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I. Introduction

The concept of an infinite set of conserved charges in 1+1 di-
mensional quantum field theories has received considerable attention.
Such sets have been found both for continuum theories such as the
sine-Gordon equation] and lattice theories such as the XYZ spin chain,'2
The presence of an infinite set of conserved charges it closely related
to the solution of the theory by the inverse scattering method.3
Knowledge of the form of the conserved charges can be of value in de-
termining how to implement an inverse scattering solution to a given
theory. It has also been shown, in many cases, that the existence of
an infinite set of local conserved charges implies the lack of particle
production in scattering.h For interacting field theories such as those
mentioned above (the XYZ spin chain model has been shown to have the
massive Thirring model as its continuum limits) this implies a much
more restricted form of the S-matrix than would be expected for such
theories. Clearly therefore, as has been the case with so many other

symmetries and conservation laws, infinite sets of conserved charges

provide a great deal of useful information about a theory.

Of course, in the physics of the real world one is not interested
in theories in only two dimensions but rather in four dimensions. In
four dimensions the property of possessing an infinite set of conserved
charges appears at first to be too strong to be useful. |t has been
shown in 3+1 dimensions that theories which possess this property
along with several other reasonable requirements are necessarily free
theories, provided the charges are constructed from local'currents.28
Such theories are therefore uninteresting. The possibility is left
open, however, for the case of non-local charges. It has been specu-
lated that the Yang-Mills equations in loop space, which are similar
to the equations of the two-dimensional chiral models, many possess

charges of this sort.6’7

Polyakov has shown how one might construct
conserved charges for the loop Yang Mills theory in 2+1 dimensions
in analogy with the conserved charges of the chiral model.7 The

charges have been formulated, however they are in terms of a generat-



ing function which is given as a solution to a loop space differential
equation which has yet to be solved. Nevertheless, their existence is
a distinct possibility. For the case of four dimensions there has been
no specific form proposed for conserved charges of this type. |If they
were to be found they could provide valuable non-perturbative informa-
tion toward a solution of the Yang-Mills system, thought to be the
theory describing the strong interactions of hadronic physics. The
principal long range motivation for the work described here is the
search for additional symmetry in the Yang-Mills equations of the sort

which leads to an infinite set of conserved charges as described above.

8,9

Kramers-Wannier self-duality is a property of certain classical
statistical mechanical systems. Through use of the transfer matrix
formalism, one can find a quantum Hamiltonian associated with the
statistical theory which operates on a spatial manifold of one fewer

dimension.lo’ll

The self-duality property has an analogue in the
associated quantum theory, which takes the form of a mapping between
the large and small coupling behavior of the theory. This can be use-
ful in solving the theory by approximation techniques, e.g. if a low
coupling perturbation expansion exists for the theory, then its validi-
ty can be extended to the strong coupling region by the duality trans-
formation (0f course the intermediate coupling region may still be
inaccessible through this approach). It is known that Z(N) spin
theories in two dimensions (of which the Z(2) theory is the familar
Ising model) are self-dual as are the corresponding Z(N) gauge theories
in four dimensions.]2 What is not known is whether the SU(N) theory

is also self-dual. A duality transformation for the SU(N) gauge theory
has been widely sought since it could help unlock the mystery of the
strong coupling, perhaps confining, behavior of the Yang-Mills theory.
Such a transformation, however, has proved elusive. A partial success
has been achieved by 't Hooft and others in which only theZM) invariant

13,14

subgroup of SU(N) is subjected to the dual transformation. In-
terestingly, it is the same set of variables which occur in this formu-
lation of a dual transformation and in Polyakov's work involving con-

served charges for the gauge theory. These are the path ordered expon-



entials of the gauge field around loops:
A-dx
‘a§ cdX

]

Al)=gt Pe * (.1
This suggested a question which has been partially answered by the
work herein: what, if any, is the relationship between the properties
of self-duality and complete integrability? |In particular, can self-
duality aid one in the search for conserved charges, or conversely does

knowledge of the conserved charges lead to a dual transformation?

To the first half of this question | can give a qualified yes which
is the main result of this thesis. Specifically | will show that any
self-dual quantum theory linear in the coupling constant possesses an
infinite set of conserved commuting charges provided one additional
condition is met, which is essentially that the first charge in the
set is conserved. The set is defined by an iterative commutation pro-
cedure involving the operators in the Hamiltonian. This theorem is
shown to be applicable to a number of self-dual spin theories: the
Ising model in a transverse magnetic field, the XY spin chain model,
and the extended XY model of Suzuki.z.7 For these theories it has the
advantage of providing the explicit form of the higher charges with
much less algebra than would be necessary if one were to use either
the tranfer matrix or inverse scattering method. This may be of use
in studying the relevance of the higher charges. Unfortunately, how-
ever, the theorem does not seem to apply to either the two-dimensional
Z(N) spin system or the four-dimensional Z(2) gauge theory. Thus the
prospect appears rather bleak that it will prove useful for the case
of the SU(N) gauge theory, although one cannot be certain until a

properly self-dual formulation of that theory is found.

