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Introduction

All of the work presented in this thesis!!™

evolved fraom the initial
idea that strings, if they are to make sense, ought to exist in four spacetime
dimensions. At the time that it was formulated, back in mid-1985, such an
idea was thought to be impossible. There were only five string theories that

[¢-9] and each of these had a critical

were known to be fully consistent,
dimension of 10. The bosonic (or Veneziano) string has to live in 26
spacetime dimensions, or else a breakdown of Lorentz invariance occurs. But
it is not a fully consistent theory because it contains a tachyon (a particle
with negative mass squared) in its spectrum[sHO] and its amplitudes have
infinities. The open (type I) as well as the closed (type II) superstrings
introduce supersymmetry into the theory, and this reduces the critical
dimension from 26 down to 10. The type I superstring is N=1 supersymmetric,
whereas the type II string is N=2. The EgxEg and Spin(sz)/z2 heterotic
strings' 104 are hybrids (or heteroses) of the 10-dimensional superstring and
compactified versions of the 26-dimensional bosonic string, and they too have
ten as their critical number of dimensions. All of these theories have very
appealing features in their critical number of dimensions, and the hope was to
maintain as many of these features as possible while reducing the spacetime
dimension down to what we know it must be on the everyday scale of events -
namely four.

The most attractive feature that all of these theories share is that they

are only consistent if they include spin-2 particles, or gravitons, in their



interactions. Strings can occur in either of two configurations, open or
closed. Open strings are free at the ends, while closed strings are joined at
the ends and form loops. The interactions of open strings consists of their
splitting and joining and necessarily involves the formation of closed strings
when the two exds of an open string join together. Thus open string theories
always include closed strings; however, closed strings need not contain open
strings. It is in the massless sector of closed strings that gravitons arise,
and it follows that since all string theories include closed strings, they all
include gravity as well. This is what makes strings so compelling.

The Veneziano model was the first string theory to be worked out. It is
a theory of bosons only that exhibits the features of Regge trajectories,
crossing symmetry, and duality - things which themselves first led to the
investigation of dual resonance models and string theories. While the
Veneziano model (VM) is a modular invariant theory, it holds little interest
as a candidate for unifying all the fundamental forces between particles
because it contains a tachyon in its spectrum. Supersymmetric string
theories, on the other hand, do not contain tachyons - their lowest lying
states are massless and contain fermions in addition to bosons. Supersymmetry
also has the added advantage that it eliminates the "hierarchy problem" in
gauge theories which contain scalar particles (a Higgs sector). These
theories are said to be "unnatural" in themselves since they require the fine
tuning of parameters with an incredible accuracy. The only way to make such
theories natural again is by introducing a new symmetry to constrain the
parameters of the theory, and that is what supersymmetry does. By requiring
that there be equal numbers of bosons and fermions at each mass level, the
radiative corrections contributing to the hierarchy problem exactly cancel -

thus eliminating the problem. In the string theories as well, before any



field theory limits have been taken, supersymmetry causes the one-loop
cosmological constant to vanish identically, thus - assuming this holds to
higher orders as well - supersymmetry eliminates the divergences which plague
nonsupersymmetric string theories. Supersymmetry seems to be an essential
part of string theories, and all of the phenomenologically interesting models
are supersymmetric.

The most promising string theories appear to be the D=10 type I and type
II superstrings and the heterotic string. The type I superstring and
heterotic string were preferred back in 1985 because they could contain, in
addition to gravity, supersymmetric gauge theories large enough to contain the
standard model SU(3)xSU(2)xU(1l). This was acheived in one of two ways: for

[11) ethod of attaching charges to

the ends of the strings was used, while the heterotic string employed the
[12-14]

the open type I superstring the Chan-Paton
Frenkel-Kac-Segal (FKS) construction. The Chan-Paton method can be
used to introduce classical groups into the theory by associating matrices in
the fundamental representations of these groups with the external string
states of a given process. The closed string states which arise in type I
theories are singlets under the Chan-Paton charges. The FKS method, on the
other hand, distributes the charges along the length of a closed string by
compactifying some of the bosonic string coordinates in a way that introduces
a Kac-Moody algebra into the theory. The compactified coordinates are curled
up to form the maximal torus of the correspording Lie algebra, and the rank of
the gauge group equals the mmber of compactified internal coordinates, which
is 16 for the heterotic string. The group generators in this construction are
represented by the vertex operators of the interacting theory. For the

heterotic string, the consistency of the interactions does not allow for just



any rank 16 Lie group - only the choices EpxEg and spin(sz)/z2 give modular
invariant one-loop amplitudes.

The heterotic string, with massless gauge bosons having either E_XE, or

8 78
S0(32) symmetry, emerged on the scene in late 1984, only months after Green
and Schwarz had proved that in D=10 supersymmetric Yang-Mills theory coupled
to N=1 supergravity there were anomalies that only cancelled if the gauge
groups were either EgxE, or SO(82).[15] Precisely those gauge symmetries
singled out by the modular invariance of the interacting theory were the ones
which avoided the problem of anomalies. The type I superstring with Chan-
Paton gauge symmetry group SO(32) was also anomaly-free, but there the list
ended. The only consistent string theories which contained gauge groups in
ten dimensions were the EgxE, and spin(32)/7, heterotic strings and the S0(32)
type I superstring.

The type II superstring was still a fully consistent string theory, but
it had no gauge group in ten dimensions. It had also been demonstrated!:S!
that the chiral type II superstrj.;ag was also free of gravitational anomalies,
S0 in this respect it was on an equal footing with the SO(32) type I and
heterotic strings. However, it appeared that there was no way of introducing
a gauge group into the theory and that it was hopeless for phenomenology. It
had been proved for Kaluza-Klein theories, using index theorems, that one
cannot obtain chiral fermions in 4 dimensions starting from a 4+n dimensional

theory unless the higher dimensional theory already contained gauge

[16]

flelds. So as far as Kaluza-Klein theories are concerned, gauge fields

must be in the original theory - they cannot simply be introduced via the
compactification. Now type II theories are string theories, so it may be that
something inherently string-like allows one to get around this theorem. But

the fact still remains that type II superstrings have no gauge groups in ten



dimensions, anxd the only ways that were known in 1985 of introducing symmetry
into string theories did not work with type II strings. The Chan-Paton method
attaches charges onto the ends of open strings, but type II strings are closed
strings, so one can only obtain charge singlets. The FKS construction
introduces gauge symmetry via the campactification of the left-moving bosonic
side of the heterotic string, but the type II superstring is supersymmetric on
both sides.

There were, in addition to this, two no-go theorems circulating in 1985
wvhich had as their conclusions that it was impossible to incorporate
nonabelian gauge groups into type IT superstring theories via compactification
without breaking supersymmetry and generating large fermion masses. The first
of these by Friedan, Qiu, and Shenker“” approached the problem from the
point of view of superconformally invariant two-dimensional field

theories. [18-19]

Here the type II superstring gets broken up into Ramond
(fermionic) and Neveu-Schwarz (bosonic) sectors of a 2-dimensional conformal
field theory, and the supersymmetry is a symmetry of the 2-dimensional space
(the string worldsheet) rather than the 10-dimensional embedding space. The
superconformal algebra generated by the type II superstring has a central
charge &=10, and a compactification of the string theory corresponds to
replacing a chunk of the theory with &=6 by some other nontrivial
superconformal theory that also has 6=6. The original theory consists of ten
scalar fields (corresponding to the spacetime dimensions) and their
supersymmetric partners, which contribute a total &=10; whereas the
“compactified" string theory has 4 scalar fields and 4 fermions for &=4, but
there is in addition some other superconformal theory (or theories)

contributing the remaining &é=6. These constitute the most general

compactifications of type II superstrings. What Friedan, Qiu, and Shenker did



was to consider the most basic features of all of these theories, namely their
super-Virasoro and Kac-Moody algebras, and they claimed that the existence of
massless fermions (and hence unbroken supersymmetry) was incompatible with
having a nonabelian gauge algebra. Their conclusion was that nonabelian gauge
symmetry could not be introduced into type II models via compactification
without destroying all hope of obtaining phenomenologically viable models.

A second no-go theorem was put forth by Antoniadis, Bachas, Kounnas, and
¥indy which reached the same conclusion. [20] They too proposed the idea of
considering compactified strings as four-dimensional objects (that is as
superconformal field theories with scalar fields and fermions contributing
é=4) plus some additional conformal fields (contributing the remaining &=6).
In their case the additional fields consisted of free fermions, and they

[21] that these free fermions

showed, following the work of Goddard and Olive,
could be used to represent some interesting nonabelian gauge groups. However,
they showed as well that these nonabelian groups generated fermion masses and
thus could not be used in a realistic string model. Their proof relied on the
fact that the free fermions transformed in the adjoint representation of a
subgroup H of G, the nonabelian group, and that G/H had to be a symmetric
space. This later fact was shown to be inconsistent with having a massless
Ramond sector, and they too concluded that type II strings could not be
compactified in a way that introduces a nonabelian gauge group.

Since there was no way to introduce gauge symmetry into type II theories
by way of campactification, nor directly into the ten-dimensional theory & la
Chan-Paton, it appeared that, despite the fact that they were consistent, one-
loop finite, and anomaly-free, type II superstrings could not be made a
phenomenologically viable theory. In fact, in early 1987, when the first

textbook on superstrings came out - the two-volume set by Green, Schwarz, and


file:///ased

= 10 =

[4]

WVitten - this view of type II strings was apparent. In volume I, where the

type II superstring is first introduced, the authors conclude: "It has no
freedon to introduce a Yang-Mills group.” 2%

Heterotic strings already had a gauge group in ten dimensions - the
problem then became that of compactifying the extra six dimensions. By asking
vhat conditions had to be imposed to bring the EgxE, heterotic string from 10
down to 4 dimensions while maintaining N=1 supersymmetry, Candelas, Horowitz,
Strominger, and Witten'?®) had discovered that compactification on Calabi-Yau
manifolds worked well. A Calabi-Yau manifold is a Ricci-flat Kahler manifold
with three complex dimensions, SU(3) holonomy, and vanishing first Chern
class. VWhat Candelas et al. derived was a field theory limit in four
dimensions with E6 as a grand unifying group, N=1 supersymmetry and the
possibility of obtaining chiral fermions, and a whole host of possibilities
for constructing a unified theory of all the fundamental interactions. The
problem then becomes that of finding the right Calabi-Yau manifold out of
thousands of possibilities and of breaking the gauge symmetry down to
SU(3)xSU(2)xU(1) while obtaining three families of chiral fermions with the
right Yukawa couplings. The final word is not yet in on this approach - it
certainly has some excellent possibilities.

In principle, the Calabi-Yau compactification scheme could be used
directly on the ten-dimensional heterotic string to obtain a string theory in
four dimensions rather than just a field theory limit. But then one must face
the problem of describing string propagation on a camplicated background.
Cardelas et al. found that all the restrictions that arise from requiring that
the four—dimensional field theory has N=1 supersymmetry have counterparts in

terms of the string theory. However, a workable approach to dealing with all
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the inherently string-like aspects of Calabi-Yau compactifications does not
exist at present.

The situation then, as it stood about two years ago, for reducing string
theories down to four dimensions and obtaining something manageable (and still
a string theory - not a field theory limit) was that one could use either

[24] (281 ., compactify the
extra dimensions. None of these techniques have the simple economy of the FKS

orbifolds or simple U(l)6 toroidal compactifications
method, though. This consists of a nontrivial toroidal compactification, in
wvhich a torus is formed by putting the momenta on the root lattice of a Lie
group. It is relatively straightforward to deal with - plus it accomplishes
two things at once: it compactifies the spacetime at the same time that it
introduces gauge symmetry into the problem. However, as stated before, the
FKS method only works on bosonic strings. What was desired was a modification
of the FKS method that would allow it to be applied to ten-dimensional
superstrings. By starting with a ten-dimensional string and reducing it to
four dimensions, one would hope to obtain rank 6 groups, which would fit the
standard model a lot tighter than the rank 16 groups of the heterotic string.
lastly, what was desired most was simplicity. Heterotic strings compactified
on Calabi-Yau manifolds or orbifolds require two different internal spaces
working in conjunction. Would it not be preferable to start in ten dimensions
and use only the simplest compactification, and at the same time introduce a
gauge group of low rank? Such a string theory in four dimensions would be
more economical than any of the other models, which seem to provide too much

freedom and are overly complicated.

A first step in this direction was taken in ref. [1]. Here a new affine

Kac-Moody construction in terms of Neveu-Schwarz operators was used to
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compactify the Neveu-Schwarz bosonic string. The "old" superstring, or Neveu-

Schwarz-Ramond (NSR) spinning string, consists of two theories: the NS[%]

[27]

which is bosonic, and the R which is fermionic. The "new" Green-Schwarz

] is obtained from the old

spacetime supersymetric string, the superstring, |20
NSR string by projecting out certain of the NS and R states. The resulting
spectrum, as shown by Gliozzi, Scherk, and Olive (GSO), 29! is spacetime
supersymmetric - and the projections are known as GSO projections. The NS
string has a tachyon in its spectrum, but this can be eliminated by making a
GSO projection. Both the NS and R strings are constructed in terms of
worldsheet (two-dimensional) fermion operators as well as two-dimensional
scalars (the string coordinates, of which there are ten). The resulting
theory is supersymmetric on the worldsheet. This is the main difference
between the NSR string and the superstring - they are both equivalent
formulations of the same theory, but the NSR string is explicitly
supersymmetric on the two-dimensional worldsheet, whereas the superstring is
explicitly spacetime supersymmetric in ten dimensions.

In ref. [1], a hybrid closed string consisting of a right-moving
superstring and a left-moving NS bosonic string was constructed, and using the
new algebraic compactification we were able to introduce the gauge group
su(2)® into the theory. The result is a four-dimensional, Lorentz-invariant,
tachyon-free theory that at one loop is invariant under a subgroup of the
modular group. In four dimensions, the massless sector consists of N=4
supergravity coupled to N=4 supersynmetrio' Yang-Mills theory with the gauge
group SU(2)®. We thus found an analog of the FKS construction, which could be
used on Neveu-Schwarz strings.

The corresponding Ramond sector was considered in ref. [2]. By adding a
Ramond sector on the left crossed into the superstring on the right (RxSS) to
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the theory we already had, namely the NS crossed with the superstring (NSxSS),
we obtained the type II superstring in ten dimensions in a hybrid formulation
(NSRxSS) - the old formulation on the left, the new on the right. Our four-
dimensional theory was thus a compactification of the type II superstring -
and one that introduced a nonabelian gauge group SU(2)°. Actually, we did not
really have to add in the Ramond sector; it was already there. The modular
subgroup invariant amplitude of the NS string alone equals the fully modular
invariant amplitude of the NS plus R strings together. In this way we were
able to demonstrate that the compactified type II string was fully one-loop
modular invariant.

So what about the no-go theorems that said it was impossible to generate
nonabelian gauge groups by compactifying type II superstrings? These theorems
were not addressed in refs. [1,2] because they had no bearing on the way our
results were derived. Ve may still ask, though, why the no-go theorems do
not apply to the new model (as well as its fermionic generalizations). While
the details of these theorems stiJ_:L hold, the overall conclusions reached from
them were arrived at too hastily. The no-go theorems were circumvented
because the new campactifications of the type II superstring work differently
on the left- and on the right-moving sides - that is they are asymmetric
compactifications. The no-go theorems claimed that introducing nonabelian
symretry would generate massive fermions and would bresk supersymmetry. This
is true enough, but it is not enough to rule out type II superstrings
altogether. Type II strings are N=2 supersymmetric in ten dimensions. Using
a U(1)® toroidal compactification generates an N-8 supersymmetric string in
four dimensions. The new models, however, use a U(l)6 toroidal
compactification only on the right-moving side, the superstring side, whereas

the NS construction is used on the left side. The fermionic, or Ramond,
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sector on the left side does become massive, and the spacetime supersymmetry
is lost on the left side. But we still have a fully supersymmetric theory
vhere the supersymmetry is carried by the right-movers alone, and in four
dimensions we get N=4 supersymmetry, instead of N=8.

