breaking and the notions of symmetry breaking in gauge theories. In
conventional theories, the Lagrangian is nearly invariant under global symme-
try groups (i.e. SU(3), SU(3)xSU(3)) which are broken by small noninvariant
terms in the Lagrangian. However, the only kind of symmetry breaking which
can be tolerated in gauge theories is spontaneous symmetry breaking. Actual
symmetry breaking terms in the Lagrangian, however small, destroy the renormal-
izability of the theory. 1In this context, it is obscure what, if any, connec-
tion exists between approximate strong interaction invariances and gauge sym-—
metries. If we accept the viewpoint of gauge symmetries, we must explain what
the pion is and why it satisfies low energy theorems (see Chapter 4 for a

possible explanation).

Although the problems to be solved are formidable, the prospects are
heady. After the initial euphoria which infected the physics community with
the discovery of a strategy for constructing a renormalizable weak interaction
theory, physicists-theorists and experimentalists alike-are settling in to

tackle these difficult problems.
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3. CONSTRAINTS ON HIGGS FIELDS IN UNIFIED WEAK-
ELECTROMAGNETIC GAUGE THEORIES

I. Introduction and Summary

The development of renormalizable gauge theories which attempt to
unify the weak and electromagnetic interactionsl has opened a Pandora's
box of possible models. Once a gauge group is chosen, the model
builder must decide on a representation of scalar Higgs particles,
whose nonzero vacuum expectation values (VEV) spontaneously break the
gauge symmetry, and assign known and probably unknown fermions to group
multiplets in such a way that he satisfies the constraints imposed by

the experimental cross sections, masses, moments, decay rates, etc.

In this chapter, we present simple criteria for determining, given
the underlying group, which representations of the Higgs particles can
reproduce a vector meson mass spectrum in which one vector meson, the
photon, remains massless and all other vector mesons acquire mass.
Kibble has discussed the choice of Higgses in the context of the strong
interactions, thus requiring that the gauge symmetry be completely broken
and that all vector mesons acquire mass.2 However, his analysis does
not apply when the photon is one of the vector mesons of the theory,
for two reasons. One is obviously the m=0 constraint. The other
reason, which is intimately related to the first, is that the electric
charge Q associated with the photon is the generator of a U(l) symmetry
which remains unbroken after the Higgses acquire VEV. Therefore, we
must ask more specifically: given the gauge group G and the electric
charge Q, when does a Higgs representation "work," that is give the

desired spectrum?

Alternatively, given the Higgs representation, we may then ask what
restrictions are placed on the charge operator of the theory. Naturally,
the choice of charge operator influences the assignment of leptons and
hadrons to multiplets. For example, in an SU(3) model, we may ask for
what Higgs representation can the charge be the usual quark charge

operator (cf. section IV for an answer).
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Our method is incomplete in two respects. We assume that repre-
sentations are not self adjoint, which may make a difference for those
representations which may be self adjoint (cf. section IV for an
example). We also assume the Higgs VEV are free parameters, whereas
they are constrained to minimize the potential. Because the renor-
malizability of the theory requires that the potential be at most a
quartic gauge invariant polynomial in the Higgs fields, the VEV in
general cannot be chosen at will. Therefore the self-consistency of
the renormalization scheme may force the VEV to be invariant under a

larger group than the symmetry group left unbroken if the VEV parameters
could be taken arbitrarily.3

In section II we review briefly the necessary group theory apparatus.
In section III we describe the solution to the problem and in section IV
illustrate the method for all the representations and possible charge
assignments for SU(3) and SU(3)xU(l). In the appendix, we give the
results for all unexceptional classical Lie groups. We find that for
any group, aside from a small number of low dimension Higgs represen-—
tations, which do not give the correct mass spectrum, all other repre-
sentations are acceptable from this standpoint (cf. eqtns IV.1l and the
appendix). For example, in SU(n) the two n dimensional representations
(inequivalent for n>2) do not work. Neither does the n2-l dimensional
adjoint representation if it is taken to be self-adjoint. This is
perhaps of interest because simplicity will lead one to choose the
Higgs representation to be "as small as possible''—in fact, this is

not always possible.