The thesis consists of nine chapters and two appendices. In
chapter |l | discuss the connection given by the transfer matrix
formulation between a classical statistical mechanical system and an

associated quantum Hamiltonian, using as an example the familiar two-



dimensional Ising model, Next, in chapter Ill, | show how this applies
to Baxter's 8-vertex model and the XYZ Hamiltonian, and how an infinite
set of conserved charges for the XYZ model arises from properties of

the transfer matrix. |In Chapter IV | discuss the meaning of self-
duality as it applies to quantum Hamiltonians, and develop a general
form for a self-dual Hamiltonian. |In Chapter V | show how one can find
the explicit form for conserved charges in the XY model by a heuristic
technique which takes advantage of the models' self-duality. In chapter
VI it is shown how the solution to the XYZ model by the quantum inverse
scattering method leads to the infinite set of conserved charges associ-
ated with it. The thesis culminates in the statement and proof of the
theorem mentioned above, which stipulates a condition under which self-
dual theories possess an infinite set of conserved charges (Chapter
VIl), after which | briefly discuss applications of the theorem (VII1)

and draw some conclusions (I1X).



2.

Il. Classical Statistical Mechanics and Quantum Field Theory

1 Relation. Through the Transfer Matrix

The Euclidean path integral for a quantum field theory in N

dimensions is given by 7& -
7 (=1 Do exp[7 [4H X (T00s)+Tesnewn)] .,

where;fE is the Euclidean Lagrangian density,{@(x,t) is the field to be
quantized, and J(x,t) is an external probing field. | shall consider

(2.1) to have vacuum boundary conditions:
+ —
@ (x,£Th)= 0 .5)

The normalizing factor Tl is chosen so that

Z ()= | (2.3)

In the 1imit Tees ZT(J) is the generating functional for the Euclidean
Green's functions of the theory. One can also interpret (2.1) directly
as the vacuum to vacuum transition amplitude over an imaginary time iT
in the presence of an external field J. In the Schrodinger picture,

AT oy =
gole Moy, = 2, () "

Equation (2.1) looks very much like the partition function of an N-

dimensional statistical mechanical system. |If one defines a classical

Hamiltonian for a corresponding statistical mechanical theory
Va [~

H, = Y‘HSJ“;;’ (1. (@0 1) + T (61 w(xﬁ)) (2.5)

=Ty =~o0

and an inverse temperature

(3"5 k(’f’emp.) = 4 (2.6)

then

7, )=" {Do exp [~ Hc]

(2.7)



which, with the exception of the boundary condition at =T, has the

form of a normalized partition function. Note that if the original
quantum system had 3+1 dimensions, then the classical Hamiltonian, Hc,
would involve four spatial dimensions, so the partition functions re-
levant to realistic quantum field theories all have one more spatial
dimension than those usually studied in statistical mechanics. Another
variant from the usual case in statistical mechanics is the presence of
continuous fields. Also, of course, real quantum field theory is
formulated on a Minkowski space, not a Euclidean space which requires
an analytic continuation of Green's functions derived from ZT(J) to

imaginary time.

This connection between statistical mechanics and quantum field
theory has proven extremely valuable for both fields. Quantum field
theory has benefitted from simplified perturbation theory integrals,
lattice field theories, Mont€ Carlo simulations, strong coupling ex-
pansions, and concepts such as spontaneous symmetry breaking and coupl-
ing constant phase transitions. Statistical mechanics has been given
a theory of universal critical phenomena following the renormalization
group. In addition, as we shall see below, the quantum connection has
aided in finding the exact solutions to certain statistical theories.

This list is by no means complete. It is being added to continuously.

The transfer matrix formulation provides a convenient method to
determine the associated quantum Hamiltonian as occurs in (2.4) for a
given statistical system (2.7). Consider a statistical system defined
on a lattice of points (fig. 1). For the sake of clarity | shall con-
sider a two-dimensional lattice although the method works for any
number of dimensions. At each point there exists a classical field
@(i,j) which could take on either a discrete or continuous set of
values. Now construct a Hilbert space of states at each point which
are eigenstates of a quantum field @(i,]) whose eigenvalues are in
one-to-one correspondence to the set of allowed values for the classical

field. Form a state vector for a horizontal row of points by taking
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the direct product of states for those points.
1@ =[0(,-"4)> @@ (i,-"% ) &--- & | @i, "a+1)Y (2.8)

Then one attempts to find a matrix f whose elements give the multiplica-
tive contribution to the partition function from two adjacent horizontal
rows in a particular configuration (Note that this is only possible if
the interactions in the vertical direction are no more extended than

nearest neighbor). The partition function will then be given by

2= 2 <@waITIG% DB ) TIG(v%-1)7 -+ -

-g«»:;:s‘z X<QEM T |O(-2)> .
Since the intermediate sums are over complete sets of states,
Y N N - .
2. = <OWITY @ (-%)> (2.10)

If one drops the boundary condition, identifies the rows i=N/2+1 and
i=-N/2 and sums over that state also then one obtains the usual parti-

tion function with periodic boundary conditions:

A
Z=ht TV (2.11)

Comparing (2.10) with (2.4) and realizing that one could have taken
any boundary conditions, not just vacuum boundary conditions, leads

to the identification of the operators

A
ANY) -HT
T =e¢€ (2.12)
"4 AT <A
T=e = £

(2.13)



T is the lattice spacing in the vertical direction which can be thought
of as the time direction. Thus the transfer matrix is seen to be the
time evolution operator for a single lattice step in a Euclidean lattice

version of an associated quantum theory.

The transfer matrix approach has been useful in the solution of

partition functions. For an infinite lattice system (Now, T-w)

Z=hT" = T (2.14)

where T is the maximum eigenvalue of T. This is true provided T

max max
is unique. Other contributions are exponentially small as N»». As an
aside, note also that

-E, TV -
Z=T =¢ = <o| TV|oy = Z; (2.15)

Max

where EO is the ground state energy of H. Thus in the limit T9®it
doesn't matter whether we work with ZT or Z. |If Tmax is not unique,

however, the boundary conditions may be important even in this limit.