The main result of ref. [2], however, was that we were able to
generalize this method of incorporating nonabelian symmetry into compactified
string theories. By replacing the six compactified dimensions of the type II
superstring by free fermions, we were able to introduce any dimension 18 semi-
simple Lie group into the theory - so in addition to su(2)® ve could have
SU(4)xSU(2) or SO(5)xSU(3). The latter two gauge groups are of rank 4, which
exactly matches the rank of the standard model. This is a major departure
from the FKS system, in which the number of compactified dimensions always
equals the rank of the gauge group. Here we obtain gauge groups which are of
dimension three times the mumber of compactified coordinates (18=3x6).

From the point of view of superconformal field theories, these
compactifications can be viewed as four—-dimensional models because the &=6
part of the theory has been replaced by something other than string
coordinates - namely 18 free fermions, each contributing 6=%. But these
string theories still possess the same number of degrees of freedom as the
ten-dimensional theories because the total super-Virasoro central charge is
still &=10. Nonetheless, we will refer to them as "four-dimensional" strings.

In the past year or two, four-dimensional strings have become one of the

nore active fields of research within string theory. In a paper by

[301]

Narain, it was shown that the lattice FKS compactification used in the

heterotic string can be generalized to include even, self-dual, Lorentzian
lattices, and these can be used to compactify the heterotic string all the way

down to four dimensions. The resulting models are N=4 supersymmetric and
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carry rank 22 gauge algebras. Their physical interpretation is that by
combining the left and right momenta to give rise to an even, self-dual,

Lorentzian lattice, one is in effect switching on Wilson lines and anti-

symmetric tensor fields on the toroidally compactified string theory.wl]

[32]

A
whole new class of orbifolds, called asymmetric orbifolds, was developed
as well. These are theories in which the left-moving and right-moving degrees
of freedom live on different orbifolds. The starting point for these theories
is the Narain compactifications. It is these generalized lattices that are
rotated and shifted, but in such a way as to not mix up the left- and right-

[33] that

moving Hilbert spaces. It was shown by Dixon, Kaplunovsky, and Vafa
the models in ref. [2] can be reinterpreted as asymmetric orbifolds.
Furthermore, by twisting these models they found examples of N=1 theories with
chiral fermions based on the type II superstring. Two groups of

collaborators [34-35]

have developed an elaborate but very general formalism
for writing down modular-invariant, four-dimensional models. Their work was
based primarily on the heterotic string, but the techniques they developed can
be applied to type II strings and can incorporate our new symmetry groups as
well. [36]

In ref. (3] we developed a diagrammatic representation of this model-
building formalism. We simplified the approach and showed how the constraints
on constructing models which appear to satisfy higher-loop modular

invariance [37]

in fact follow from the requirements of unitarity at the tree
and one-loop levels. Since the real guide we have in the construction of
string theories at present is the requirement of unitarity, it is useful to
have a discussion based directly on it. The formalism can then be used to

investigate twisted models, which break the N=4 supersymmetry and produce
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chiral fermions in four dimensions. Also, our formalism applies equally well
to heterotic strings as well as type II superstrings.

The following five sections are organized as follows: sections I and III
contain background information on the operator formalism and on superconformal
algebras. Sections II, IV, and V contain original work and are comprised,

respectively, of refs. [1], [2], and [3].
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I. The Operator Formalism

String theory comes in many guises. The original formalism which grew
out of the old dual resonance theory is called the operator formalism. This
is a perturbative approach in which propagators and vertex operators are used
to constuact "diagrams" in the interacting theory. To lowest order one can
construct tree diagrams.

These are the diagrams which correspord to the original Veneziano amplitude.
Veneziano wrote down his amplitude as a guess of the form an amplitude should

have to display the properties of duality, crossing symmetry, and Regge

trajectories: [38]
_ T(a(s))T(—a(t))
AE:®) = "T(=a(s) - ) &1
where r(x) = f: ¥ e tat (1.2)

is the Euler gamma function, and a(s) is the Regge trajectory, having the

form:

a(s) = a(0) + a’'s. (1.3)
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s,t, and u are the Mandelstam variables

s = ~(p, + p?
t = =(p, + pg)° (I.4)
u= —(pl + ps)z.

The metric we are using is {—++:--+} and n® = —p2. The Mandelstam variables

abey the identity

s+t+u=2m§. (1.5)

The Veneziano amplitude, eq. (I.1), is explicitly symmetric in the s and t
channels. The parameters a(0) and a’ are known respectively as the Regge
intercept and the Regge slope.

Nambu showed that the Veneziano amplitude was the solution of a

relativistic string equation. o9

He wrote down an action as the area of the
worldsheet traced out as a string propagates through time. Then, following
the work of Goddard, Goldstone, Rehbi, and Thorn (GGRT), %0} it vas shown that
everything previously known about the factorized Veneziano model could be
derived from a first quantized Lagrangian describing a free string. They
found that it was possible to quantize the theory in two different ways - one
which is explicitly covariant but where the absence of ghosts must be proved
(called the covaiant gauge), the other where only physical oscillators appear
but where Lorentz invariance has to be proved. (called the light-cone gauge).
There are several other formulations of string theory as well. There is

[41]

the Polyakov approach in terms of path integrals as well as a second-

quantized string field theory. 61 String theory can also be formulated purely

[18-19]

in terms of two-dimensional conformal field theory. Most of the work
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presented in this thesis will be presented in the operator formalism in light-
cone gauge. This is the most physical picture. In some sections, however, I
will use the covariant picture, and much of the results on the new
representation of super-Virasoro and super-Kac-Moody generators in terms of
free fermions will be presented in conformal field theory language. 1In
section IV, I will discuss the N=2 superconformal algebra and an attempt that
I made to incorporate this into an extended super-Kac-Moody algebra.

String Perturbation Theory

Once the vertex operators V(k) and propagators A were identified in the
factorized N-point amplitudes, it became a staightforward prablem to calculate
string amplitudes. The tree diagrams can be represented as in the following
figure:

The amplitude then is

Apnea(12: W) = 1|V(2)AV(3)- - -AV(N-1) |N> (1.8)



and the problem of calculating amplitudes becames an algebraic one involving
the cammutation relations of the oscillators in the definitions of V(k) and A.

The next order in the perturbative expansion is the one-loop level. The
one-loop amplitude is obtained in an ad hoc mammer by sewing together a tree
diagram.

Q 3
1 4
Aloop(1234) = j dp tr(AV(1)AV(2)AV(3)AV(4)) .7

The integration is over the loop momentum and the trace is over all the
intermediate states. For closed strings, the loop propagating around on
itself is topologically a torus, anxd the amplitude is constrained in such a
way as to properly take into account the symmetries of the torus. This
involves the idea of modular invariance, which will be defined later. One can
g0 on to calculate higher-loop amplitudes in the operator formalism, but the
problem quickly becomes unmanageable. The two-loop amplitude must display all

the symmetries of a double donut. Here one is better off using the path
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integral formulation, where (at least in theory) one can calculate any higher-
loop diagram.

In section V, I will discuss the connection between one-loop modular
invariance and higher-loop modular invariance. There it will be shown that
the requirements of spacetime factorization for the vertices and one-loop
modular invariance guarantee higher-loop modular invariance in the context of

(3]

models built out of free fermion fields. A discussion of the connection

between modular invariance and unitarity will also be presented in section IT.

The Superstring

The Green-Schwarz superstring in the light-cone gauge can be derived from

the supersymmetrical a.otion[ﬂ

S—,[dodt(

o7 8, X K + 2= 5v %,9). (1.8)
The Xi(c,'c) are the transverse coordinates (i=1,...,8 in 10 dimensions) and
the SAa‘(c,'r) are their fermionic partners. A=1,2 are two-dimensional spinor
coordinates, while a=l,...,32 are the spinor coordinates in ten-dimensional
spacetime. The requirements that S be Majorana and Weyl reduce the 64 complex
camponents of S to 32 real components. The Weyl cordition is

w2 - o A not sumed (1.9)
ab 1 H\ab
where hA denotes the Weyl projections §(lfr11) and (Y")™ are spacetime Dirac
matrices in a Majorana representation.

The light-cone cordition for the string coordinates
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x'(o,1) = x + 20'pt (1.10)

as well as the constraint equations coming from the reparametrization

invariance of the action

9,X3.X =0 (1.11a)
9 X9 X +9X3X=0 (1.11b)

are used to eliminate the dependent variables X+, X in terms of the physical
light-cone coordinates X‘lL

Similarly, for the fermionic partners a light-cone condition is imposed
H3s _ o (1.12)

which further restricts SAa’ to 16 real components. The Dirac equation then

reduces the number of independent SAa‘ camponents to 8, which then matches the
mumber of bosonic degrees of freedom for the X. §is given by

52 - gTBb(y0yPa(0)BA (1.13)

(t®BA - vorldsheet Dirac matrices,

and the action is invariant under the supersymmetry transformations

st = "2 glg

8s = 1(pH) V2 Y_1, (53 (1.14)

The parameters ha are Majorana-Weyl spinors in 10 dimensions.



The equation of motion and boundary conditions for the Xi variables are
given by

2 2
e S CRI (1.15)

30 3T
and Xi(o,'t) = Xi('n,'t). (I.18)

the latter being for closed strings (the parameter ¢ is normalized to take the
values O to m); whereas for open strings the boundary conditions are

goaxi|o=o=£xi|0#n. (T.17)

The S variables satisfy the two-dimensional Dirac equation, which in terms of
its camponents may be written

( —Q)sla -0 (I.18)
(—a —)s = 0. (1.19)

For open superstrings the boundary conditions are

s'2(0,1) = §2(0,1) (I.20a)
Sla'(w,'t) = Sza(ﬂ,'r). (I.20b)

E[hisreqtnreﬁthatslaniszbothmustbeexpamaintermsofa.singlesetof
oscillators £

s -y sie -in(t-0) (I.21a)
n

§% -y Rgmin(mio), (I.21b)
n
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The closed-string bourndary conditions are
s%0,1) = (1 (I.22)

which lead to expansions in terms of two indeperdent oscillators (right-movers

anl left-movers)
B -2in(t-0)
n

B B

2a

sag-2in(5+)

n (I.23)

For Xi with closed-string boundary conditions, the normal-mode expansion

is
X (o,1) = x- + pi’[ + % ) %(ai‘le_zin('t'c) + die_zj‘n('tm)). (I.24)
n+0
Canonical quantization gives
i j A ij
logopd =[G .61 = D&, S
isd7_
[an,am] =0
& + ab
i
[am,§] =0
{82,5°} = 0 (I.25)

The physical on-mass-shell states are given by

Loa? - x (1.26)



where N = ): (o a +§—s Y5, (1.27)

and the left-right constraint is given by N=N, where N is as in eq. (I.27),
but with ai and S replaced by & a.nd S This constraint says that the

energy is carried equally by the left-movers and right-movers.

The NSR String

The Green-Schwarz formalism is the "new" superstring formalism which is
explicitly spacetime supersymmetric. The "old" NSR formalism 20 27) ig
explicitly supersymmetric on the worldsheet and is given in terms of

worldsheet fermions bl and d+

rather than the spacetime fermions s*. The
string coordinates X= are the same as before, but now they are treated as
worldsheet scalars, and their fermionic partners are either NS b-operators,
which are anti-periodic in the closed string theory, or R d-operators, which
are periodic. The NS oscillators are half-integrally moded and in the

quantized theory obey

whpdy -5 s (I.28)
vH(0,1) = -b(m, 1),
while the R oscillators are integrally moded:
{dril,dg} =8, _maij (I.29)
i

a1

1
ol
an)
H
A
v/



In the ten-dimensional spacetime, the b operators are bosonic, while the d
operators are fermionic. This may be seen from the fact that the d operators
have zero modes which form a Clifford algebra.

For the bosonic sector the mass operator is

(o] N o] .
a’mz =N = 2 Q_J_'nai + 2 I'birbi: - % . (I-SO)
n=1 r=1/2

Thus the NS theory has a tachyon in its spectrum, and its massless states are

vector states bi'1|0>. The lowest level of the R sector is at the massless
2
level and is a spinor state.

The supersymmetric spectrum of the superstring is regained when the NS
and R theories are cambined into one theory and the GSO-projections are made
on the states. These eliminate the tachyon from the spectrum, impose
Ma jorana-Weyl conditions on the fermionic states, and lead to a spacetime
supersymmetric theory.

In both the Green-Schwarz and the NSR formalism in light-cone gauge, the
Lorentz invariance of the theory must be checked explicitly. In the canonical
formulation the Lorentz generators can be found in terms of the oscillators of
the theory - and the index i that counts the number of spacetime dimensions is
treated as a free parameter. It is found that for the superstring to be

Lorentz invariant, the nmumber of dimensions must equal ten.
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Interactions and Modular Invariance

The simplest interacting theory is the open Veneziano model at the tree

level. The propagator is written as[7]

1
A=a I 2 ax (1.31)
o

ard the vertex operator for tachyon emission is

v, =g e K (1.32)
The 4-point tree amplitude
A(1234) = <0,p1|V(p2)AV(p3)|O,p4> (1.33)

reproduces the Veneziano amplitude, eq. (I.1).
For closed strings, the o-dependence of the string coordinates can be

incorporated into the propagators, which is then given by

zZ . (I.34)



At tree level, the integration is over the entire complex plane, while at one-
loop the integration region is fixed from the requirements of modular

invariance.

The one-loop, 4-point, closed string amplitude is calculated as

Al op(1254) = J ap tr(AF(LAFRAH(BAH(2)) (1.35)
where W) = :eik-X:

and X is as given in eq. (I.24). The problem then becomes that of tracing
over all the intermediate states and performing the loop integration. The
final answer can be written in terms of Jacobi theta functions when the dummy

variables ZyseerZy from the propagators are replaced by['”

In 2.2, -2
~ 1% "%1 ~
VI = oL I=1,2,3
_Inw
1=V ="om
W o= 2,2,Z:2,. (1.38)

In terms of these the loop amplitude can be written in the form

(1234) = J ( }31 d%v.) a1 (Im ) RA(v..,T) (I.37)
Aloop = o VI T T vI,'t . .

The amplitude A(\JI,T) involves the doubly-periodic Jacobi theta functions and
can be shown to be invariant under

vI—»v + 1



TVt T (1.38)

region

ZSRe v. S =, (1.39)

Since a closed string one-loop diagram is topologically a torus, we
should expect to see the symmetries of the torus reflected in the one-loop
amplitude. This is what we abserve in the v, variables in eq. (I.39) - they

are seen to live on a space which can be drawn as a parallelogram on which

the tops and sides are identified so as to form a torus. The restriction to
the region given by eq. (I.39) ensures that we only integrate over each torus
once.

The shape of the torus can be seen to be given by the complex parameter
T. Since wé only want to integrate over each torus once, we must restrict the
T integration to a fundamental region corresponding to inequivalent tori only.
The parallelogram drawn above can be thought of as the unit cell of a lattice
having 1 and T as its basis vectors. Then, the same lattice which i1s spanned

by 1 and T is also spamned by a new set of basis vectors where the new set is
obtained fram the old by a modular transformation 243!
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at + b
TS o (1.40)

with integers a,b,c,d such that ad - bc = 1. (The other basis vector 1 is
transformed to a new wvector 1’ as well, but the reparametrization invariance
is used to rescale it back to 1 again.) Thus any two tori connected by a
modular transformation are equivalent, and we will be integrating over the
same torus an infinite number of times unless we restrict the integration to
the fundamental region of the modular group

F: L <ReT <}

ImT >0

|t] > 1. (I.41)

It can be shown that the integrand A(vy,T) in eg. (I.37) is invariant
under the modular transformations, eq. (I.40), and with the integration region
restricted to the fundamental region F we obtain a well-defined result, [44]
which in the case of superstrings will be finite up to the correct poles and
cuts in agreement with unitarity.
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The FKS Construction

The Frenkel-Kac-Segal (FKS) construction' ? %) provides a natural way of
introducing internal symmetry into bosonic string theories which has been
successfully exploited in the heterotic string to provide string theories with
phenomenologically viable gauge groups. In the heterotic string the symmetry
is incorporated by using the FKS construction for 16 of the left-moving 26-
dimensional bosonic degrees of a closed string while the right-moving degrees
of freedom are those of the 10-dimensional superstring.

In the FKS construction the string is compactified by quantizing the
internal momenta on the even root lattice of a simply-laced Lie group G. The
vertex operators Vo(r,z) for the tachyon states are used to construct the
affine algebra G:

Vo(r,z) = :eZ:i:c-X(z):

- Rt + o

(I.42)

z (left-movers).