Of course, checking the vector meson masses is only the first step
in constructing a theory. But we trust that our method lightens the
load of model builders and saves them the task of calculating ugly

determinants.
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II. Remembrance of Things Past

Given a Lie group G of order g and rank %, we can express the

group algebra in the Cartan-Weyl canonical form.4 There are 2 diagonal

g-%

generators Hi which commute among themselves and 5

E , E such that E+ =E and
a”  =a o -a

pairs of generators

[Hi’ Ea] - aiEa
The & dimensional vectors a, are the roots of the group. The algebra

is closed with the remaining commutation relations:

[Ea’EB] = NaBEu+B if ot+B is a nonzero root

i i ik
[Ea’E—a] = alﬂi where o~ = g o
and
ik _ o
& 6% %
The root vectors uniquely characterize any infinitesimal Lie group. A
diagram of the root vectors in their % dimensional space is called the

vector diagram of the group.

An irreducible representation of dimension N is given if we have
g NxN irreducible matrices which satisfy the group commutationvrelations.
Consider the N dimensional eigenvectors of the central operators Hi:
Hiu=miu. The 2-vectors (ml, T ,ml) are called the weights of the
representation. The weights completely determine a representation and
have some useful properties. If m is a weight and o any root, then
E—(Z(m-a)/a-a)g, the weight formed by reflection with respect to the
hyperplane perpendicular to 3, is also a weight of the same multiplicity.
The set of reflections in hyperplanes perpendicular to roots is a group,
the Weyl group. Weight points connected by Weyl reflection are said to

be equivalent.

We can define an ordering of weights such that o is higher than o'
if the first nonzero component of their difference is positive. The
highest weight, which is always nondegenerate, completely determines the
irreducible representation. In fact, for a group of rank &, there are %

(1) 2(8)

fundamental dominant weights L N DT such that any irreducible
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(1)

representation has highest weight L = In L , I a non-negative integer,
and for any such L there exists an 1rreduc1ble representation with j#

as its highest weight.

III. Solution of the Problem

Consider a gauge theory associated with a Lie group G. The Higgs
particles in the theory belong to a representation (not necessarily
irreducible) of the group with representation matrices {Ti, i=1, ... ,g}

which satisfy the group multiplication law

= 9 T
[T35T3] = fey 0Ty
where cijk are the group structure constants.

The part of the Lagrangian containing only vector mesons and Higgses

(kf = -&13 v —a v abcvbv |2

4 (au+igT""-V";> o] 24v(9)

is:

V(¢) is at most a quartic polynomial in the Higgs fields. Its minimum
at <¢>=n
21-
TRl
$19%5 " <poen

determines up to group rotation the possible VEV's of the Higgs fields.

We assume that V(9) can be rigged to give whatever <¢>'s we choose.

In the tree approximation, the vector meson mass matrix is

M§b=g2<Ta¢>*v<Tb¢>

In general, we have to include the adjoint Higgses which are the anti-
= *
particles and correspond to representation matrics Ti=—Ti and VEV

%
<¢>= <¢> . Thus, for T hermitian,
2 9 * o *— — -
Mabzg [<¢> TaTb<¢> <¢p> TaTb<¢>]

=p2[< *T T. <d>+< >*T T <¢>]
=g [<¢> ath ¢>+<¢ bTa ¢
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Alternatively, we can define <¢> as a 2N dimensional real vector with
corresponding reducible 2Nx2N representation matrices which are purely
imaginary. Mgb is a semi-positive definite and symmetric gxg matrix,
where g is the order of the group. By suitable choice of basis we may
call the charge operator Q=Tl. Q is any diagonal matrix constructable
from the £ independent diagonal central matrices of the group. We
impose the physical constraint Q<¢>=0, namely only neutral members of a
representation can acquire VEV since the electromagnetic symmetry is
unbroken. The vector meson Vl is then the photon of the theory; its
mass remains zero to all orders since the symmetry remains unbroken.