Thus the problem of solving the partition function is reduced to
finding the maximum eigenvalue of the transfer matrix. This is not
necessarily simple, however, since the matrix % is often very complica-
ted. One approach has been to find a simple quantum Hamiltonian, not

Vel A
necessarily the same as H above, which commutes with T.‘5

Then a trans-
formation which diagonalizes the simpler quantum Hamiltonian which in
some cases might already be known, would greatly simplify the diagonal-
ization of % since they share a common set of eigenvectors. In the
limit 10 the Hamiltonian ﬁ often becomes quite simple and one can
solve for Z by computing the ground state energy of H. This gives Z
only for an extremely anisotropic lattice ( t+0). However, it is still
a useful connection since some properties of the system such as its
critical exponents are independent of the lattice spacing. This so-
called t-continuum limit will be discussed more thoroughly in the

next section.
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2.2 The lIsing Model

As an example of the methods discussed above, consider the case of

16,17

the two-dimensional anisotropic lsing model. lts partition

function is given by

MM

2=SZ=fXP[EI (@'T S'JJ jl'u)j 3 6 S‘JJ 5’;5-)-1 )] . (2.16)
==

The model is defined on a periodic NxM lattice of points upon each of

which resides a two valued variable Si’j=il (see fig. 2). The couplings
in the vertical and horizontal directions are given by BT and B re-

spectively. To find a transfer matrix for this model consider the

states

-

ISi>=15,> @15,,>@I15,>0---0(5;,> (2.17)

where

DER®) , =D (?) (2.18)

are Pauli spinors. The states |§i> defined in (2.17) are in one-to-one
correspondence with the possible classical configurations of the
variables {sij} in that row. The goal is to find an operator T such

that

= A O

Z=hT"= §>.<SNIT15~_?<;I?J?>---<s‘, 715> . (2.19)

L] N

Consider first only the contribution to Z from two adjacent temporal
(vertical) points in column J. Expressed as a matrix which can be
sandwiched between the spinors representing those points, it is given
by
o
€ e
My = e (2.20)
-

g -
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This can be expressed in terms of the Pauli spin matrix 8]:

"‘/2 x 2
M, = (% sivh (28)) “exp (8 &) (2.21)
where

-2P'T' 5_1 - o1

tawh B = € , > o/ (2.22)

The contributions of temporal couplings for the whole row may be obtain-
ed by multiplying many of these matrices together. The within-row in-
teraction is a diagonal matrix and therefore can be multiplied on the

left or right without affecting the operation of the MJ' Thus

*

~ . * ﬁ’wa 2 ~3 2
T= ('i‘SlNL (9-@7)) CXP(§ p'r O;)GXF(% P 0-3.3 O__".:;_,)
(2.23)

is an acceptable transfer matrix for (2.19). We are interested in find-
ing a Hamiltonian which is related to % by

fa —ﬁ’l"

Teec . (2.24)
However, % is the product of exponentials of operators which do not
commute. A representation of it as a single exponential through a
Baker-Hausdorff identity]8 results in an infinite number of terms for
ﬁ. Nevertheless in the t-continuum limit]] ﬁ becomes simple. % does
not depend explicitly on T as written, but if correlation functions
for points separated by finite distances are to be kept finite, the
couplings BT and B must be scaled appropriately as 1>0. In
addition the energy per site will become infinite in this limit and
an energy renormalization will be necessary. The requirements for

a properly normalized transfer matrix are 1)
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A . -HT o
’, I= "M = 1
i T e 2.9
and 2) B
lim -1 ill) = H
Yim - w ( (2.26)

where H is some finite operator. This can be accomplished by scaling

Bi and B such that
*
a’roc’r) ﬁOC'T'

and, for the energy renormalization, simply removing the numerical

(2.27)

prefactor from T (The latter could also have been accomplished by tak-
: 5% . : 8 1 2
ing the original temporal interaction in (2.16) to be EBT(SiJ Si+],j)

instead of Brsi,jsi+l,j)' Thus

T exp (378D exp (ZAT &) (2.28)
where | have let
ﬁ:="“ ) g=AT . (2.29)

Expanding to first order in T one obtains the t-continuum Hamiltonian

H':: - ; (o-:r + A 3?63_'3::) (2.30)
which is just the Hamiltonian for a one-dimensional quantum Ising model
in a transverse magnetic field. Thus we have obtained a simple one-
dimensional quantum Hamiltonian related to the original two-dimensional
statistical system, albeit in a very anisotropic limit. The equilibrium
state of the statistical model undergoes a disordering phase transition

at the point B=8: . The ground state of the quantum model undergoes
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an analogous non-analytic transition when the coupling A passes

through 1. The details of this transition have analogues in each

model and can be studied in either, however this is not the purpose

for which | shall use this connection here. In the following chapter

| shall demonstrate how, for the case of the 8-vertex model, properties
of the transfer matrix imply the presence of an infinite set of con-
served charges for its associated quantum theory, the XYZ anisotropic

Heisenberg spin chain.
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I111. The 8-Vertex Model and the XYZ Hamiltonian

3.1 Connection Between HXYZ and T8V

19

If one subjects the symmetric 8-vertex model of Baxter ° to a
similar treatment as that given the two-dimensional Ising model in the

previous chapter, one finds that the associated t-continuum quantum

Hamiltonian is that of the XYZ anisotropic Heisenberg chainzo’ZI,
given by
- _ =~ 2 22 A2 23 23 )
Hx72= ‘3" (Tx O_j' OS'+I +j;'o—3' O'}‘H +3;03' GT-H (3_])