The affine G generators are the ozII1 and Xn(r), where T = the roots of G and

C
dz
% = 5w 9%

2" V (z,2). (I.43)

The c, are cocycle operators which are functions of the momentum. These
affine generators commute with the Lorentz generators, and the compactified
spectrum falls into representations of the Kac-Moody algebra. The rank of the
gauge group obtained equals the mumber of compactified dimensions. For the
heterotic string, the modular invariance of the interacting theory requires
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that the root lattice used in the compactification be that of an even, self-
dual, and simply-laced group. Such lattices only exist in multiples of 8
dimensions, and for 16 dimensions the only possibilities are for the groups
EgxEq and spin(az)/zz.

In the next section this construction in light-cone gauge will be
generalized so as to work for NS vertex operators. A fully modular invariant
model in four dimensions is then constructed, which correspords to the first
consistent compactification of type II superstrings involving a nonabelian

group.



II. The Su(2)® Model

In this section a new string model is presented. In ten dimensions, it
is a hybrid version of the type II superstring. An algebraic compactification
involving a new affine Kac-Moody constuction in terms of Neveu-Schwarz
operators is used to reduce the theory to four dimensions while incorporating
the symmetry group SU(2)6 into the model. The resulting theory is Lorentz-
invariant, tachyon-free, and fully modular invariant; the field content of the
massless sector is N=4 supergravity coupled to N=4 supersymmetric Yang-Mills
theory with the gauge group SU(2)®. The work in this section is contained in
ref. [1] axd part of ref. [2].

A Hybrid Type II Superstring

The model in ten dimensions consists of a closed oriemtable string whose
right-moving and left-moving degrees of freedom are the operators of the
Green-Schwarz superstring and the NSR spinning string, respectively. For the
moment, let us examine just the NS sector on the left side. This alone is a
bosonic string, but coupled to the superstring on the right it becomes N=1
supersymretric in 10 dimensions and N=4 in four dimensions. I will denote
this model as the NSxSS string. Later, we will lock at the Ramond string
crossed into the superstring — RxSS.

In light-cone gauge and in 4 dimensions, the transverse degrees of

freedom of the NSxSS theory are:
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Xi('t—c) pI(T—O‘) . 52@ 5 J‘.e—zin('t—o)

-
n

’ w'm

n

XI(T—C‘) =X + 2(!'1_31(1:—0‘) 4 5[:2@— ) 1 aIe—zi-n(T—O)
n=0

s?(1-0) = E s e—z:i_n('r—o)

n-o

i
Xl('t+c) 3 X ia P ('t+o) 4 _@1 2 i1_1 die—ain('tw)
5{1(1"'0) = i ’~I('[+O') + E 2 Ill dIe_zjﬂ(TW)
¢ o]
xi('t+o) -7 b; e—2:1.s(‘t+0).
S=-
Here a=1,...,3 i=1, ,8
i=1,2 I=1, 8
u=0,1,...,9
nez2
s e+ %

(IT.1a)

(IT.1b)

(IT.1c)

(IT.2a)

(II.2b)

(II.20)

(I1.3)

so that I denotes the 4-dimensional spacetime coordinates, while I labels the

compactified coordinates. Tildes are used to distinguish the left-moving

string coordinates.

Light-cone quantization gives the following nonzero commutation relations

for these physical modes:

[ai‘l,am'j] = [di,ﬁi] = n&n’_msij

1.3y ij
{bg,bo} = &, _ 8
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250 - (', (I1.4)
[xi,pj] = i&ij
17,571 = =551 - L. (II.5)

In ten dimensions the fermions are Majorana-Weyl spinors

habsg -0
(M2 = 0
ab _ 1
R = 3(+,)

Si - sg(y")ba. (II.6)

ab

(Yu)a.b are imaginary in the Majorana representation, Y° is anti-symmetric, Y
and Yg are symmetric, Yi1= 'Yo'Yl- . .Yg is real symmetric. The half-integrally
moded anti-caommuting operators b; describe bosons. The coordinate conditions

of light-cone gauge give the dependent operators and a constraint equation

X(0,1) = X' (o+1) + ¥'(o-1) = x' + 2a'pt

X (0,1) =X (o+1) + ¥ (0-1)
=20'p T + 32@ T [o e din(T-0) | g e An(T+0); (I1.7)
0 n n
where for n=0,
- 1 . 1 -
o = L a = (11.8)
n Jﬁ"p+ n n WP+ Ly
1 2 41 4. 1, n -
n=3 z_m[an—mam * §(m—§)sn—mY Sm] (I1.92)



IL-lya aely ¢ (st
n 2 nmm o 23 sbs (IT.9b)
N=—00 S=-o
P = __— L [a(p)+ 2a’( )2+2a’( )+ 2N + 2N - 1] (I1.10)
2a P
N=):(aa+—ns oY 5) (II1.11)
[} [}
P, R § i.i
N = nz—:l 6 G + 2_:1 sb_ b (I1.12)
B 2
The constraint between left and right movers is
lm? =N+ 8-+ GD? + DR (1I.13)

Compactification with a Nonabelian Group

The left and right momenta f:I and f)I reflect the degrees of freedom of
the internal momentum and winding number. [46] From the requirement of torus
compactification and in anticipation of the Neveu-Schwarz affine construction,
we set the size of the internal dimensions R equal to Ja’, and we take the
momenta in the compact dimensions to be quantized on the (self-dual)

hypercubic lattice 26 with basis vectors of unit length squared:

VT = 3 N | (II.14a)
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VT = T N (II.14b)

oG = si, NL are integers.

The gauge algebra is given in terms of the operators dg and Xo(r) - this
second operator will be defined below. These generators form a subalgebra of
the affine SU (2)6 constructed from Neveu-Schwarz operators. In order for the
gauge generators to commte with the Lorentz generators in the uncompactified
dimensions, the affine generators must be given in terms of a wvertex operator
of conformal spin one. (The total conformal spin of closed string vertex
operators must be equal to two, but for the moment we are just going to look
at the left-moving half). Therefore, in contrast with the Frenkel-Kac-Segal
(FKS) construction in terms of the tachyon vertex operator of the VM, we

define a new construction by using the tachyon operator of the NS model:

. air® o1
v(r,z) = L ¥ bg.'z._S RES (2),
S=—
I 2 .I-s
=r Y bz"V.(,2z) (I1.15)
S S o

where (rI)2 - 1 and the T are the Toots oOf SU(2)6. From eg. (II.2b) with
z = expl2i(t+0)],
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I I
2ir~ . 27 T
= © = X I.T
LeVRa’ X‘I(z): _ exp(rI y %ﬁfnzn) /T T ST
=1
(I‘IJZ
IR 1.I-n 2
-exp(-r~ ¥ 5 6.2 )z . (I1.18)
n=1
The affine generators are ﬁi and }%(r) where
°> (dz .n
Xn(r) = § 2 v(zr,2z). (I1.17)

This is well-defined when the integrand is a single-valued function of complex
z. Sinoer2=1a.ndsez+%, this requires that r-J/2a"p must be an integer,
vhich is true for all the eigenvalues vEI'P- € Z° (see eg. (II.14a)).

The affine Kac-Moody Lie algebra of su(2)® with k = 1, but level x = 2

(the level of a Kac-Moody algebra is defined in egq. (IV.13)) is:

[
o
S
H
H
';~
|
@)
o

(X, (x).X ()]
(%, (@), %, ()] O n,-m

L o
(a,.6.1 = D8, 8
[af,x ()] = r'%_,_(r). (I1.18)

[}
H
+
5

The root-dependent coefficients ¢, in eq. (II.17) are operator cocycles
which satisfy



cr|k> = e(z,k) |r+k>

e(r,r'+r"de(r’,r") = e(z, v e(r+r’,r") (I1.19)

vhere e€(r,k) = t1. The first equation in (II.19) insures the hermiticity

conditions X\ (r) = ¥__(-r) along vith &' = &', .

The SO(3,1) Lorentz generators are given as a subgroup of the ten-

dimensional Lorentz algebra. They are M*_, Mij, and Mii where

M=t
Mi+ _ 2i+

W8 oiy dalad-adah -1y olpl - plph
n=

o) s=1/2

® 11 3 3 ol 3-
-1 3 Jaled - el + 1 n;_;_ms g

wh™ = o3 ingl Lot or - o ab) - J?ﬁip+ s§1/éb G, - G_ b
8V2a"p
N
G, = 5 bé_mdi. (II.20)

M=—c
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The SO(3,1) generators commute with the SU(2)6 gauge generators dg and
Xo(r) since the NS vertex operator of eq. (II.15) has conformal spin 1.

(L, .v(r.2)]1 = z Ed (ZV(r,2z)) (I1.21a)
Gy, v(x,2)} = [L,,V (z,2)]
-z 3= @ (r,2)) (II.21b)
so that
[ §d—§ v(z,2)] = 0. (II.22)

The ten-dimensional supersymmetry charge is constructed from the right-

moving superstring operators as[7]

1 1 -1 -1
@ - 1@ pNP0,5 0% + (¥R T (s )%l (11.25)
n=—

and reduces to four Majorana-spinor supersymmetry generators in four
dimensions.

The physical spectrum consists of direct product states (| >RX| ’L) of

the Fock space of the right-moving superstring and the left-moving bosonic NS

string subject to eg. (II.12). The constraint eliminates the tachyon. At the

massless level there are four spin i% fermions |a>, so

| g = 18, 1D, oo

and I ’1, = b§l|0>, b{l|0>’ |EI>
Q Q
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where VBT'E" ave the twelve Toots of SU(2)° (with o’ (81)% = 1). e physical

massless states are

(g, IDg laog) x b o>
Q

which is the d=4, N=4 supergravity multiplet with spin content
(2,4(:2),6(x1),4(:3),2(0)) and

Utrg, |Dg. lasg) x {bfl|0>, &%)

2

which is the d=4, N=4 supersymmetric Yang-Mills multiplet with spin content
(1,4(3),6(0)) in the adjoint of SU(2)°.

Tree and One-Loop Amplitudes

To discuss the interacting string, we define the vertex operators for the
emission of the massless closed string states in the four-dimensional model.

This is done in analogy with the Virasoro-Shapiro (VS) tachyon vertex operator
m
v(k,z) = J do W(k,z,0)
)

which can be understood as the vertex for the emission of a ground state (zero

i
numberoperator)withmonmtmuﬁiandﬁieachequalto%.

V(k,z,0) = ¢ :eiki}g.(c"t): =g :ezjijii: :eaigigi:



where Xi(c,'r) = )—(i - Xi
X (1-0) = }éxi + a'pi('[—O') + 142@ xlz az'l e 2in(1-0)
n#0
etc.

Ve can now write the vertex operator for states with nonzero winding
number in a compactified closed string; the only difference between the VS
vertex and this oneistha.tthemomentailardEI for the internal coordinates

no longer need to be equal.[lo’%]

Also, the left-moving part is written in
the NSR formalism while the right-moving part is in terms of superstring

operators.

The vertex operator for the massless boson states |i>1_.{xb;j_1 |0>L is given
2

P T P
v(k*,z) = 111 e:j'J J do Wij(kl,z,o)
(o]
Wl 2,0) - g2 T of expl-gin(t-0)] + hERIE
&7z D =P 39‘ )

‘(‘*—J%r E ﬁg exp[-2in(t+0)] - éﬁis?rbj § expl-2i(s+r)(T+0)1)

-exp[ikixi(o,'t)]. (I1.24)
J I oI
For all states |1>R x b§l|0>L, 255 x b_l|0>L, ete., B =k =0.
2 2

Here R = I51-0) (¢ (1-0)



and from egs. (II.la) and (II.2a) xi(o,-r) = xi(T_c) + Xi("[-f-o'). The

polarizations and momenta are transverse:

EXSTRCLY B

e -xt -0 eto.

The vertex operators for the massless SU(2)6 “charged" vector bosons
|i>x|EJ> and scalars |I>X|EJ> are

1 s
vl z) - let j 4o W&l z.0)
(o]
where
W (&Y,z,0) = g(—&%" T ol expl-2in(t-0)] + BFRE) explix’xl(o, 1]
n

(89 3 b) expl-2is(1+0)]) :explRik’E (140)): o (II.25)
S
& - &)

and :exp(ziEIStI): is given in eg. (II.16) with rt = ZaE. The vertices of
eqs. (II.24) and (IT.25) corresponding to the gauge bosons transform in the
adjoint representation. The fermion vertex operators can be obtained from

these by supersymmetry. The propagator is derived fram the mass formula, eq.
(IT.13)

a’ 2 N+ a' (Pr)f - % + a' (@2 a‘.;.xz- 2
A=—J d%z z Pz Pz . (II.28)
C T D



The integration region D will be adjusted in the loop amplitudes to cover the
torus once.
The only nonvanishing three-point gauge coupling is for the amplitude

- T

involving one neutral state |1>R><.b_l |0, and two charged states |i>Rx|EJ>L
2
In tree approximation, from eq. (II.24)

I, & K. f.1cL B oK 11 1L
A (kl,ﬁl,kz,ks,ﬁs) = <€y 3k, El w€2J doWiI( 1,0) Ies’kS’ES’
I 'E
- gelieYel ¢ & [Geyk MeVC + (g )V + ek )%6™]  (1z.27)
Tk k5 1
with f - & 5 , - B (I1.27) is the stendard Yarg-¥ills three-
1’73

point coupling for the gauge group SU(2)6, and it proves that the affine
algebraic compactification gives rise to standard interacting nonabelian gauge
bosons.

The tree amplitude for four external charged vectors from eg. (II.25) is
— 6. .o i 3y :
0o(1234) = €5k | egwl(kz,l,O)AceSW (k5,1,0) |y sk,>

o1 TCha's - a's) I(ga't - «'T) TI(fa'n - a'D)
B 1 1 i
I(za's + 1) T(za't + 1) T(za'u + 1)
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20k, -
1 E3€(2,8+4)e(8,4) (II.29)

where e = (-1)
is formed from the operator cocycles evaluated on the states, and K is the
superstring kinematic factor given by Schwarz in eq. (4.24) of ref. [7].

The Mandelstam variables are

s = —(ki‘ + kz)2 t = —(ki + k.‘iz')2 = —(k{ + k%)z
S - (B +E)D? T - +ED7 U~ (R + B)P (1I.30)
and s+t+u=0

a’'(S+T+10U) = -

The allowed values of a’'S, etc. are 0,-1,-2, so eg. (II.28), which is totally
symmetric under the interchange of any two externmal particles, has no tachyon
pole.

Finally, we briefly outline our calculation of the one-loop amplitudes.

For external charged vector mesons, using eg. (II.25), we get:

A op(1254) = eledeel I dp tr (AN (WA N8 WE@)A (@)

R
s e
(—g K & (2m® | %t Hdzv MD?2 1 &) T9
) 160’ 2 J J M 1sTJsa 9
X
_ oa
-exp(imT) £fle*™T8 (¥ E?‘ 00 ¢o(exp(-2mit))®

IJ

i i
'[(Ejl'gz)( Do - (Ejﬁs)(ﬁzﬁi)xdh + (E".LLE )(Ezgs) aKeg)  (TT.BD)
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where €

€(1,2+3+4+p)e(2,3+4+p)e(3,4+p)e(4,p)

€(2,3+4)e(3,4)

f(w = exp(-2mi1)) = - -
n=1

8, (v|T
. =im,- 2 1
Yo = 2m exp[——(V_ )] -
2
-m(Im v ) |6, (v |T)
Jl 1Y 'JI
X = 2T exp( 7
17 Im T 6;(0lt)
Vo1~ Vg~ V1

1
8,61 = ROE(W) sinmy T (1 - 27Poosemy + W)

n=1
4 -
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s=1/2
-s P
N © Gy + (w/cJI)
XJ'.[ = ¥
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C =€ . (I1.32)

The integrand of eq. (II.31) is invariant under v._-v._+l, v_-v._+T and

I'I IT
under the subgroup of modular transformations generated by T-T+2 and t—»‘%,

The other four-point external boson one-loop amplitudes can be calculated and
can be shown to have the same theta subgroup of modular symmetry. The
fundamental region for this theta subgroup is taken as:

FSM: -1 <cReT <1
ImTt >0

lt] > 1. (1I.33)

A Massive Ramond Sector

Now we want to look at the RxSS sector and merge this with the NSxSS model to
form a fully modular invariant, four-dimensional NSRxSS model, which is a
compactified version of the type II superstring.