We are left with the (g-1) dimensional reduced mass matrix ﬁz formed by
crossing out the first row and column. Its eigenvalues are the mass
squares of the remaining vector mesons. Therefore, the necessary and

sufficient spectral condition is detM?#0.

In the T language, the Ti<¢> are g-1 purely imaginary 2N dimensional

vectors. We can choose a set of g-1 orthonormal vectors ek(ei'ek=6ik)
such that
~ % g-1
<Ti¢>=12aikek
j=1

If the Ti<¢> are linearly independent, det a+0; otherwise deta=0. Then
M2 =-g2<T_¢><T, ¢>=g2(aa")
ij i 3j ij

Therefore detMZ%O is equivalent to deta+0 and the g-1 vectors Ti<¢>
are linearly independent. More generally, given any basis with repre-
sentation matrices Xi(X=GTG_l, G non-singular) detM?3#0 if and only if

V5=Xj<¢> are g-1 linearly independent vectors.

Beginning for simplicity, with a Higgs multiplet belonging to an
irreducible representation with highest weight ;, we give a geometric
construction for determining the number of massive vector mesons (or
linearly independent Vj) in the theory for any Q. The construction is
only easily done for low rank groups, but the same method can be applied

algebraically for all groups.
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In the 2 dimensional weight space, operate on the highest weight
m by all the transformations of the Weyl group to form the envelope of
the representation, the polyhedron formed with the highest weight and
its equivalents as vertices. All other points in the representation
are obtained by displacing the highest weight and its equivalents by
any sum of root vectors which remains within or on the envelope. The
multiplicity of a weight point (number of representation elements with
the same weight) is given iteratively by Cartan.5 After constructing
the weight diagram of a representation, its adjoint is simply obtained

by reflection through the origin in the weight space.

Any 2-1 dimensional hyperplane through the origin defines a plane
Q=0. Mark with an x all points on the plane Q=0. For each root vector,
put a box around any point which any xed point connects to with that
root. For each of the (&-1) central operators Hi (eliminating Q) put
a box around any xed point which is not in the plane Hi=0. If this
procedure can be followed such that no point is boxed twice, then since
each point in the weight diagram is linearly independent there will be
g-1 massive vector mesons and one massless one. If there is no boxing
procedure which gives g-1 independent boxed points, the maximum number
of such points is the number of massive vector mesons.(see Figure 2 for
some examples). There may be accidental degeneracies such that in fact
the number of massive particles is smaller for a particular choice of

VEV's. However, some choice of VEV will give the maximum number.

For any group, we can define the notion of classes of represen-
tations. Two representations are in the same class if the weight points
of one representation are connectible to the weight points of the other
by sums of root vectors. There will be a finite number of such classes.
If two representations are in the same class, the points of the repre-
sentation with smaller highest weight are interior points of the higher
representation. Therefore if for some Q, the mass spectrum is correct
for the lower representation, then it automatically works for all higher
representations in the same class. This greatly reduces the amount of
work involved in finding which Higgs representations will do the job

for any group.
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Note that the procedure can be used to determine which vector
mesons are heavy and which superheavy for various assignments of VEV.
For example, if one point has VEV much larger than any of the others,
then those vector mesons corresponding to operators which connect this
point to another point in the representation will be superheavy. This
method is easily extended to several Higgs multiplets if we include all

representation and adjoint points in the weight space and proceed as

before.

IV. "Examples: SU(3) and SU(3) x U(1)

As examples, we show how our method can be applied to all repre-

sentations of SU(3) and SU(3) x U(1).

The root vectors of the group SU(3) age the vectors e, - ej, i, j =
1,2,3,1 + j. All roots lie in the plane in = 0 and the group is of
dimension 8 and rank 2. Any representati%ilcan be defined by the Young

tableau (fl, f2); it is a tensor of rank f 6 + f2 whose highest weight is

1
1/3(2f1 - fz, --fl + 2f2, —fl - fz). The Weyl group is the gr<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>