It will prove useful to examine this connection in some detail, since
in this case known properties of the 8-vertex transfer matrix will yield
some additional information on the quantum model, namely an infinite
number of conserved charges. The 8-vertex model is formulated on a two-
dimensional rectangular lattice of points with an arrow placed on each
link (fig. 3). An energy is assigned to each point (vertex) depending
upon the configuration of arrows surrounding it. Normally there would
be sixteen different vertex types, but for the 8-vertex model configura-
tions with an odd number of arrows entering or leaving a vertex are
assigned an infinite energy and thereby forbidden. In the symmetric
8-vertex model of Baxter, those vertices which result from reversing
the directions of all impinging arrows are deemed to have the same
energy. Thus we are left with the energy assignments of fig. 4. The
partition function is given by
g
~gE M &
Z = Z e I=} (3.2)
?clotk(%{.ra."'iou;
where N, is the number of vertices of type i in a given configuration.
The model lends itself to the transfer matrix approach. Since | am
just reviewing the work of Baxter here, | will spare the reader the
details of the derivation and simply state the results that will be

useful to me. Let

w; = exp (- &) (3.3)
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and define
R
P =

—9,.'<C(/3*W7> ) P2 5’.(&{!~&/7)

(d4~+&4) (3.4)

o

() .

(a/l— &4') P F@ =

.

Then the transfer matrix is given by

“ Y . .
= - O-J ’ O-J )
Taia x—' ,\,=: ,\Z. ;”— (Z f Dexs g am (3.5)

The a ,aj represent two adjacent vertical rows of spins, T gives
the contribution to the partition function of all allowed configurations

of the intervening horizontal row of spins, represented by AJ. The O

matrices are the usual Pauli matrices with ohsl. The structure of T
is rather complicated. It is the partial matrix product of M matrices
(over 2 of 4 indices) each of which is the sum of four more elementary

matrices. To find a t-continuum limit one must find a way to scale
A

- ii—T is finite

oT

as 1-0. This can clearly be done by choosing W3~T, W ~T, (w]-w5)~1,

7
(wl+w5)=2+~T, since such a choice gives p]=p2=p3+0 and p,»1. In this

couplings with T so that T»1 as 1>0 and so that T

A

limit T does not quite become a unit matrix but rather the matrix
- ,

T &ty (3.6)
which is a cyclic shift operator to the left. This can be interpreted
as meaning that the time direction should, in this case, be taken to
be along the left leaning lattice diagonal. |If one takes, in the

limit 10

(3.7)
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+ cowst: (38)

A,’_O_,‘

(O} - 47“§)

Thus the T -continuum quantum Hamiltonian associated with Baxter's

model is seen to be the XYZ Hamiltonian.

3.2 An Infinite Set of Conserved Charges for HXYZ
Baxter has discovered a very interesting property of the 8-vertex

model transfer matrix, namely that there exists a one parameter set of

. . 1 : .
commuting transfer matrlces.g’20 If one defines still another set of

parameters w., i=1,2,3,4,

Wi s ev (V) /v (34) ) WS dv(R)/dv (T, 9)

(3.9)
W3 = | P Wli = SN(VJX)/SN(I/Z)

where sn(V,2), Cn(V,2), dn(V,2) are the Jacobian elliptic functions of

argument V and modulus % , and sets
¥
R

I
7 (Wi-w, = W3+ Wy) ) R é (Wi + Wy -y +V“ﬁ)

(3.10)

1]

T 0w s )R s (g vy o)

then

[TW3.0 T(V'.7,00]=0 .

(3.11)
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Note that a constant energy can be added to each of the vertex
energies e; without having any effect other than multiplying the
partition function by a constant. This allows an arbitrary multiplica-
tive scaling of the quantities w; defined in (3.9) which Baxter has
utilized to set w3=l. Thus we are left with only three parameters de-
scribing the model V,z,%.

One can see from (3.9) and (3.10) that V=g is equivalent to the t-
continuum limit discussed previously (3.7). One can take, without loss

of generality, 1= &{V-g). Then one obtains

a0 =2 _ A
T = T/ oK T (v3 ,e)DV T(V )/-5
- (3.12)
Yy /' A A
- kZ Z% P’ O;_‘ O;_:' - nyz +CONS+.
i=l T
where
P o P <v,:w>/
= (3.13)
oV v=3 .
Specifically,
P’ dnv (23,2) P'= v (239
Cswase 0T Sv RS (314
, 1 /= ’ /— Pl
Pz“—'su(ns,,z) ) = h+RE-& .
The XYZ couplings (3.1) are given by
/
-k P :—kf;', T=-kp’ . (3.15)

In the following we shall take k=1, since as far as conservation laws

are concerned, the normalization of H is not important.

XYz
As has been shown by LJscherz, (3.11) immediately implies the
existence of an infinite set of conserved charges for the XYZ model by

the following argument. One differentiates (3.11) an arbitrary number
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of times with respect to V, obtaining

oY T = _
[‘?\7 T(vs2), T<V)'5,1)__} =L, (3.16)

Next multiply on the left and the right by T'](v',;,z).

[T \/3,@),3‘/” T (v 30)] = (3.17)

Also differentiate (3.16) once with respect to V'.