In the Ramond sector, the two-dimensional, left-moving worldsheet
fermions are integrally moded

al(r0) = ; di g ST

nN=-o

(II.34)

and the oscillators obey the anti-commutation relations

a.al) - s, s, (11.35)
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The zero modes thus form a Clifford algebra, and this corresponds to the fact
that the Ramond ground state is a spacetime spinor.

The RxSS sector which is needed to give us a fully modular-invariant
theory is one in which the internal momenta live on a shifted lattice - that
is the RxSS fermionic string is coampactified on a (Z%)6 lattice. The allowed

internal mamenta for this sector cannot be zero and are given by

R = L@ D (11.368)
SR = E o+ D (II.36b)

These shifted momenta correspond to a twisted boundary condition on the
internal coordinates, i.e.

XL (0=0) = X(o=m) + V3&" T NLaIIJn + 3 %11. (IT.37)
L

The lowest mass state in this sector is

ﬁIﬁ:{ iﬁIleI
e {|£og, |Tog, larg)l xe {lary} (I1.38)
1R
with a'm, = 3

1 1
5.”"’2)'

since the lowest momentum is VBI'py = ( The left-right constraint

for this sector is



N+ cz’(ﬁI)2 =N+ a'(ﬁ:[)2 (I1.39)
and the mass operator is
%a’mi =N+N+ cx’(fJI)2 a'(f)I)2 (I1.40)
= edl i l= -
where N = n);‘,l(a_nan + 308 Y Sp) (II1.41a)
(] [+ ]
= ~i ~i i i
N= Yo a + rnd 4. (II.41b)
nop DR 5 nn

The propagator for the RxSS string is given by

.2
_ = ap
2 K+ a' (PN + a'(f’I)zlz] 2 -2

- _l _
Ac— 21TJ'Ddzz z (I1.42)

and the vertex operator for the emission of charged vector bosons |1».x (k%

from a fermion line in the compactified (massive) RxSS sector is given by: 4%

ﬁi(kj,z,o) = g(ﬁ} ¥ ai'l exp[-2in(t-0)] + ]é'kERm] exp[ikixi(o,'t)]
n

rat ot
; n=1
w®yd 4 NP> d.g o Rin(t+0), Tg(-1)
n+#0
1 . e2:LkIXI(T+G):

N Cye - (I1.43)
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The Ramond sector projection operator is

© .
ralal + 20’ G + 2a' DR
-1

P_ 412 8,
(-1)" =24 .--d; (-1) . (I1.44)

The projection (-1 )f’ = 1 indicates that the left-moving Ramond fermions are
Majorana-Weyl. This projection will not actually contribute to the 4-point,
one-loop amplitude for the scattering of charged vector bosons, but it is
required for the full unitarity of the one-loop amplitudes in the RxSS sector.

Rather than inserting this sector into the theory by hand, calculating
one-loop amplitudes, and showing that the combined (NS+R)xSS theory is fully
modular invariant, I will instead show that the full theory is contained in
the NS sector alone. That is, I will show that the modular subgroup invariant
amplitude of the NSxSS sector is equal to the amplitude of the complete
(NS+R)xSS sector with the integration over the fundamental region of the full
modular group and with the Ramond sector internal momenta defined on the
shifted lattice. Let me rewrite the one-loop amplitude for the NSxSS sector

alone:

Aloop(1254) eiegegei I dp tr (ACWi(l)ACWj(2)ACWR(8)ACWI(4))

= (g—,lrg)‘1 : s K¢€ (em® J &21(Im (D) (II.45)
16a’ Fey



wvhere FSM is the fundamental region of the theta subgroup of the modular group
defined in eg. (II.33), the W 's are defined in eg. (II.33), and

2 1
g(r)=J32 k%‘

md®y, I @ 2
M=1 ISI<JS4.
2al
£ IIIJ(YIJ) E?KJ aq ot@®
tEeh@EEh ) - Eakehel x + @Esbhakhel x| e

The statement then is that thz2 integration over the modular subgroup region

can be rewritten as an integration over the full modular group fundamental
region F:

j &1 (In ) %(1) = J a®t (Im D*g(0) + g(1+1) +g(HD] . (I1.47)
F F
SM

Using the transformation properties of the Jacobi theta functions, 270 we
can calculate the two new terms g(t+l) ard g(—%ﬂ).

R
3
g(T+l) =j Tda%, T L?k £
M=1 ].SI<J<4.
-1
Z ® , r=I\2 s r=I\2
I- 2% 1 S 3 W& (P17 ()2’ (P17
s=1/2 \/ﬁfi—):[ e 26
K
2’ 4 1n
T (v, s P (et if - 3 oM i 1y @
I«J \/2&751 & 26 M—l In w

L
tEEp @by - @EEDEEDEE « eehakhyl 2 aree
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gy - [ maty ) £(#)
M=1 1sT<«J4

" L =I\2
R s r e
n-1 =T 1.6
J2apT € (2472)
K
2a’ 4 1n
I (¥r;) EEEJ ) exp(alnw[p—z ZL_IQM]

g - Wi oy oz
The functions X', &, and i}_[ are

JI’ "Jl

® oo + (&/an)s

X+ _ Jdl
I s12 1+
6,(v k3]
- 21 5,00|D) §,(0]1) =L — (II.50a)
6, (v lD
g o3 - (/oS
I g2 1-%F
8,7 |D)
= 1 8,(0|1) §,(0]D) :—Jl—-— (II.50b)
6, vyl
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-n - = N
& o C +(W/C )
-y f B
=1 1+ W
_ 6, (v—|D
= 11 8,(0|1) §,(0D) £ JL (II.50c)
el(vJI['r)

Ve can now identify the contribution coming from the first two terms on

the right of eq. (II.47) as that of a projected NSxSS string:

P .
IF &®t (m 12 EX +22(T+1)) - (constant) J dp tr (l—i—é:ll-)Abwl(l)

(1 + 2! -1 L)Acwj(z) [l_LéiL)ACWR(S) (1_+%:D__)ACWI(4) (II.51)

(o]
where P = T B b -1+20'GD?+ 2 GHA (II.52)
s=1/2

Therefore g(t) + g(t+l) is a projection onto states with (—l)P = 1. This
projection in fact does not eliminate any states from the original NSxSS
spectrum since (-1)P = 1 is automatically satisfied by the left-right
constraint in eg. (II.12).

Similarly, the last term in eg. (II. 47) can be identified as coming from
a massive Ramond sector. The shifted momentum lattice can be seen explictly
in eg. (II.49). For g(_,1?+1) we thus get:



g(+1)

5
T ) - —(constant) Idp tr (A7 Fha)

J d%t (Im )72 |
F

P P B
.(1 + 25—12 )Eo“ij(z)(l + 2§—12 ]Zcﬁﬁ(s)(l_%i)zcwi(4) (II.53)

where ZC, Wi and (—1)§ were defined in egs. (IT.42-44).

The original amplitude thus corresponds to a fully modular-invariant
string theory. In ten dimensions it is the type II superstring. In four
dimensions it carries the gauge group SU(2)6. The left-moving Ramond sector
becomes massive, but the full theory is still N=4 supersymmetric in four
dimensions because the right-moving supersymmetry remains unbroken. This
theory was the first example of a compactified type IT superstring theory that
is fully modular invariant and that incorporates a nonabelian gauge group. In
section IV this theory will be generalized so as to include rank 4 realistic

gauge groups large enough to contain the gauge group of the standard model.
Unitarity

Ve can now verify the unitarity of the theory. We do this by calculating
the imaginary part of eq. (II.45) and showing that it is equal to a product of
tree amplitudes. Since eg. (II.45) can be expressed as the sum of egs.
(II.51) and (II.53), the discontimuity can be calculated in the standard way
using the Cutkosky pr%cription[‘la_49] of replacing propagators with delta
functions, and we find that the imaginary part of eg. (II.45) is an infinite
sum of theta step functions, multiplied by tree amplitudes, with thresholds


file:///mitarity

- B —

given by the free particle spectrum of the compactified NSxSS and RxSS
sectors.

The fact that the amplitude has been rewritten in a form that is modular
invariant simplifies the calculation because the contribution to the imaginary

[50]

part of the amplitude comes from the region Im T - o, while if we had

tried to verify unitarity for the NS theory alone we would have had to
consider the additional contributions coming from the cusps at |t] =1, Re T =
0 in the fundamental region of the theta subgroup. These additional
contributions correspord in the transformed picture to the projected NS and R

sectors.



ITT. Superconformal Invariance

In the operator formalism, the reparametrization invariance of the Nambu
action permits us to choose a particular gauge, called the orthonormal gauge,

vhich leads to a simplified equation of motion for the string. [<0] The
orthonormal gauge is obtained by imposing the two constraints:
BOX-BTX =0 (I11.1)
9,X8,X + 3, X-3,X = 0. (III.2)

The Virasoro operators are formed fraom the Fourier components of the left-hand
sides of these equations, and we find that classically the Ln operators must

vanish
-
L - J eim(aTx + acx)zdo. (ITI.3)
-

For the supersymmetric theory, we may similarly take the Fourier modes of
the supersymmetry current to obtain the super-Virasoro GS operators in the
case of NS boundary conditions or the Fm operators in the case of R boundary
conditions. For the NS case, the I_.n and Gs operators form a closed algebra

called the super-Virasoro algebra

(L, ) = (omL, + gn(nz—l)sn’_m (III.4a)

n
[L,.Gg) = (580G, ¢ (I1I.4b)
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A

_ Crpl_1
{Gr,GS}—ZLI_ + 2(z 4)8

e ¥ T r s (III.4c)

In light-cone gauge, these operators are defined in terms of the string

oscillators

L =1 % of b+l y (et p (III.5)
n 2 n-mm 2 2 n—sb s :
M=—c0 S=—w
g i
Gy= I opb, (1II.6)
nN=—c
=1,2, ,D-2

and the closure of the Lorentz algebra requires that the central charge & take
tha value

»
]

D2=28 (in light-cone gauge).

All of this follows from the Nambu action with the orthonormal
constraints, egs. (III.1) and (III.2). This is not the most general action,
however. Following the work of Polyakov, we can write down an action that

includes the worldsheet metric h™® and a gravitino field x, :l%1+%]

A
s == J d% e[haeaaﬁ*a - iV % v
n Bxu a'u
= +B,0Q, 1- B
+ 2X T UWRK + 50 M TEX ] (III1.7)
where e=Jh
h = det haB
mn
haB - nmeaes

eg = vielbein fields



= B =

U = 2-dimensional Dirac matrices
wu = NS fermions.

This action is invariant under local supersymmetry and reparametrizations. So
instead of arbitrarily postulating the super-Virasoro constraints, we can
derive them directly from the action, and in this way the theory is elevated
to the level of a gauge theory. The super-Virasoro constraints arise in this
picture by gauge fixing a two—dimensional Lagrangian with local supersymmetry
and general coordinate covariance.

The energy-momentum tensor and supercurrent are obtained from the action

by
o188
'I’aB = 2rr—‘/E —ah“B (III.8a)
_-m &S
Iy = 3¢ o (III.8b)

vhich are evaluated in the gauge €] = &, and X, = O.

The energy-momentum tensor derived in this way is traceless, and its
conservation equation can be used to show that its components are purely
analytic or anti-analytic functions. In this way we find that Tae generates
conformal transformations on the complex plane associated with the worldsheet,
and that the string theory can be reformulated as a 2-dimensional conformal
field theory. Finally, we obtain a supersymmetric extension, or

superconformal theory, by including the supercurrent in the

algebra,. [51-52,18-19]
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Conformal Field Theory

Conformal symmetry is the symmetry of conformal mappings of the two-

[4,18]

dimensional plane. The mapping of the worldsheet coordinates into the

complex plane is accomplished by
z = exp(t+io). (IT1.9)

Lines of constant T are mapped into circles on the z-plane, and time ordering
is replaced by radial ordering. In terms of the z-coordinates the metric is
given by

€2z = % €, =8z =0 - (III.10)

T_=0 (III.11)

and the conservation equation is

8;T,, + 9,T-, = 0. (ITI.12)
These then imply
8;T,, = O. (III.13)

Thus, T(z) = T,, 1S an analytic function, while T(z) = T is anti-analytic.
It can be shown that T(z) generates conformal transformations.

Infinitesimally, such a transformation is given by



z -+ 2z + e(z) (I11.14)
and is generated by

T, - § % e(2)T(2) (III.15)

where the contour is around the origin. In a quantum theory, the
transformation (III.14) on a field is implemented by taking the commutator of
the field with Te' For example, suppose we would like to know how a field
¢(z) transforms. We would have to take the equal-time commutator of ¢(z')
with T(z), which is defined as the difference of two correlation functions in
which the operator T, has been displaced slightly forward and baclkwvard in time
(that is, radially from the origin). The commutator of the Fourier components
may be obtained by taking a second contour integral with respect to the z’
variable. The difference of the two double contours may then be deformed into

a single integral of z about z' followed by the integral of z' around the

origin:

§ 95 1100211 = [iF dz' 3( gz _ § dz_ § L 1e(2)T(2)0(z")

(o} (o} (o} (0]
z>2' z'>2
dz’ dz '
= §om §Z'—ﬁ e(Zz)T(2)e(z'). (III.15)

On the right-hand side, the operator product T(z)¢(z’') is understood to be
radially ordered. Because the contour for z encircles z', the only

contributions are going to come from the singular terms in T(z)$(z') as z-z'.
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Thus, the operator product expansion (OPE) of T(z)¢(z’') will contain all of
the same information as the commtator, and hence we need only study the OPE’'s

from this point on.

Operator Product Expansions

If the operators T(z) and ¢(z') are given as normal-ordered products of
fields, then finding the singular terms of the time-ordered product T(z)¢(z'),
which is defined as the operator product expansion (OPE) (or Wilson

expansion), amounts to nothing more than keeping the singular terms of the

Vick contraction of T(z)¢(z’') as z-z' .[18]

For example, consider the case where the energy-momentum tensor is given
in terms of fields of conformal spin 1:

i

T(z) = o (2)ot(2) (ITI.18)

and let us find the OPE of this with itself. The 2-point correlation function

for the o(z) fields is

: i
ol - 8

. (TIT.17)
(z—z’)2

The OPE then consists of the singular terms in the Wick contraction of
T(z)T(z’):
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| ] i
T(2)T(z’) = ‘li ai(z)ai(z)aj(z’)aj(z')

L]

i s ij

1
=z -
“ (z—z')2 (z-z')? (z—z’)2

Expand ai(z) in a Taylor series
ai(z) = ai(z’) + az,ai(z')(z—z’) + ..

ard use stdstd - D, to get

D
Py ’ a /T(ZI)
2 + 2r(z’) + -2

T(2)T(z') = .
(zz)% (zz)? (FE)

Defining the Fourier modes of T(z) as

e

d= n+2
s § = T(Z) 2

1
mi
we get

1 (dz’ _m2 1 [dz _n+2 ,
[Ln,Lm] = — § =z § z 2 T(z)T(z’)

g ai(z)aj(z’).

(ITI.18)

(ITI.19)

(III.20)

(ITI.21)



D
oy 1 a IT(ZI)
[Ln’Lm] _A §3 ;ptl 1 %i Sl 2 L) Tz 1
2Tl i (Z—Z')é' (Z—Z')z (Z_Z )

S SN Qi Z,m+1[Mg—_1_z D, m=2 (n+1)2z'Pr(z")
omi 3:2 2

,n+l

+ 2z az,T(z’)]

= = § dz’ [n(nz—l)l—gz'm"'n_l + (2n+2—n—m—2)z’m+n+1T(z')]

emi

D 2
En(n _1)8n,—m + (o-mL, o (III.22)

which is the Virasoro algebra of a bosonic string theory with c=D.

Super-Virasoro Algebras

The Virasoro algebra may be extended to a supersymmetric algebra by
including the supercurrent G(z) (in the NS case). The corresponding string
theory is then the spinning string, and T(z) and G(z) may be defined in terms
of bosonic o' (z) fields and anti-commuting fermionic fields b (z):

(z) = Zo'(2)a (2) + 33,6 (2)b"(2)

2
G(z) = a"L

(Z)bi(z) (ITI.23)

where in addition to eg. (ITI.17) we also have



Brz)bdz)>
«@zpdz)> =

I
=

(III.24)

Calculating the OPE's and using
3
1 D5

G, = zrp } d—g z 2 G(z) (III.25)

we get
[Ln’I‘in] = (n—m)Ln+m + gn(nz—l)sn

n
[Ln’GS] = (§_S)Gn+s

D, 21
{Gr’Gs} Lpg + §(r _Z)S

»— I

s (III.26)

which is the same as in eq. (III.4) with 6=D=§c. (& is the super-Virasoro

charge, while c is the central charge of a nonsupersymmetric Virasoro algebra.
Each is normalized to take one unit for each dimension in their respective
theories.)

The idea behind four-dimensional string theories is that the super-
Virasoro operators T(z) and G(z) with &D=10 may be replaced by a sum of two
terms:

T(2) = T(z) + T. .(2)
D-10 pa 1807 asg

G(z) = G(2) + G, . (2) . (III.27)
D-10 D¢ 18 7 |ss

The first term on the right correspords to a critical dimension D=4, and hence
the name "four-dimensional strings," while the remaining terms carry the left-
over &=6, which must be included because the full theory still requires that
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6tota.l=10' In principle, the intermal operators Tint(z) and Gint(Z) can be
represented by any consistent conformal field theory which has the right
central charge, but clearly it is preferable to work with fields that can be
defined in a Iagrangian and make physical sense. In the next chapter, I will
discuss some four-dimensional string models that use free worldsheet fermions
to define the internal operators T, ,(z) and G; +(z). In addition to reducing
the spacetime dimension to four, it will be shown that the free fermions can
be used to represent a Kac-Moody algebra, and in this way we will introduce
gauge symmetry into the theory.



IV. Four-Dimensional Superstrings

In this section a new method of incorporating symmetry into superstring
theory is used to compactify type II superstrings to four dimensions giving

rise to dimension-18, semi-simple Lie groups.[Z]

There are only three such
groups: SU(2)®, SU(3)xSO(5), and SU(4)xSU(2) - the last two contain the
standard gauge group.

¥hen the FKS construction is used to incorporate a symmetry algebra G,
the states at different mass levels of a single string together form level-one
representations of the affine Kac-Moody algebra associated with G (at least
before the left-right constraint is used to eliminate the tachyon). The
highest weight states of level-one representations cannot transform according
to the adjoint representation of G. In the heterotic string, the massless
states in the adjoint representation, which provide the gauge vector bosons,
are at the first excited level of the representation of the affine algebra,
being obtained by the application of generators to the scalar tachyon (which
itself decouples). For the spinning string, the massless states must
themselves be highest-weight states of the affine algebra because the smaller
mass gap means they cannot be reached from the tachyon by application of the
generators. In order to obtain a representation of the affine algebra with
ad joint representation highest-weight states, we need affine representations
of level greater than one. In fact, such representations must have level
number greater than or equal to h, where h is the dual Coxeter mumber of the
algebra g, which is n for SU(n) and n-2 for SO(n).[M’sS]
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The construction described in this section realizes a level-h
representation of the affine algebra. In the FKS construction the number of
compactified dimensions determines the rank of the gauge group, while here the
dimension of the gauge group is determined by the number of internal bs or dn
oscillators used in a fermionic description of the compactified degrees of
freedom.

The low-energy limit of our four-dimensional string is N=4 supergravity
coupled to N=4 supersymmetric Yang-Mills theory with the gauge group, whose
algebra we have denoted by G, given by SU(3)xSO(5), SU(2)xSU(4), or Su(2)°.
The first case provides an example of a nonsimply laced group algebra realized
in string theory. Further amendments to the model are necessary to reduce to
one the nmumber of residual supersymmetries and to obtain chiral fermions, but
the model described here shows how to incorporate in superstring theories
symretry groups big enough to have the standard gauge group SU(3)xSU(R2)xU(1)
as a subgroup. Although the massless fermion content is not yet at this stage
realistic, this method provides a mechanism by which the more economical type
IT superstring may be phenamenologically viable.

Fermionization and Generalizing the Gauge Group

In the original SU(2)® model, we start off with a spinning (type II)
string in 10 dimensions and compactify it down to four dimensions while
obtaining a representation of the gauge aigebra in terms of the internal
oscillators and vertex operators. In this section I will describe a four-
dimensional string theory corresponding to the type II superstring that
completely eliminates the extra dimensions by fermionizing them. The

additional fermions that replace the bosonic coordinates as well as the
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original fermionic partners of those coordinates are then used to represent

[21,20] The mechanism thus

the super-Virasoro and Kac-Moody algebras.
similtaneously reduces the dimension of the theory at the same time that it
introduces gauge symmetry.

The super-Virasoro generators of the 10-dimensional spinning string are

given by:

(z) = Za'(2)a’(z) + 38,67 (2B (2)

14V)

G(z) = at(z)bt(z) (Iv.1)

where the a’'s and b’s obey egs. (ITII.17) and (III.24). To fermionize this
theory (dropping the i’s for the moment), we let b(z)=b1(z) and we replace
a(z) by two b's, bz(z) and bs(z), for each dimension we wish to eliminate (in

this case six).

a(z) = —i.bz(Z)bs(Z)
- ‘% flbcbb(z)bc(z) (IV.2)
b,c =1,2,3.

Here flbo are for the moment unspecified anti-symmetric constants. The

supercurrent is then
_ i P b C
G(z) = af 16 (2)b°(2)b"(2)
which may be put in the more symmetrical form:

G(2) = T3t P22 (). (1v.3)
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Using the same substitution in T(z), we get

T(z) = Sa(z)a(z) + 33,b' ()b (2)

= L, £ PEPEE @ @) + 1 bl nt@)

and we may once again put this in a more symmetrical form by letting

1-a=1,2,3:

b C b’ c’ e w8 a
T(z) = 8 a.bcfa, 'bo’ b (2)b7(2)b” (z)b” (2) + 59,P (z)b7(2).
The first term may be rewritten as

5P 18 - —(f + £, f B 1

fa.bcfab’cz' abc a.b c' bb’'a c’ca. bo a c.b a

0]

if we require that the fa.bcls satisfy a Jacaobi identity:

- S  + & £ + £

am ablc bbla c:ca' bO'a.be'a. = 0. (IV.&)

In this case the first term in T(z) vanishes, and the super-Virasoro

generators are given by

T(z) = 23, b*(2)E%(2)

G(z) = g bP 2 (2)P(2)°(2). (IV.5)

This eliminates one spacetime dimension when a<1,2,3. Since originally we had

six compa,ctified dimensions aI. bI for I=1,...,6, we must replace these by

v %) = (1?1) vith a-1,2,3. Ve may represent the entire system of 18



fermions by {b%*(z)} with a=1,...,18. Eq. (IV.5) with a defined this way
represents the part of the super-Virasoro algebra corresponding to the six
compactified dimensions (i.e., with &6). We may verify this explicitly by
calculating the OPE’'s. We find:

1.d
_[_) ] a IT(Z')
2'2 27(z’) z
T(z)T(z') = + -
1 d 1
z (5) 3c.T(z')
G(z)a(z') = Sy 23 + 2y (Iv.8)
(z-z') (z—2')
%(z)  9,.6(z")
T(z)G(z') =

+ .
(z—z')2 (z-z')

In deriving these OPE’'s, we have to again use the fact that the fa.bc'S obey
the Jacobi identity, eq. (IV.4). c, is defined by

_ ad
fabcfdbc = c\ps (v.m)

and d = # of fernions - 18. Using the normalization -2 and setting &5, ve

get for the Fourier modes:

_ly (gD 1P
Ly = z)s: (s3)b,_b

_ 4 a b.c
G, = By, T B _pD

g’ nn—s' s'"s—mn
»

(L,.L,1 = (o-m)L + gn(nz—l)sn’_m
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é, 21
{Gs’Gr} =&hst ﬁ(r _4)6r,—s
- (B

For d=18, we get 66 as required. The remaining contribution comes from the
four-dimensional spacetime components which are defined as in eg. (IV.1), but
with i=1=1,2.
Initially, f abc VoS defined as a set of arbitrary anti-symmetric
constants with a,b,c=1,...,d. The consistency of the representation, eq.

(Iv.5), of the super-Virasoro algebra then required that fopo OPEY

farcfab'c’ * frbraforca * fhorafopia = O
_ad
ard fabcfd.bc = cws . (Iv.9)

But these are just the Jacobi identity and a normalization condition -
precisely the requirements imposed on the structure constants of a Lie
algebra. In fact, the only requirement we need to place on the generators in
eq. (IV.5) is that the f,po Pe the structure constants of an arbitrary
dimension-d, semi-simple Lie group. For d=18, there are only 3 possibilities:
su(2)®, S0(B)xSU(3), and SU(2)xSU(4).

Super-Kac—-Moody Algebras

Ve may use the same set of fermions, b(z) with a=1,...,d, to represent a
Kac-Moody algebra:

(2) = _%fabobb(z)bc(z). (IV.10)
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Once again, to obtain the correct commtation relations, we need both of the
corditions in eg. (IV.9), and we find:

._‘”._]5

PP(z) = —E— + i ] oz (Iv.11)

(z-2")% (zz)

This is the operator product expansion of a Kac-Moody algebra corresponding to
the dimension-d, semi-simple Lie group having f abo 35 its structure constants.
The normalization is such that

- [_%) = 1. (Iv.12)

Since the representation level of the Kac-Mooy algebra is defined as

X = 2—5—, (Iv.13)
A
and the dual Coxeter mumber is
e}
f = —3 (Iv.14)
v

eq. (IV.12) implies that we are working in a normalization in which

x = h, (Iv.15)



the level of the representation is given by the dual Coxeter number h, which

is n for SU(n) axd n-2 for SO(n). Hence we have a level (3,3) representation

for SO(5)xSU(3), (2,4) for SU(R)xSU(4), and (2,2,2,2,2,2) for SU(2)°.
Defining the modes as

- § 42 Pl () (IV.16)
wve get
(72,10 = 1£, 10+ nan’_ma""b. (IV.17)

The zero—graded elements of this generate our gauge symmetry.

The super-Virasoro and Kac-Moody algebras with generators Ln, Gs’ and Ti

may be combined into a single closed algebra, refered to here as a super-Kac-
Moody algebra, by including the free worldsheet fermions b: in the

algebra.,. [54] The complete algebra then has three parts: the super-Virasoro

algebra, with generators (Ln,Gs) having conformal spins 2 and g, respectively;
the (super) Kac-Moody algebra ('I’:,bg) whose generators have spin 1 and %; and
the mixing between the two algebras:

super-Virasoro

[Ln’I‘ﬁn] = (n—m)Ln ot gn(nz—l)sn

,-T

Gy G} = 2Ly o + g(rz-%)ar,—s

[1,.G) = G)G,, ¢ (1v.18)
(super) Kac-Moody

[Ii’T}n)] - ifabonHm * nsn,—m&a'b

(75550 = 16050 ‘

(12,10 - 8 _p% (Iv.19)
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mixing
[Ln’Txan] - _mim
[Ln’b:] - —(%Ls)biw
[GS,'I";] - _nb:+n
G B2 = T, . (Iv.20)

The spectrum of the model presented in this section using free fermions to
represent the gauge algebra falls into representations of this full super-Kac-
Moody algebra.

The Ramond sector obeys a similar algebra, but with Fn and df“1 operators
instead of the NS operators Gs and bg'. The Ramond oscillators are integrally
moded, correspording to the fact that they obey periodic boundary conditions.
In terms of conformal fields, both the R and NS fermions are represented as

el

sp:.n—; fermions obeying wa‘(z)wb(z') = =) The difference between the two
theories stems from how the physical states are defined. [19] The NS physical
grourd state is obtained from the SL(2,R) invariant vacuum |0>, the vacuum of
the conformal theory, by acting on it with the NS tachyon vertex operator
Vo(z) in the limit z~0 (corresponding to T+, for an "in" state). The Ramond
ground state is created by acting on the vacuum with a spin operator £(z):

|0>R = x(0)]0>

The OPE of I(z) with the fermion operators contains square roots. The spin
operator is thus nonlocal with respect to the fermions. The other states in

the Ramond sector are built by acting on the Ramond ground state with
superconformal fields.
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N=2 Superconformal Algebras

A question which arose during the course of this work was whether it is
possible to define a combined super-Virasoro and Kac-Moody algebra for the N=2
superconformal theory. Such an N=2 super-Kac-Moody algebra could conceivably
be used as a string compactification by adding enough of them together to form
the &6 part of the compactified superstring. The idea here is that any
compactified string theory is given in terms of some conformal field theory
and that any conformal field theory is a consistent string theory provided the
central charges add up correctly. So even though it might be hard to define a
sensible Lagrangian in four dimensions for compactified theories consisting of
a sum of exotic conformal theories, it is still a worthwhile endeavor to
examine all possible conformal theories that could contribute the right

central charge. Also, it has recently been shown[s'?’SO]

that (0,2) worldsheet
supersymmetry ensures the existence of N=1 spacetime supersymmetry. Thus N=2
superconformal invariance is an essential ingredient in realistic models.

The idea of using N=2 superconformal theories as a compactification of

[55]

the heterotic theory has been studied by Gepner. He obtained modular-

invariant, four-dimensional models with gauge groups which contain E_. with

6
chiral fermions. The gauge groups come from the bosonic FKS construction used
in the heterotic string; realistic gauge groups are not obtained by the new
method of compactification alone.

What I decided to look for was a way of representing the N=2
superconformal generators in terms of free fermions in a way that that could

be combined with a representation of a Kac-Moody algebra also in terms of the



free fermions. Such a combined N=2 super-Virasoro and Kac-Moody algebra would
then be the N=2 analog of the Kac-Todorov N=1 super-Kac-Moody algebra

presented in the previous section.[54]

The hope was to find such a
representation because then it could be used not only as a compactification
but also as a new way of introducing symmetry into the theory. I was not able
to find such a combined representation in terms of free fermions, however.
The N=2 super-Virasoro algebra has generators (I, .G (3 ,T) with conformal
spins (2,2 2,1) and can be represented in terms of complex fermions b and b
Here T is a U(1) generator which links G, and GS. The camplex fermions can
also be used to create Kac-Moody generators TIal, but the mixing of these
operators with the super-Virasoro operators generates new operators which are
not in the cambined set, so we do not get a closed algebra.

The N=2 superconformal generators are given in terms of complex fermions

bY[56—5'?’]

T(2) = 12 a.bofab ‘o b (z) (z)b (z)b (z)
6(8 b*(2)P%(z) + 9,b B*(z)b%(2))
G(z) = &/6 b (z)b (z)b (z)
G(z) = 3v6 R (z)b (z)B°(2)
I'(z) = 3b 2(z)b%(z) (Iv.21)

where a~=1,2,...d, and

ab
B(2)E0(z)> = 2

(z-z")
B2z )s = BBz )> = 0. (IV.22)



The first term in T(z) does not vanish in this case because b and b are not
indistinguishable, so the Jacobi identity cannot be used here to eliminate the
first term. The normalization of the structure constants is such that ¢ \P=2'

From the OPE’s one gets the N=2 super-Virasoro algebra:

(%) 3 2
(L)L) = (@l g + 337008,
{GL.G} = {G,.GJ} =0
GG} = By + (28 o %[%](rzé)sr,—s
(1,6 = G-8)G, ¢
(1,6 = Go)G,, ¢
(r,.T,) - a8,
(L Tl =
(r_.G,] = G_,_
(r, 6,1 - &, (Iv.23)

This is the same as Gepner's algebra with o=g. %]

The N=2 algebra has a dicrete series of critical values as do the N=1 and

N=0 Virasoro a.lgebras:[m’sz’%’s'?]
5. _ ok _
N=2: Cc = ) k=1,2,3,...
o A_S _9_.8 -
=1: C=3C-= 1 TeTD) k=0,1,2,...
. -7 __—_6 -
N=0: c=1 (&+2) (&+3) k=2,3,4,...