Ts0, 2 T(V,5D]=0
['ol/” (v ) (3.18)
Due to (3.17) we can multiply (3.18) by factors of ?-](V,g,z) and
}—](V',c,z), commute them through and let VW% to obtain
4~ 2 = ! &
[T (v 3,*@)3[/*'7-(‘43)'@[ T/s zW,T(VJE!)/ =0 (3.19)
V:'f V{__S .
Thus the quantity GN, defined as
M+I
G— T (l/‘s.z)b(/w, (/,‘J;L)] (3.20)
=3
commutes with the XYZ Hamiltonian (see 3.12)
~ A
[GV) ny;—] = 0O (3.21)
and is therefore a conserved charge for the system. It has proven use-
ful to define another set of charges EN
P 'D'V-H , A
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which are related to the GN in exactly the same way as connected Green's

functions are to complete Green's functions in field theory. Thus

Ca)

Co
2| =
22':8—1"38':2'0 + 2 6'53 L

Pal
HXY?'+ Co~;+.

"
N
f
(O
Q

(3.23)

The advantage of the EN is that they are expressable as sums over local
current densities. Such charges are called local charges although the
charges themselves are not local operators. A local charge symmetry

can have a strong effect on particle dynamics since it results in an
additively conserved quantum number for the particles. (e.g. in the
continuum version of the XYZ model - the massive Thirring model - the
conserved charges EN imply %p?+]= constant for any assembly of particles
{i} with momenta {pi} 2). It is interesting to note that any Hermitian
Hamiltonian system possesses an infinite set of conserved charges, e.q.
the projection operators onto energy eigenstates 6n=|En><En| are in-
dependent conserved operators. They are not, however, in general local.
Thus the issue is not whether a system possesses an infinite set of
conserved charges but rather whether the forms of such charges can be
found in terms of explicitly known operators and whether or not the
charges are local. A non-local set of charges does not generally in-
hibit particle dynamics to the extent that local charges do, however

it may still be as effective in aiding the integration of the theory.

It is this scenario which is hoped to be active in the four-dimensional

gauge theory.

A

The first charge for the XYZ model, C,, can be obtained rather

easily. The differentiation of (3.5) twic; with respect to V leaves
three types of terms: one in which the two derivatives fall on the
same factors of P;» One in which they fall upon factors of P; associa-
ted with matrices from adjacent sites linked by matrix multiplication,

and one in which the derivatives fall upon factors of P; associated
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with matrices from more distant sites. We shall call these double
overlapping, single overlapping and non-overlapping terms respectively.
Computation shows that the —ﬁg term in (3.23) subtracts off the double
overlapping and non-overlapping terms, as well as the symmetric part of
the single overlapping term, which leaves

A Dbl YAl e P t

C, Y = ¢ IR - O;_*’]O;*: + consT.

!

ho=! (3.24)

. 3
L ‘v’ £.. v k ;
- % Z F B €k 05 Uy O;:»z + ConsT

ha=t

1]

where

P =2 P

2r (3.25)

e
Computing the explicit forms of the charges beyond E] presents a
lengthy algebraic task. |In Chap. V, a heuristic procedure will be used
to determine the explicit form of the Nth charge for the simpler XZ
mode 1 (Jy=0). In Appendix A the result of a direct calculation of 62
for both the XYZ and XZ models is given, primarily as a check on the
procedure of Chap. V. In contrast the theorem of Chap. VIl will pro-
vide amuch simpler method for finding the XZ model charges, as well

as charges for any other model to which it applies.
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IV. Self-Duality in Quantum Theories

8,9

Kramers-Wannier duality and self-duality are properties of
certain classical statistical mechanical models which have proven use-
ful in the investigation of critical phenomena, the characterization

of the behavior of models at temperature extremes, and in the discovery
of relationships between different models. Not surprisingly, the
presence of a dual transformation in a given statistical theory is re-
flected in an analogous property of the associated quantum Hamiltonian
theory. Self-duality in a quantum system, as we shall see, takes the
form of a change of variables whose effect is to switch the ''free'' and
"interaction' parts of the Hamiltonian. The transformation therefore
relates two versions of the same theory, one with weak coupling and the
other with strong coupling. In this chapter | will review self-duality
in statistical theories, demonstrate how this leads to a self-duality

property for the associated quantum Hamiltonian, using the lsing model

as an example, and determine the most general form that a self-dual

quantum Hamiltonian can take.

4.1 Self-Duality in Statistical Mechanics

Say one is given a partition function for some statistical system

described by variables S

-BHs)
Z = SZ <€ (4.1)

In some cases one can find a new set of variables u; in which the same
partition function is given in terms of a new Hamiltonian H(ui) and a
new temperature 8(B).
_~
-B H'(L(,')

Z= 2 € (4.2)

Uy
A definite procedure must be given by which to find the variables uss
and it must be such that applying the procedure a second time leads
back to the original variables Si» thus the name duality. The re-

lationship between {Si} and {ui} is usually not a direct change of
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variables si=f({ui}) which would imply a correspondence between terms
of (4.1) and (4.2). Rather it is generally a much weaker connection
such that only the sums over all configurations are equal, with each
term in the s; sum having contributions from many terms in the u; sum
and vice-versa. This ''weakness'' is actually the source of much of the
power behind the dual transformation; e.g. consider a system which is
highly disordered in the variables s;- One would expect a large number
of terms to contribute in a substantial way to the sum (4.1). However
the dual variables u; are usually such that they measure the degree of
disorder in the original system, thus one would expect only a relativity
few terms to contribute substantially to the sum (4.2) giving very pro-

bably a simpler description of the highly disordered state.