A Kac-Moody algebra can be formed out of the complex b’'s by:

?(2) = -if, B (2)5°(2) (Iv.24)
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a.b, ab
{b.bg} =8, 8

a .b =a b
{br’bs} = {br,bs} =0 (Iv.25)

ons_ &3P,

[T:”Ii] =i rJ";31+m T €% o (Iv.26)

abc
But if one tries to form a combined N=2 super-Virasoro and Kac-Moody algebra,
the algebra will not close because of the mixing terms. For example:

a
{Gr ’bs} * T;s

a
and [Gr,'I’z] #* bn+r‘

All of the various ways of representing 'Ii in terms of free fermions do
not mix properly with the super-Virasoro algebra to give a closed combined
algebra. In a sense, the N=2 superconformal algebra is already a combined
super-Virasoro and Kac-Moody algebra because it contains the U(1) operators T,
(which represent an abelian Kac-Moody algebra). Perhaps this is the largest
algebra that the theory can contain.

The SO(5)xSU(3) and SU(4)xSU(2) Models

Ve obtadnmenewmodelsbyreplacingtheintexmlbosonsaibyapairof
: T T
fermions b(z)r and b(s)r

I
b (no sum on I). (Iv.27)
Z)n—s (3)3

These together with the internal fermions bi form a set of 18 fermions that

may be denoted collectively as b:, a~1,...,18. The spectrums of states in the



compactified models are the same as can be seen from the partition functions

corresponding to the internal degrees of freedom:

T 1 @S (650|D)° = T (18, (Iv.28)
n=1 s=1/2 s=1/2

The three terms on the left count the a:IE, bg, and |pI> states, respectively;
this is identically equal to the number of states generated by the 18 b:
fermions whose partition function is on the right-hand side.

The Kac-Moody generators are given in terms of the b-oscillators by
@ o i < .b ,c
n - 2farc sE_mbn—sbs (1v.20)

wvhere the zero modes are the gauge generators. The fa.bcls are the structure

constants of any dimension-18, semi-simple Lie algebra. This results in two
new models besides the SU(2)® model with the new gauge groups SO(5)xSU(3) and
SU(4)xSU(2). These are rank—4 gauge groups, both of which are large enough to
contain the standard model.

The mass operator in the new formalism is

2

o) -~ o) o]
%a’m4=N+ ):"il'_c'ii
n=1

e §oatals 5 atsteehP-

% (IV.30)
s=1/2 §=1/2

ard the left-right constraint is



(Iv.31)

I

-I2_ o i 4. 9 1.1
N+a'(p)¥= Y& + Y sb + 2 s
Lot L St LS "ePs -

In addition to the N=4 supergravity multiplet, the massless states are

a .
{|>5,1T>¢, lasg) x (%) ,]0>1), the d-4, N-4 supersymmetric Yang-Mills
multiplet in any dimension-18, semi-simple Lie group.

Tree and One-Loop Amplitudes

For the generalized dimension-18 groups, the vertex operators for

| 1> o> |0>L which replace eq. (II.24) are

-1

2

2L 5 o) < gl 3 e RIN(T-0) | LEAR AKX (0,1
20) = 87 L % FZE )

-["W—}fabcnb(z)n"(z) - na(z)gsirrt(z)] , (IV.32)

(-]
where H*(z) = 2 b:e_zin(“o). The three-point gauge coupling is the

amplitude j_nvolv:_ng three states |i> |0> In tree approximation,

1/2

k

R k’;,k%) - e B |62 1—1Te Ido wﬂ’(k2 1,0) ba‘ leg ks

I

- 1f, geepegl ek 6™ + (i) 6“ + (k) 8] L (1V.33)
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Eq. (IV.33) is the standard Yang-Mills three-point coupling and proves that
the affine algebraic compactification gives rise to standard interacting
nonabelian gauge bosons.

The propagator becomes

N+aGD? palal 4y sbsbs+z s p? -1 L2 o

_a’ Q sh=1 s=1/2 s=1/2
B, =5r | 472 2 Z |z

D

The one-loop amplitude for external vector mesons is

Ai’gggclm) - elelcEel J dp tr(a A FIP(2)A FOE)A L))
- &8t 2k %—)L J é®t (m D3 (Iv.35)
a’

Fou

wvhere the integrand is again modular invariant when we rewrite it in the form:

J a®r (m 1) 3¢%() - j Pt (mm D2 + @) + 2L,

Fou
(Iv.368)

Fram eq. (IV.35), we find



O Y 8
2 -2 abod 2 2n.2( 2 2 Ky g
d®t(Im 1) “g (1) = | &%t ( mTd%, T (X.-) (£(w))
J J 1.n|w[) '[I=1 I, W

I

© =L \2
1 P 3 Q@7 @ty (y.an)
s=1/2 & e B

W

vhere a®(x) is given by

&' ) = Talgem) TAlE E X + Sl e + Ep B Xap]
+ Bl (T T Xy Xeo¥e1 ~ Trar Trraor Xao¥ai¥sXe:
= Crag* T 9% 5% e % !
+ ar)le{(aMpy gy — WMy gy JX Xy Xoo¥oy
+ (g + Wy XXy Xao¥an
+ Mgy, — M X esXeXan %!
+ (858, + Srse Warken
+ 608y Erye + 87180 0% Ky
+ u(SILgJK + g]:L,‘SJK)Xil)ng]
GRS J LS T

"(Bpg8r Xaa¥oy ~ Sbar¥ac¥sy + S1r.85c%a1%se)] (Iv.28)

where €17 = fIPQfJPQ
Troxr, = frrqfoqrfrrstise

Mook, = frorfram:

Using the transformation properties of the Jacobi theta functions, we find



; o
2 -2 2 J —\\—Q
J d T(Im T) (T+1) J d™t (m) J II;Ild. V1 II(IJ(X ) (£(w))
1 —
GH2n P 3 & @7 229"y (1v.39)
and

i
3
I a%1(In T)_zga‘bOd(-%l) = I d% (E??%r)z I III a° vp T (Xpp ) k% (EG)) 2

=1 I«J
3 —_ ~
20t n P 3 w""(P )* a® 5ty | (1v.40)
n=1 \/W]__JI e (Z%)6

We identify the contribution of egs. (IV.37) and (IV.39) as given by

[g_'g)z.z.l 112 g (2m® J &R (I T)—ztg(x) ; g‘('t+1))a.bod

P P
= ei‘egegei I dp tr(%i]AcWia(l)(l—*_éi)—] Acwjb(z)
P P
-(l—t—giL] AcwRC(s)(ﬁ—éiL)AcwIdce) (IV.41)
vhere -3 ¥ S—1+2a(p)+z bt bt
s=1/2 s=1/2

Similarly eq. (IV.40) is identified as



abcd -1
, ~ 8 (z+ 1)
(3—,,234—12- K (2m® JFdz‘t(Im ¥ 5 1 )

_ -ei‘e%eﬁei % J dptr(l + 2{—12 )ZCY—IJ'a(l)[l + 2{—12 ] chjb(z)

P :
(AEEN F @A m e avae)

where
- 1
Ed %+2a(p) - Xd dn
(_1) 210d 32.. d18 1 2( 1P 1
00 o 4%
#2d) is the vertex emission operator for vector bosons |i> "y /2|0> from
a fermion lJ_ne,[45] and AC is calculated from the mass operator for a massive

SSxR sector where the right movers have been compactified on a shifted (Z+%)6

lattice:
Wia(ki,z,o) = g[mf 2 o e -2in(t-0) é:kRm] eikixi(o"t)
1. P@rm ©¥rie) rie
O 2J2a* farc 12 i3 3 1J2 EN 52l v
where
z) = v* + 1 ‘/2Y21 E dhe 2j_n('r+o) Yo = zlodcladg'" . ésdf,dﬁ,
ratal

I —2in(t+o0) _ =
]-I(Z) = YI + iJzYzl nszéld-n.e ’ rs = Ys(—l) ’



(o] P'S [+ <] © ’ 2

R+ a' (D 3 d_n”i +7 mfndfl + § od® &%+ 2 2P 2 -2
-~ _a' 2 -n=1 n=1 n=1
A == |d%z z |z ]
e~ 2m

D
(Iv.44)

The lowest state in the SSxR sector is e P o], Do, |la>ptx{]a> }

where |5,>L is the dimension 29 spinor ground state of the internal Ramond

modes.

I have described here a compactification technique which is useful in
reducing a string theory fram ten to four dimensions, and which, for theories
with no gauge group in ten dimensions, inserts a nonabelian gauge symmetry in
four dimensions. The motivation for this is that other compactifications to
four dimensions either start with a gauge group in ten dimensions or pick up
the gauge group via compactification from twenty-six dimensions, so that
before symmetry breaking these give rise to rank 22-=26-4 gauge groups. The
compactification procedure for type II superstrings described here gives rise
to gauge groups with rank less than or equal to 6=10—4, and thus appears to be
a more economical model for low-energy phenomenology. Indeed, this mechanism,
although it does not explain independently why we live in four dimensions,
has, with its new way of introducing symmetry, exactly matched the fact that
we live in four dimensions with the size of the symmetry group which governs
four-dimensional interactions.


file:///iseful

- 86 —

V. Unitarity and Modular Invariance of Four-Dimensional Strings

In the previous sections it was shown that compactification of the type
II superstring using free worldsheet fermions to represent the internal
degrees of freedom can produce a four-dimensional string model with an
arbitrary 18-dimensional semi-simple Lie group - the possibilities being
SU(2)6, SU(3)xSO(5), or SU(2)xSU(4). The last two examples contain the gauge
group of the standard model, SU(3)xSU(2)xU(l), and it is possible using
similar methods to derive a four-dimensional string theory where the symmetry
is reduced to this subgroup. Although the massless spacetime fermion content
of these models does not yet campletely match the physically observed fermion
representations,[33’59] the natural appearance of rank 4 gauge groups is
appealing and suggests that a deeper understanding of these superstring
theories, including supersymmetry i)reaking, may lead unambiguously to a model
with a realistic low energy spectrum and thereby establish contact with
experiment.

In this section, which describes the results of ref. [3], we pursue the
study of such models further, and we generalize to the case of twisted
fermions, which obey arbitrary boundary conditions - not just periodic (R) or
anti-periodic (NS). First, for theories whose internal degrees of freedom are
described by free fermions, twisted or untwisted, we derive a set of
consistency conditions directly from the requirements of 1) making a
consistent set of projections defined by fermionic number operators, which
generalize the GSO projection, and 2) the modular invariance of the one-loop

partition function. Secondly, a simple "box" notation is introduced, and
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these diagrams are used to display a number of interesting models exemplifying
features we expect to survive in a realistic type IT string theory containing
the standard model.

Previous approaches to the classification of models in string theory have
exploited the modular invariance of multi-loop amplitudes in the derivation of

consistency conditions. [34,35,60]

We show that within the above framework,
the conditions others have deduced fram multi-loop modular invariance are in
fact consequences of the requirements of unitarity at the tree diagram and
one-loop levels. In particular, we identify the conditions coming from the
conservation at vertices of the quantum numbers associated with the
projections. Even though we make use of conditions already identified in
refs. [35,60], we organize the argument differently and take projections in
the various sectors to be the primary concept, whereas consideration of multi-
loop modular invariance concentrates on an approach oriented towards the
worldsheet properties of the amplitudes. Since the real guide we have in the
construction of string theories at present is the requirement of unitarity, as
applied in a formal sense to the perturbation series, it is useful to have a
discussion based directly on unitarity. Indeed, string theory had its origins
in the requirement that the Veneziano amplitude be consistent with unitarity
in this way, and the later construction of amplitudes describing the
interactions of fermions was based on it.

Working in a notation similar to that introduced by Antoniadis, Bachas,

and I(ounnas,[35]

we derive, for models that are described in terms of free
fermions and that are unitary on a set of states we pick out from the whole
Fock space using projection operators, conditions for (A) the set of
projections in each sector to be consistent, and for (B) the quantum numbers

associated with these projections to be conserved at each vertex. Condition
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(A) follows fraom the definition of the projection operators and condition (B)
is needed for unitarity at the tree level. Next we give the conditions for
(C) the modular invariance of one-loop integrands. Conditions (A) and (C) are
sufficient to imply the conditions of multi-loop modular invariance given in
ref. [35]. Although our discussion of consistency conditions is in the
context of type II theories, describable in terms of free fermion fields, it
is also applicable to heterotic models and seems likely to be general. We
will also extend the analysis to the case of twisted fermions in order to
describe models with chiral spacetime fermions.

We have formulated the consistency conditions for four-dimensional
strings in as simple a form as possible to enable a clear discussion of
specific cases to be given. In particular, we see that the SU(3)xU(1l) quantum
numbers of the left-handed SU(2) quark doublet (3,%) and the neutrino-electron
doublet (1,-1) arise naturally as the spinor representation of a twisted
affine SU(4) algebra in a version of the above four-dimensional string

theories, albeit without an SU(2) algebra.

Untwisted Fermions

We shall start by considering the fermionic formulation using untwisted
fermions - these obey either periodic (R) or anti-periodic (NS) boundary
conditions. The type II string in the light-cone description, campactified to
four-dimensional spacetime, then has all its internal degrees of freedom
described by fermionic fields. The left- and right-moving modes are each
taken to be described by 2 bosonic and 20 fermionic fields: 63, Eli,, Ei; a;ll,

hi, n2;
r

" 1 =1,2; 1 £a <18, where the superscript 1 refers to the transverse

spatial degrees of freedom and the supersript a to the internal ones. We
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denote the fermi fields generically by hﬁ, 1 £ p £ 40. Each sector consisting
of these fermions will be represented pictorially by a set of boxes with 20
fermions on the left and 20 on the right. The division of a 20 + 20 box into
subboxes will represent the groupings of the fermions used in the projections
on that sector, and the shadings of the boxes will denote the boundary
conditions - either shaded (R) or unshaded (NS).

The one-loop contribution to the vacuum-to-vacuum amplitude, or the

cosmological constant, is

A————-—Jdr(]’m O 3£y | 4 (V.1)
an(a')

where A £ is the partition function for the fermionic degrees of freedom,

3 f. L
§ tr {w w },
aeq & BEQ Yo,

NI+
NI

(V.2)

i.e. the spectrum of a theory will consist of a number of sectors,
charcterized by which of the hlf are Ramond (r € Z; periodic), the rest being
Neveu-Schwarz (r € Z + %; anti-periodic). The quantities sa and the
projection operators PG,B are discussed below. The integration region

F=(t: |t|>1,|Ret|<-lz-} is a fundamental region for the modular group.
A sector can thus be labelled by the subset a of all the Fermi fields,

F = (hl: 1< uga0), (V.3)
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which are periodic in that sector. In the sector q, h is Ramond if h¥ € a

and hV is Neveu-Schwarz if h" ¢ a, i.e.
MMea=(mrer: !¢ ay, (V.4)

the complement of n* in F. Thus the sector in which all the h* are NS is
denoted by the empty set @ and that in which all the h" are R is denoted by F.

We assume that the set of states on which the theory is unitary will be
specified by states that survive certain projections defined by number
operators. (These generalize the GSO projection.) The projections are

defined by requiring the parity of the number operators, N,, which when acting

B

on a sector a are realized in terms of the fermi fields in a, to take on

definite values €(a,B) on any state in the sector a, i.e.

Ng
-1) P, = e, (V.5)

where each £(a,B) is either +1. The spectrum of a model is thus completely
specified by a collection Q of subsets of F, which label the sectors, together

with a set {(—l)NB : B € Q') of parity operators, and their values €(a,B) on
the sectors a € Q. 1In fact, we shall see that modular invariance implies
o=Q'.

If a,B correspond to arbitrary sectors of a model (i.e. a,B € Q), then
the coupling of a state in a with one in B results in a state af consisting of

the Ramond fermions hM which are in either a or B - but not both:

= (a,B)y(a,B)=a,B-a,Hp (v.6)
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V = union

=
1]

intersection.

The product opf is called the symmetric difference of the sets a,p. It

satisfies the rules:

(1) of = Ba
(i1) (aB)y = a(By)
(iii) oo

a

(iv) oaa = @. (V.7)

These rules mean that Q is an abelian group under this product, with @ as the

identity element. Rule (iv) states that every element is of order 2. It then

K+l for some integer K, where z, denotes the

multiplicative group {#1}, and there are 251 sectors. @ is a subgroup of the

follows that Q = (Zz)

group, isomorphic to (22)40, formed by all the subsets of F. Instead of the
set notation one could use 40-camponent vectors to describe the sectors q,
with components equal to 1 for NS fields and -1 for R fields. The symmetric
difference operation is then given by coordinate-wise multiplication of the
vectors. This alternative definition will be used to describe twisted

fermions.



Because Q = (ZZ)K+1, the group is generated by a set of elements,
bo’bl’ ‘s ’bK’
Q= {O,bo,bl, - ,bK; bibj’ (1<3); bib_jbk (A<jk); ... bobl' . .bK} .

(v.8)

It is convenient, when possible, to choose the b,, 0 £ j < K, so that they do

d
not overlap, i.e. bi A bj =0, i#j. In this case we can describe each sector
in the model by K+1 nonoverlapping boxes and draw a diagram for the sector
which characterizes it by indicating on the diagram which boxes are R and
vhich are NS and by writing in each box the sign of the number operator
corresponding to that box. However, it may not be possible to find a
nonoverlapping basis, and in that case we will need more than K+l boxes, which
cannot be taken to be R or NS independently. Furthermore, the sign of the

projection operators can then only be specified for combinations of the boxes.

N
The parity (-1) B of the mmber operator N,, for the subsets B € F of

B’
fermi fields, is defined by

N N
B
GO\ W G DL\ T
N N
D - L W (v.9)

together with a prescription for N, on the vacuum states |0>, for each sector

a. If |a| denotes the mumber of elements in the set a, the vacuum states 0>
1

=|a
provide a representation space, of dimension 2° = (since |a| is even as will
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be discussed below), for the Dirac gamma matrices associated with the |a| R

N
fields. The parity operator (-1) P involves the product of the IaAﬁI of these

gama matrices associated with the R fields in a \B. Two such parity operators

(—1)NB and (—1)Ny will camute, when acting on the sector a, if both |GABAy|
and one of |c1A[3|, |dAy| are even. Unless this condition holds for all a £ Q
and B,y € Q', we will not be able to ascribe values consistently to the
various parity operators, and we will not have a consistent set of
projections. Thus, we assume this condition holds henceforth, and note that
eventually it follows from condition (C2).

If the parities of both NB and Ny are specified on the sector a, then it
follows that the product of these parities is given by the parity of Nﬁvy_ﬁAy,
which is defined to be pr, and so Q', as well as Q, is a group under the

symmetric difference operation. To see this we note that the number of

elements in By, |8yyl = 8] + ly] - I8,y|, and so we have

levl = leyyl - leyyl = I8l + Iyl - 2lg,vl. (V.10)

It follows that

N N N,
-1) Py = 0 Pl Y, (v.11a)

(A) g(a,By) = g(a,p)e(a,y), (V.11b)
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provided that their definitions agree on the vacuum states |0> a Later, we

will give a definition of (—l)NB a and then demonstrate that with this
definition eq. (V.11) holds. We shall refer to eqg. (V.11l) as condition (A).
Note that £(a,d) = 1.

It is convenient to discuss condition (B), which expresses the
conservation of the quantum numbers associated with the various projections at
vertices coupling the sectors a,p and aB, later. See eqg. (V.35). One general
consequence of this conservation condition is that the set of projections
made, Q', should be the same in each sector.

For consistency, the number operator projections must commute with
Lorentz transformations, and since Ji_ ~ E hErGr, this together with eg. (V.9)
requires that GL and GR , the fermionic gauge operators for the left- and

right-moving modes, must each have a definite parity, s~ and GR, respectively,

N
with respect to the operators (-1) B, BeqQ', i.e.

N N
(-1) Pct = 5I§GL(—1) B, (V.12)

and similarly for GR Then we set 5[3 = sgsg. For a € Q we define sa =1 if
the states of the sector a are spacetime bosons and 6y = -1 if the states are
spacetime fermions. This is the factor that occurs in eq. (V.2) and is just

the familiar statistics factor associated with fermion loops.

If Hg ® HI(\IIS denotes the space of states obtained by taking the hg £ a to
be R and the h‘lf £ o to be NS, the sector a is obtained by applying the
projection operators
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—_ 1{ NB ]
Pa’B =51 +e(@p)-1) "}, Bea (V.13)

Ngy Ny N
to these states. Since (-1) P = (1) P(-1) Y, it follows that

P P P ...P =P P ...P (V.14)
a,b, b, ...b, "a, a, a,b a,b. "a,b a,b, ’
i1 :L2 im il 12 im j.1 :1.2 im
vhere here bo’bl’ i ’bK' is a basis of generators for Q', as we had in eq.
(v.8) for Q. From this we may deduce
KI
m P = I P
ge’ *F 10 ®P;
- {1 + T e@b )(-1)ij + ¥ e(a,b)e(a hk)(—l)NbJ+ ka + ...
2K +1 3 J . jek J i
b b.b,
1 J J
= ——{1 + ¥ e(a,b,)(-1) + Y e(a,b.b )(-1) + ...}
2K +1 j J jk ka
1 N
geq’
Eq. (V.2) can now be expressed as
1 ;
L - L-3 N
hp== T I 86@B) tr @ Fw® % (1) P (v.16)

£ 2KI+1 ae) BeQ’ a



This is usually described as a sum over spin structures and in deducing this

form from eq. (V.2) we have reversed an argument in ref. [35]. Denote the

trace in eq. (V.16) by {a,8}, o that, ignoring the factor of 2 X ©, the sum
becomes
L §,6(a,8){a,B}, (v.17)
a,B
where
1 1
fo=t =2 X
{@,8) = tr @ ° 2w® 21"
20 A 20 A
= vl £ ™ 1 18(%) (0012 1 te(,*) 0] DIVE. (v.18)
= B i=1 B
xa ard J\B are the exponents in the forty-component vectors describing the

sectors a and B respectively, i.e. the components are O for NS and 1 for R,

ima
and the bourdary corditions are given by "+ - %M {a,8) must transform
under modular transformations in such a way that the integrand of eg. (V.1) is

invariant.

since 42!

m e

izA
e(ﬁ)(olm) —e? G(Hﬁ-ﬂ(oh) (v.192)

Ay -1 12 My
e(u)(ol 2) = (-4 e e(_)‘](olr) (V.19b)



it is straightforward to show that under modular transformations:

-ign(@) _
T-T+1: {a,B} » e {a,aB} (V.20a)
_ iTn(a,B)
E: {@Bl-e® 4 (V.20b)

where n(a) = nL(a) - nR(a) and nI"(a), nR(a) denote the number of left and
right moving Ramond fermions in a, respectively. The transformation (V.20b)
actually has additional factors which cancel with factors coming from the rest

of the partition function. So the partition function is invariant under the
modular transformation T-1+l if

L 8,6(a,p){a,8} = aae(a,B)}:a{a,EB}

a,B a,B
= T §.e(a,aB)z {a,B}, (v.21a)
a,B
where
-1gn(a)
T =e . (V.21b)
Qa
This requires that
(c) e(a,B) = £ e(a,a8). (V.22)

The second modular transformation t--1/T causes the partition function to

transform as
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-2
2 8.E(a,B){a,B) = Lo (UPIZg o (F.e)

a,p a,
= E sﬁe(s , Q)3 B{“ B), (V.23)

which is invariant if the following condition holds

(c2) £(0,B) = 8,858 (B )T (v.22)

B a8’

The consistency of (V.22) and (V.24) requires that both 2y and 2c21A[3 are each
either #1, and this implies that n(a) € 8Z and n(aAB) € 4Z, for all «,B € Q.
We shall refer to (V.22) as condition (Cl) and (V.24) as condition (C2). To
satisfy condition (Cl) we clearly need that Q = Q', so we drop the distinction
henceforth. Conditions (Cl) and (C2) are what is required for the modular
invariance of N-point one-loop integrands. Together with condition (A), they
are equivalent to the conditions Antoniadis, Bachas, and Kounnas! 3®] obtained
for multi-loop modular invariance.

Condition (Cl) shows that a = oF € Q and so necessarily F £ Q for modular
invariance. Since €(a,?) = 1, from eq. (V.24) we get €(@,a) = § . This

a
[35]

implies that the graviton is always in the spectrum , Since this is

- N

camposed of states in @, namely b b _ [0>, on which (-1) % will take the
L, R, 3

r27"2

value § o for any sector a, and so they survive the projection.
In writing a general solution to conditions (A), (Cl), and (C2), it is
convenient to use bo = F as one of the basis elements. Then we may express

all the g(a,B) in terms of the quantities



- 99 -

n.. = £(b,,b,)s

i /b )8y, (V.25)

for0€£i<j<€Kandi=j=0. Ifa= T b, and p = M b., the solution is
ieI 9eJ3 J

2

g(a,B) =6, M n,.3°. . (V.26)
B jer 137940y
jeJ
Since
-2

)] (V.27)

=2 2 3 ,
a,By apra,y GABAY
and n(aAﬁ) € 4Z, it follows that n(aABAy) € 2Z, for any a,B,y € Q. For eq.
(V.26) to satisfy conditions (A), (Cl), and (C2), we need the consistency
condition n(aAﬁAyAG) € 2Z as well as n(aAB) € 4Z, n(a) € 8z for all a,B,y,8 €

Q. If it should happen that n(aAﬁAy) € 4Z then eq. (V.26) can be replaced by
the simpler formula

m n
ﬁis:I
jeJ

£(a,B) = 6 (V.28)

ij’

where

~ 2 2
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From eq. (V.24) it follows that nij = Zkz) b.N and fram eg. (V.22) that
in~]

ig = Bbizbinii' If the n's in eq. (V.26) have these properties, it

310
n
follows[35] that €(a,B) satisfies (A), (Cl), and (C2) provided that n(aABAyAS)
e 22 for all a,B,y.,6 € Q.

Applying the interchange property eq. (V.24) to eg. (V.1ll), and using

5 2

=3 = 5 , we obtain
By TaBTaYTO,BAY

(BY.,Q) = S(B,QS(Y, QT g |8 (v.30)

Since this equation relates the values of the parity of Ny in the various
sectors that meet at the vertex B + y » By, it must express the conservation
of that quantum number at that vertex or it is inconsistent. We shall show
there is no such inconsistency when both nL(a AB Ay) and nR(aAs Ay) are even and
not just n(aABAy). Since we have already shown that n(aAﬁAy) = 2Z, and since
n=n- nR, it must be that nL(aAﬁAy) and nR(czABAy) are either both even or
both odd. For the case where nL(aABAy) and nR(aAﬁAy) are both even, we can
consistently define the parity operators and can prove condition (A).
However, if nL(aABAy) and nR(aABAy) are odd, then we do not yet know how to
consistently define the parity of the number operators. This last case is
still under investigation.

One might naively have expected just e€(By,a) = €(B,a)e(y,a) to express

the conservation law at the vertex, but the factors of § and 24

come in
a aABAy

for the reasons to be explained now.
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The conservation law corresponding to the vertex B + y - By is most
easily determined for the case when we can bosonize the 40 fermions in pairs,
choosing these pairs so that the fermions in them consist of either both NS or
both R fermions in each of the sectors B, y, By. Then we obtain an
(untwisted) boson for each fermion pair, with mamentum quantized on Z in the
NS case and Z+% in the R case. We denote the resulting 20 component momentum
vector by pa in the sector a. 1In these bosonized terms, we can give a

definition of the parity of the number operator NB' acting on the sector aq, as

NB 'Eﬁpg - %IGAﬁl
(-1) "y = (-1)7 . (V.31)

In this equation, we are using a to denote the set of the %|a| components of
the momentum vectors corresponding to the fermions in a. The final term in
the exponent corresponds to a convention for assigning the value of the parity
of N[3 on the fermion vacuum. Fram the definition of the number operator in
(V.31), we can prove condition (A) as follows.

We need only verify that N, + N - N, acting on any sector is always

B Y By
even. In the sector a, this difference is

a a (o 1 1 1
Nb + Ny - be = Z p; t+ E P; - Z p; - ZIGABI - ZlaAY| + ZlaABY|

jep J jeylj jepy
=23 B - zlos,yl. (V.32)
3B,y

Since the second term, %laABAyI ,is the number of components of pa in the sum

corresponding to R fields, with each such value contributing a %, this term
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will exactly cancel the odd part of the first term, and the difference will be

even, i.e.

(mod 2). (V.33)

To establish (V.30) we must consider the number operator Na acting on

different sectors:

(B) N

o + N

- - N

-1
LNy, sla,B,vl. (V.34)

By

B

Here we use the momentum conservation, pB + py = pﬁy. Now, in eg. (V.30),

23 equals #1 depending on the parity of ln(ct B,Y); hence egs. (V.30) and
ABAY 2V ARA

(V.34) will be equivalent if and only if nL(c(AﬁAy) and nR(aABAy) are both
even, not just n(aAB IN2E This is the assumption we have already made, and in
the case where we can bosonize the fermions this extra condition is
autamatically true.

In the case where we cannot permanently pair and bosonize the fermions,
we must consistently define the number operators in terms of the fermions
themselves. Here we introduce another definition that again leads to
condition (A).

In the fermionic picture, we define the parity of the number operator NB
acting on the sector a by

S

N = N
1) Pl = @y P

S .
J
1=1 &, (V.35a)
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where

S © i
oz Ng= 3 & (V.35b)

N, %

b E;bzs

j=1 s=1/2 j=1 n=1

| MR

The NS fields bj, 1 £j £r, are those in EAB, and the R fields dj, 15 <s,

s 4
are those in a,B. The product T dg is defined to be taken in the particular
j=1

order d(ljdg.. .d(s) (this fixes a sign convention), and the (i) is a factor which

s .
is inserted only if n dg is anti-hermitian. With this definition, it is
j=1

straightforward to show that

N

N
B
(-1) T

By

NﬁlQZ
o)

= +(-1) (V.36a)

a a’

We now eliminate the minus sign in (V.36a) in the following way. We use
(V.35a) to define N, for a set of generators of Q. For the other elements of

g
Q, we adjust the overall sign of (V.35a) by setting

b, "b, ...b, b, s b,
i, i, i _ i | ,_ i, _ i
(-1) n g = (-1) c(( 1) a (-1) n at (V.36b)
Then eq. (V.36a) is replaced by
N N N
g B BB
(-1) | -1 2=t 2| - (V. 36C)
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This again leads to condition (A).

In both the fermionic and bosonized cases with n"(a,8,y) and n®(a,B,y)
both even, we may unambigucusly define the parity operators. In the remaining
cases, with n® and n® odd, we do not yet have a well-defined expression for

the parity of the number operator.

To summarize this section on untwisted fermions, a string model is thus
defined for a given nonnegative integer K by a choice of K+1 generator

sectors, together with the values #1 of %K(K+1)+1 projections n.., for i=j=0

ij
and 0£j<iSK, which may be chosen independently as long as n(b,) € 8z, n(biAbj)
€ 4Z, and n(biAbjAbkAbl) € 2Z. The remaining n;4 are given in terms of M

and n.., i>j, by

1]
Nie = Zg b n.i, (V.37a)
= in°5 3
so that Noi = Nior and
Ne: = 62N (V.37b)
ii bi bi io
K+1 : # 25Y o s
The 2 sectors are given by Q = {@; bo,bl,...,bK; bibj (1<j),...,bobl...bK}.

The values of the projections on the various sectors are given in terms of the
nij by eq. (V.26) and the contribution to the partition function is given in
terms of the £(a,B) and Q by eg. (V.16).

We now give some examples of type II models in four dimensions using

untwisted fermions.
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EXAMPLE 1

The original N=4 model, with any of the gauge groups SU(2)6, SU(2)xSU(4),

and SU(3)xSO(5), is described by K=1. The two generator sectors are given by

b, = F and b, = (129;(-1)8,112

- ), where the exponents indicate that the entry

occurs that number of times. These sectors can be represented pictorially by

bo bl

where the shaded boxes represent R fermions and the unshaded boxes represent
NS fermions, each box containing fermions in a particular projection. The top
two fermions on the left and right sides of each box diagram correspond to the
spacetime camponents Ei, hi, respectively. There are two free parameters:
Nan = HA, and Nio = ~H where A,4 = £1. The remaining Nj4 = t»:(bj,bi)sbi are
calculated fram eg. (V.37a,b) and are given in the following table.

g —
ee,3) | @ b by bob
a 2 1 1 -1 -1
l bo 1 Ay. 73 A
b1 1 —u )7 -1
boby 1 -A -1 A
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We can represent the above model by including the projections in the box
diagrams.