In the case that

g(u.') = H («) | (4.3)

the model is said to be self-dual. In this case the duality requirement
implies
P =g (b.4)

i.e. the function B(B) is its own inverse.
(B =p (4.5)

An example of such a function is B= 1/8. Another example is the

function Bx defined in section 2.2:

8% = -1 v (Funk (B) (4.6)

A1l such functions, being symmetric about the line B=R, have the property
that B is large when B is small and vice-versa. Thus in the case of
self-duality, it is the high and low temperature versions of the same

theory which are related by the dual transformation.
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4.2 Self-Duality for a Quantum Theory

For the case of the anisotropic two-dimensional Ising model consi-

dered in sec. 2.2, the dual transformation takes the following form9:

Z (6 8)= 2(6% 8 . (4.7)

In terms of the transfer matrix]7, which was more easily expressed as a
function of B and Bi (see eq. (2.23)),

) J"l-- N

T(E,0) & T(E6). (4.8
That this is a consequence of (4.7) can be seen simply by noting that
the parameters of % are obtained from those of the corresponding Z by
taking the "' of the first parameter and leaving the second alone.
An arrow is written in this case to indicate that the % on the R.H.S.
of (4.8) has the same form as the T on the L.H.S. They are equal if on
the R.H.S. T is written with dual variables in place of the original
variables (see 4.12). Since the coupling constant A for the quantum

Hamiltonian was defined as

A=B/ B: (4.9)

under the dual transformation it follows that

F‘(/\) & AH(7 (4.10)

The transformation on the quantum Hamiltonian (as well as the transfer
matrix) can be implemented by a canonical transformation on the operator

variables. Recall

H(X,a')=”z(&'+’\o?6§-:;). (4.11)
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Let:
MY A3 43
HJ‘ = O3 [y 3

. T (4.12)
3 _ 1
Mj—n-a_l. o
L=t
The fi's obey the same commutation relations as the 6's (See App. B).
From (4.12),

7~ ~3 A3 .

0_:.\' = K;‘-, Mj‘ (4.13)

Therefore

A ‘ A A A

H()\,S—)= -z (M:,-_, gy # A “:r) (L.154)
T

Due to periodic boundary conditions, the indices on the first summand

can be shifted by one, thus

H(\,o) = - % (’6‘; M;“ + A “ér> (4.15)

!:‘{(»\,3'> = A\ l:‘}(‘/,\, &) (4.16)

In the next section we shall show that (4.16) is the general statement

of self-duality for a quantum Hamiltonian. In some ways, duality is a
simpler matter in the quantum theory than it was in the classical
statistical mechanical theory, since the transformation is simply a
change of the operator variables. Translation of results from a

theory to its dual version thus becomes a simple matter of substitution.
That this was not true for the classical variables (si,ui), is essential-
ly due to the fact thatsiandui are eigenvalues of the operators 83 and

3

17, and these operators cannot be simultaneously diagonalized.
L.3 Most General Self-Dual Hamiltonian

In order to determine the generality of the proof to be given in

Chap. VII, it will be of use to consider the general form of a self-



dual Hamiltonian. |In general one might only require

B (y,0) = KO H(EQ), &) .

where ¢ , u represent any set of operator-valued variables and their
canonically equivalent dual variables (drop ~'s for readability).

The duality requirement further implies

K(EXN) = 1/k) EEG) = A (4.

Equation (4.17) can be simplified by a change of variables. Let

M=k ()) (4.

H (o) =H (K0, 6) = A HEW) ®) "
pefine

H'(A o) = H(KT0), 0) .
€)= k(€GN .
Then (4.20) becomes

H () o) = NH O, M) i

EENT k(£ (£ ADM) = k(FEGT(N) = X

(4.

28

17)

18)

19)

20)

.21)

.22)

.23)

24)
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Taking the dual of (4.23), and then using (4.23), one obtains

H’(,\:O') = A'ﬁ'(f’(,\')) M) = N £€1)) H'(AJIO") (4.25)
s0

A €N = = £1(A)= /N (4.26)
Therefore,

00, oY= M H (ar, &) (4.27)

Since by changing parameters and redefining H one can put any self-dual
Hamiltonian satisfying (4.17) into a form which satisfies (4.27), one
can take the simpler (4.27) as a general definition of self-duality.
Note therefore another simplification over the case of classical

statistical mechanics. There is a single universal dual function
f(A)=1/x.

Let H be made up of a set of operators and their duals, each
multiplied by an arbitrary function of A . Suppose a term in H has

the form:

j('\> A + h(\) A (h.28)

Then the term would satisfy (4.27) if

h\y= XAg() (4.29)

In order for H to be self-dual all sets of terms involving individual
operators and their duals must alone be self-dual. So a general self-

dual Hamiltonian would have the form:

H= 4": i) A+ A5 () A (4.30)
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where the gi(k) are arbitrary functions of A (there would of course need
to be some restrictions on the gi(k) in order to insure H was bounded
over some range of A ). The theorem of Chap VI| applies to Hamiltonians

of the form

H=kB+IF (+.31)

where k,T' are constants. Referring to (4.30) we see that (4.31) is the
most general self-dual Hamiltonian which is linear in the coupling

constant (take g(\)=k=T}).
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V. Explicit Form of the Conserved Charges of the XZ Model

As was mentioned at the end of Chap. |Il, the higher charges for
the XYZ model require a great deal of algebra to drive explicitly. Not
only are there many derivatives to compute, but the task of construct-
ing the cumulants to be subtracted from the charges GN to obtain the
local charges CN is also formidable. | have computed the charges C]
and C2 in this manner, the latter requiring more than a few days work
(see App. A for the result). |If one considers the simpler XY model
(JZ=O) or the equivalent XZ model (Jy=0) (which | choose to work with
for reasons not relevant to this discussion), the form of the charges
simplifies quite a lot. However, the procedure given by eq. (3.22) re-

mains almost as difficult (setting Jy=0 helps only in the final stages).

| would like to describe a somewhat heuristic procedure which was
used to determine the probable form of C2 for the XZ model before the
explicit calculation of App. A had been carried out.22 This procedure

does yield a conserved charge for C, and is rather easily extended to

compute the form of the general chafge CN' Although it has not been
proven that this is the same set of conserved charges as given by (3.22),
the explicit calculation of App. A. does show that the procedure gives
the correct result for CZ. It is also true that the first term in the
charges to be calculated is taken from a term which occurs in the
corresponding charge given by (3.22), so it is likely that the sets
coincide. Even if they were not to, the procedure is still valid in

that it generates an infinite set of conserved charges for the model.

It is presented here since it provided the inspiration for the theorem
of Chap. VII, in that it utilizes the self-duality of the model in the

construction of conserved charges.

The XZ model, with Hamiltonian

Hys

has an almost trivial dual transformation. |f one lets

]

- ik P! 3 __3
2 Z(j;‘ o}c-:r‘fl * j; G’U' O;‘-}-/) (5-])

] 3 3 ]
My = O3 | Mz=0; (5.2)
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then

)
Hxz = 3 Z(S" w5 CERE Jz MT““/) (5.3)

which is the same as the original Hamiltonian but with the coupling

JX/JZ inverted. Thus the model is self-dual.

In calculating C2’

¢, =G -3G G +26G (5.4)

one must first calculate G2. The term which differs in structure from
those encountered previously is that in which derivatives hit three
adjacent sites (adjacent values of J) in T (3.5). It is reasonable to
assume that a term of this sort is the most non-local term which will
survive when the local charge C2 is calculated by (5.4). Also, it can
be shown fairly easily that the symmetric part of the mentioned term is
subtracted off by the lower cumulants in (5.4) as was the case for C].

Thus we are left with

I.’
C = O' J > K
2 ;— ;”Z’kﬂ [- T, 0;_*,][0;2 ; O'J-.,,J Oa—'fa + other Terms
3 , (5.5)
= Z:;—- F'Zkﬁ P-‘ F')( 6':""- E.ikb 0:;" O}: o}f; 0;‘:3 + oﬂner Terns,
s ™=

If one sets pé ocJy=0, and defines B, as the first term of (5.5) in this

limit one obtains

sz;(” Boy a2 g ol +R BT o2 o 0'3> (5.6)

i T+2 “J+3 T+2 T3

The first thing to test is whether B, itself is conserved. In computing

2

the commutator with HXZ (5.1) one notices that it is possible for the

commutator of the first term of HXZ with the second term of 82 to

cancel with the opposite cross term, since they have the same co-
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efficients, but the direct term commutators could not cancel since one
has a coefficient of pi3 pé and the other pi pé3. Indeed this is what

happens when the commutator is calculated:

foz, 31]: -i(ﬁ/gg’ )Z ( :r-n J+2+O;%1:O:;:n)‘ 7

It is very interesting, however, that the commutator is zero at the self-
dual point, Jx=Jz (pl=p§). This suggests that another quantity which is
also conserved at the self-dual point, but not away from that point
should be added to B2 to obtain a conserved charge. An obvious candidate
would be the dual of a lower conserved charge. Since C‘ is self-dual,

the only other choice is Co’ i.e. the dual of the Hamiltonian itself.

The relevant commutator is

[Hx:)ﬁx* = "'gi( )Z ( 3‘+| :Ti'). o}l U‘+z> (5.8)
J
(1='BI,T~/""K: Iz = P:')

Thus one sees that this is indeed the correct choice and the combination

Zz =B, -2 ﬁ/f;l Fye (5.9)

is conserved for all pi , pé. Specifically

- ’ 1 2 2 1 7 3
(, x Z (Pl o5 O_:m O34 0;43 P O- O—J‘-n v+2 O34z

J (5.]0)

+ Ig CZT C:}+| + f? C7 Jﬂd )
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If we take the previously computed expression for C‘ and specialize

to the case Jympé=0, calling the result E] we obtain

, 3 _ i 4 2 |
C( = 2 Z ( :TH 3’+1 O:T OETH o;'+n) v (5~”)

Note that 62 depends upon the coupling constants in an important way,

whereas E] depends only trivially upon them. Also E] is a self-dual

operator, whereas C, is only self-dual in the same sense that the

2
Hamiltonian is, i.e. its dual is the same operator but with the couplings

interchanged.
It is now clear how to proceed for the higher charges. Let
Il/l

=2 Z R € cy' b £
3 J '»»'Sf" 'J“ €ikb Cec OS"H Ox42 05 :J’+3 O:;-q-c/

Z( 0, O 02 O -0 o 0"’0'>

+T+2 I3 Ty T+ 7T+ 333 T+Y

(5.12)

This already commutes with the Hamiltonian so it can be identified as
53. Note its similarly to EI' It is clear that all of the odd numbered
charges will have this form, each successive charge having the string

of 02'5 within its terms lengthened by two sites. Going on,

3 /2
113
B,= Z(P R o'g*a®o? g2 ok g3) (5.13)

T4 T+2 I43 Ty J': ) :nn :r+3 :r+q T+§

R 74 I, /79 4y
- - _ | <2 2 2 3
[sz, Bw] i(PR-P f) [; (O'_I 0 G GO, +q’@,qi,q:3qLQ

(5.14)

Thus Bh’ like BZ’ is conserved at the self-dual point. Try



35

o) (TP 3 (0163, 0t i )
(5.15)
Thus
[sz 8,*A'R'B ,J=0 (5.16)
Eq = Z(F O3 O':r+. 0_334.: 0;30;.:” 0:;+5' P 0.70-34;0}470—3'*3 3‘4"0‘-"*‘
+R’ o, 0 o 0 s * R'o3 03, 0%, 0-:?”) (5.17)