-||

|
|
|

bo by boby g %)

This model consists of four sectors L = {®,bo,bl,bob1}. Different
choices of A,u do not change the model, and {bl,bobl} constitutes a
nonoverlapping basis. The massless states are easily read off from the figure
above. They come from the sectors b1 and 0, and form an N=¢ supergravity
multiplet coupled to an N=4 supersymmetric Yang-Mills multiplet in the adjoint
representation of a semi-simple gauge group G, with dim G = 18. The spin
content is {£2,4(:2),6(+1),4(+3),2(0)} and {21,4(3),6(0)} in the adjoint

representation of G.
EXAMPIE 2

An N=8 model is described by K=2, and the following generators.

by b2



- 107 -

There are four free parameters. We choose Noo = UVA, 7 =V, Ny = 1,

and Nyg = —H- Different choices of the A,u,v do not change the model. These
projections are given in the table.

8 —
e(a, ,3) ' Q bo b1 bz bgbl bqbg 6162 bob1bz '
1) 1 1 -1 -1 -1 -1 1 1
bo 1 Auy v L Au Av uv A
a by 1 -v v -1 -1 v -v 1
l b2 1 — 4 -1 B B -1  -u 1
bod, 1 -Au -1 7 Al -A —-u A
bob'v 1 =Av v -1 -A Av bl A
by62 1 17%; v u U v Ny 1
bob1 64 1 A -1 -1 -2 -A 1 A

bob2 b6, boby b2 7

The massless states came fram the sectors b bz,blbz,w and form a four-

dimensional N=8 supergravity multiplet (+2,8(+ 2) 28(#+1),8(+ ),70(0)}-
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EXAMPLE 3

An N=2, SU(3)xU(1)xU(1l) model with K=2 can be constructed as follows.

There are 8 sectors, generated fram the three generators b o’bl’ and bz‘

In this case it is not possible to choose a nonoverlapping basis - hence
the need for four subboxes per sector (which will always be projected on in

pairs). We label the four free parameters N = =AU, = AV, = -\, and

N20 N21
Mg = Auve. The projections are then calculated as shown in the table.

g —
E(C!.,’.?) l 1) bo by_ bg bobl bqbg blbg bgblbg |
%) 1 1 1 -1 1 -1 -1 -1
bo 1 Apvp Av vp up Au Ap 77
a b, 1 Av Av -v 1 -A -A -v
l b~ 1 —-vp —-v vp . P -1 -0 v
body 1 Ko 1 P pp I p b
bgbg 1 —A[J. -A -1 73 A/J. A -y
byba 1 —-Ap =A p P - -Ap 1
bnby b 1 —puv -v —-v i “ 1 —uv
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We can again incorporate the table into the box diagrams. Here e(a,B) is
given by the product of the signs in the boxes corresponding to 8 in the
diagram labelled by a (i.e. describing the sector a).

In this model, each box diagram in the figure contributes twice to the
partition function, once as labelled, ard once with a minmus sign on all the
labels.

The massless states come from the sectors bobl,bobz,blbz,m They form an
N=2 supergravity multiplet with spins {i2,2(i§),:tl} , and an N=2 super-Yang-
Mills multiplet {+1,2(3),2(0)} in a singlet and adjoint representation of

SU(3)xU(1)xU(1), and an N=2 spin-1/2 multiplet of spin {2(#5 ) 2(0)} in the
(3,1,0)0(3,-1,0)8(1,0, :1)@2[(3,5,_2)®(1 -1,+5 )9(3, 3,-239(1 l,_2)] (v.38)
of SU(3)xU(1)xU(1). These last fermion representations are similar to the

(3 ,3,2)9(1 -1,2) quark and neutrino doublets of the standard model
SU(3)xU(1)xSu(2).
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Twisted Fermions

The untwisted fermions described in the previous section correspond to
bosons campactified with internal mamenta v2a'p € Z for the NS case and v2a'p
€ Z + % for the R case. Models with chiral spacetime fermions can be

described if we allow some of the internal coordinates to take values on a

A
shifted lattice v2a'p € Z + —g, which now corresponds to a complex twisted

fermion satisfying the boundary condition:

2mi im\c(
f(e" 7z) = —a(f)f(z) = -e f(z) (V.39a)

and consequently

-imA

fx(e2Mz) = _ax(f)fx(z) = -e  Ofx(z). (V.39Db)

The corresponding oscillators are fractionally moded,

f(z) = ¥ frz'r fx(z) = ¥ frz"r (V.40)
rezZ+A rez-A
1A = .
where A = —— and fl = f__. It is sufficient to consider -1 < My $1; M1 is

the Ramond case and A=0 is the NS case. The oscillators have anti-commutation

relations
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iz, _ &13 . 2 N P> 1 P
(£, 8y = 6798 (£,£0) = (£.E) = 0.

(V.41)

The number of states in the Fock space generated by fr and fs is given by the

generalized Jacobi theta function

A

-1,2 i g
m . 8\ S (n+—5)
T (w5) T (wS) =w & Qfey )t T w? o 2
i st nez
-1,2
=\ A
=w &% w17t e 9ol
where
i $)2 ¢ U, _ 4T
o(%)(v]t) = el“t(n+2) elzﬂ(n+2)(v+2) 1Tt
H nez
e[tl( B —in%(n+%)2 _iZH(n+%)(v+%) + igiﬁ
viT) = e &
ﬁ nez

f£(w) = T (1-w").
n=1

The Hamiltonian and associated Virasoro generators are given by

n ~
L = ) (r-3:f f:
n NEZ+A 2'"°"n-rr 4

(V.42)

(V.43a)

(V.43b)

(V.43c)

(V.44)
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where the second term is a sum over all f and f seperately.

A string model with same of the internal modes given by twisted fermions
can again be described by eg. (V.2) where a sector a is now labelled by the
values of ka(f) - the exponent in the boundary condition in eg. (V.39) - for

each of the fermions, and the definition of Py is modified. In general the

B
left- and right-moving modes may seperately be described by m complex
fermions, each of whose boundary condition (V.39) may be labelled by one real

value of )\a(f ); and n real fermions whose boundary conditions need not be

paired, with 2m + n = 20. A sector a is thus labelled by a (m+n+m'+n')-

dimensional vector

)xn;)»]'_,..., r'n;)\l,...,)»n,;)\]'_,...,)\r;l,). (V.45)

We consider boundary conditions in eq. (V.39) of finite order, i.e.

N I (EN _

a(f)” = e 1

for some integer N. The vector of exponentials of eg. (V.45), which reduces

to the 40-camponent vector, with camponents equal to 1 in the untwisted case,
will be denoted by

a= (e ool seeesC yeeesC gees)s (V.46)
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The entries in such vectors are camplex numbers of unit modulus, so we
can define a multiplicative operation on such vectors by multiplying the

camponents,

(allazl"‘)(ﬁllﬁzl°") = (alﬁlrazﬁzr"')'
With this definition, each a is of finite order,

No

a %= (o™t

L™y - o (V.47)

where N - is a factor of the individual N's. This operation generalizes the
vertex rules for the untwisted case: if a sector a interacts with a sector B,
it gives rise to a sector aof. If each ai,ﬁj = +1 only (the untwisted case),
then this operation is equvalent to the symmetric difference operation used in
the untwisted case. If a set of such vectors Q = (@,a,B,...} is closed with
respect to multiplication (i.e. if of € Q whenever q,B € Q), then w forms an

abelian group under this operation

(1) o = Ba
(ii) (aB)y = a(By)

(iii) a@ = a
N -1
(iv) atl-a? £Q
N

v) a%-=0. (V.48)
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Since, in general, an element a is of finite order N,/ Q is a finite

abelian group isamorphic to a direct product of ZN factors,

Q=2 xZ. X oo. xZ (V.49)

for sare nonnegative integer K, and Q can be generated from a set of K+l basis

elements {bo,bl, . ,bK} , of orders NoANppee e N respectively. The sectors are

given by
K ni
Q={( Mb,” : n, € Z, 05n,SN.-1}. (V.50)
. i i i=i
i=0
K
So there are TI Ni sectors.
i=0

The projections contributing to Py g are defined by requiring that the

B
number operators of the fermions in a given sector B have a definite parity

s(a,B)* on the sector a, where * means camplex conjugate,

F

-
}\B- *
(-1) q = E(A.B) . (V.51)

XB is given by the exponents of the boundary conditions of sector B, see eg.

(V.45), and F is a vector whose camponents are the operators F, = by :fi'f'zr:
rezZ+A

for complex fermions and } bzsbg or dj_'nd?;l for real NS or R fermions,
s=1/2 n=1

respectively; (no sum on j).
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m I !

n
- ~ o~ ~
XoF = YAFE + ¥ RE 2 ME, - Z AME, (V.52)
B - =il s R s B NG s

where the tildes distinguish left and right movers. Then

A, oF .
§ E (-1 P ea,p)y, (v.53a)
and
n (ni) s o

MP_ .= TP n < g(a,B)(-1) P (V.53b)

pen OB g OBy T NNy ag
where P2 P Since

G,B Q,B

A oF A oF A, oF
-1) P =) Y =y P, (V.543)
it follows that
e(a,p)e(a,y) = £(a,By) (V.54Db)

and €(a,0) = 1. €(a,B) is an Ng‘h—root of unity. As in the untwisted case.
(V.54b) is true provided that the definitions of the parities of the number
operators in (V.54a) agree on the vacuum states. Using (V.53), we can express

eq. (V.2) as



- 118 —

1 1
K, £, L -1 F

noN s)én 8,(a,8) tr w ° 2w 2By (v.53)
i= aeQ

Again denoting the trace by {a,8} and leaving aside I N,%, (V.55) becomes

Yy Y 6ae(a,8){a,8} (v.58)
aef) BeQ

which must transform in such a way as to keep the full partition function

modular invariant. Here

1 1
s L -3 ALF
(@8} =t w° 2w 20 f )
Xi m Xi
N O Rk A T IR Rl A S ICIE)
i=1 XB i=1 8
-l "i Ve M N
il ](olr)] I [9( i](olr)] . (v.57)
ot *e 11y

As in (V.20a,b), we find from T-T+l and T*—%, respectively, that

—1-x ‘A

e(@,B) =e *+% %(a,aB) (V.583)
1—x A

e(a,B) = e <a B see(e,a)* (v.58b)
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where the scalar product is defined as

Ay = L ;glxga)xge) . lex' (@x.® _1 ngga)xge) ) 3217" (@8 (7.0
Consistency of (V.58) requires:
Ni)‘bi')‘bi =0 (mod 8), (v.60)
if Ni is even, axd
Niiji.xbj =0 (mod 4), (v.61)

where Ni j is the least common multiple of Ni and NJ. For the consistency of
(v.58a,b) with (V.64) below, we also require the mumber of real fermions that

are similtaneously periodic in any four sectors to be even.

In summary, a twisted fermion string theory is defined for a given
nomnegative integer, K, by a choice of K+l generator sectors bo’bl’ s bK

*
together with the values of ZK(K+1) + 1 projections nyy =8 e(bj,bi) for

i=j=0 and 0=j<«i=K. In the general case, we choose bo=F. The remaining ny i3

are then obtained from:

m = 2;\1’ )‘bj ny (V.62)
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=im

“4'p, "b
Mot = Gbi e 'nli (v.83)

The complete projections e€(a,B), fora = I b, and B = I b,, are then given
ier jeg 3

by

im

(a,B) = & 2 kb ( )
e(a,B) = . V.64
BieI nlj
jed

Lastly, in every sector b,, the diagonal matrix w; defined by the
21112) = W fb(z) mist be such that ws, is an

bbi

automorphism of the Lie algebra used to define the super-Virasoro
[59]

boundary conditions £2(e

generators.

¥e now give an example of a chiral model in 4 dimensions.

EXAMPLE 4

An N-1 chiral model with SU(2)xU(1)° gauge symetry®! can be written in

terms of three generators, bo b1 b2, N N =2, N2=4 K=2. Q= szzzxz4 There

are 16 sectors whose fermion content can be labelled by the box diagrams on
the next page.



- 119 -

boba b1b2 bob1 b2 2
(singly twisted)

| ,
boba’ biby*
(doubly twisted)

b T

bobs3 bybo® bobyb2®
(anti-twisted)

The boxes are now labelled by four shadings. corresponding to the boundary conditions
on the four fermions:

N
o]
.ui
4
|
=
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The basis vectors are given by

A, = (OB 0% @% 0%

(o)

M ((0*%; (@)% (1)* 0% *)?

- (OGO OO OROTODY

g 2 g .B
The massless states come from the sectors: bl’ b2, 0, blbz, bz’ blbz’ b2,
blbg, bg, blbg For g = SU(2)xU(1)5, they are: (The lines denote a sum of

permuted entries).

1) from the untwisted sector,
spin (+2,_2) in (1;0,0,0,0,0) of g
(+1,_é) in adjoint of g
(5,0) in (1;#1,0,0,0,0) ® 2(1;0,1,0,0,0) of g
(20)  in (1;%1,0,0,0,0) ® 2(1;0,-1,0,0,0) of g
(_2,2(0)) in (1;0,0,0,0,0) of g

2) from the singly twisted sector,

1 1-3111
('2‘,0) in 2(1,_2, 23 Z’Z) of g
3) from the anti-twisted sector,

-1 i 5 =1 =1 1

4) from the doubly twisted sector,

1 1 1 1

-1 —1 —1 -1
@ (1 O) 2’ 2’ 2|

-1-111
3 20303 @ (10
11 1 1

1111,
’2’2)2’

1 1
(§,0) in (1;0,z 2
2) @ 2(1;0, %

111
'2°2°2
-1 -1 -1 -1y -1y
’ 2’ 272 2
1-1-1-1y
2R 2

-1
of g.
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Conclusion

Four-dimensional superstrings continue to be a current topic of
investigation in string theory, and several interesting ideas have developed

out of the results presented in this thesis. John Schwarz, in a recent
(o]

[1,2]

review, discusses some possibilities for modifying the type II

theories to obtain a less restrictive fermion spectrum. One of the ideas
mentioned is to introduce two-dimensional gauge fields as additional dynamical
degrees of freedom on the worldsheet. ®'! This cowld possihly create a larger
value of & for the internal space. Another question that remains is how to
break spacetime supersymmetry - it is not yet clear how to do this, and the
topic is still being investigated.

The new techniques for compactification and introducing symmetry into
string theory as presented in :bhis thesis have done for the type II
superstring what the FKS construction did for the heterotic string. Four-
dimensional type IT superstrings may now be considered as promising candidates
for a phenomenologically realistic theory on an equal footing with the
heterotic string. Type II models have only a small number of gauge groups,
which are of the right size and have a reasonable mumber of massless fermions;
whereas the heterotic string has large groups and many more massless fermions.
The work presented in this thesis has taken three major steps towards our
ultimate goal of formulating a string theory directly in four dimensions with
the gauge group SU(3)xSU(2)xU(1) and the right number of chiral fermions: 1)
we found a way to introduce nonabelian gauge symmetry into compactified type

II strings (which had been thought to be impossible), and we developed a
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superstring analog of the FKS construction. (1]

2) a new method of introducing
symmetry into string theory was used to create two new models directly in four
dimensions having rank-4 gauge groups that contain the gauge group of the

standard model as a subgroup.[2]

3) chiral four-dimensional models were
investigated, and it was shown how the requirements of unitarity and one-loop
modular invariance lead to the same constraints as imposed by mult-loop
modular imvariance. o]
There is still much to learn about the fundamentals of string theory, but
we remain optimistic that the ultimate goal of attaining an understanding of

all the elementary particle interactions in terms of strings is possible.


file:///3sed
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TABLE OF ABREVIATTIONS

VM - Veneziano model

FKS - Frenkel-Kac-Segal construction

NSR - Neveu-Schwarz-Ramond string (the old superstring)

GSO - Gliozzi, Scherk, and Olive (projections on the NSR string)
VS - Virasoro-Shapiro model (closed bosonic string)

GGRT - Goddard, Goldstone, Rebbi, and Thorn, ref. [40]

OPE - Operator product expansion
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