One can generalize these forms to the nth charge:

o 2 1 _ I =2 2 A 3
:uc ! e Z ( 3’ 3’+| o-s'nk-:o}nk O'., O, Ore2” " O;_* - 07+2k)
(5.18)

ee-r? ! / 2 2 2
C?k o Z ( P O- r+,Ur+2 O i25 0:}47/(*: + g J:‘UT+IUT+1'- : arnk"jnw:

NI 1 2 ] J 2 .2 2
+ FJ 0.3- a.-;\” O—:-‘“' = o;-.}?[(--) 0-3-.}7[(.; + B O-:O;'H UT#Z- - 63'47?-7 6‘.!‘47[()

(5.19)

It can be shown that all of these charges commute with each other as
well as with the Hamiltonian. This is true for the XYZ charges also
as can be seen by differentiating (3.11) with respect to V and V' an
arbitrary number of times and making use of (3.17). The existence of
an infinite commuting set of conserved charges is a hallmark of exact

integrability, as will be seen in the next chapter.

The explicit forms of the charges (5.18 and 5.19) give a clue as
to why this model and others like it possess an infinite set of local
conserved charges. The basic idea is that HXZ commutes with a string
of o2 operators no matter how long, except at the endpoints. |If the

end points of several strings of this sort can be chosen so that HXZ
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commutes with the combination then one has not found just one conserved
charge but an infinite number since the original string length was
arbitrary. This is very much a two-dimensional phenomena (one-spatial
dimension). One reason is that one-dimensional strings are the only
geometrical objects whose boundary (two points) remains the same size as
the string grows (compare a circle or sphere). Thus any attempt to
generalize the above argument to charges whose currents have non-unit
support on higher geometrical objects is probably doomed. |If one re-
tains a string form for the currents in the higher dimensional case

then another problem arises. This is that the commutators of the
Hamiltonian with a string can have shapes (i.e. regions of non-unit
support) other than a simple linear string making it impossible to cancel
against the commutator of the Hamiltonian with another string in a
different place, as is the construction used in the charges for HXZ' A
more detailed analysis along these lines is given in ref. 22.

The conserved charges for the XYZ model clearly have a more com-
plicated form. The result of App. A shows that the coefficients of
terms in the currents become very complicated polynominals in the
couplings. This makes even checking the conservation of a charge a
difficult task. It would be very interesting to know the explicit
form of higher charges for the XYZ model, and, in particular whether
they also contain a simple repeating pattern which commutes with the
Hamiltonian and can be extended indefinitely. A computer algebra program

could probably generate enough charges to answer this question.

Once a pattern is discerned, one can try to find an algebra obeyed
by the charges which will generate the higher charges from components
of the lower ones instead of from the generating functional. For the
XZ model it is possible to obtain all of the charges from a commutator
algebra involving the operators in the Hamiltonian. This algebra is
given in Chap. VIl (7.1-3) where it is generalized to the case of any
self-dual Hamiltonian. There it is proven that the resulting infinite
set of charges will always be conserved, provided the first charge in

the set is conserved.
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V1. Conserved Charges from the Quantum Inverse Scattering Method

In this chapter | would like to briefly illustrate some of the
features of the quantum inverse scattering method (QISM).23 This method
has proven useful in the diagonalization of certain 1+1 dimensional in-
teracting quantum field theories, such as the quantum sine-Gordon
equation and the XYZ model. In particular, | would like to show how
an infinite set of conserved charges arises naturally out of the
method, using as an example the XYZ model. Of course this model was
originally solved by Baxter without the use of this method,20 however
there are many similarities between the method of Baxter and the QISM as
has been pointed out by Takhtadzhan and Faddeev.ZA Starting with the
XYZ model Hamiltonian for a chain of length 2N with periodic boundary
conditions,

|l 3

H=322 & 3% %, , (6.1)
one can find equations of motion:

o . 3

& = i[H)o';']:Z Eiom Iz (O;(f, + O;('f,) o'k”‘ . (6.2)

2,m=1
In the QISM one attempts to find alocal pair of matrices LK(X),MK(A),
such that

Sl = Men WL, =L, Y ML) =[H, LGY] €9

for all K,A and so that (6.3) is true if and only if the equations of
motion (6.2) are satisfied (This will generally be true if L is a
simple function of the o's). There is no systematic procedure for find-
ing such matrices. One generally chooses an ansatz for the general form
of the matrices and uses (6.3) to attempt to solve for the correct
coefficient functions. There do exist heuristic procedures for

choosing a promising ansatz (see e.g. ref. 25). An infinite set of

conserved charges arises from the quantity
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K= =M+1 '
;f(,\)=;]j; L (D) (6.4)

which is known as the monodromy matrix. From (6.3) one can see that

tref()) commutes with H.  Thus

D~=%’-;:i~. tr L) / V=0, 12, -- - (6.5)
A=Ao
form an infinite set of conserved charges (A o Mmay be chosen arbitrarily
in order to produce a convenient set). Of course the A dependence must
be non-trivial in order that the charges be independent of one another,
and in fact the method will not work unless this is so. Also, for a
finite chain the number of independent charges is finite - one per de-
gree of freedom. Only as N >« is there an infinite set. Generally the

form of LK(A) can be chosen so that

D, = H. | , (6.6)

The main goal of the QISM is to find the eigenvalues and eigenvectors
of the Hamiltonian. This contrasts somewhat with the goal of the
classical inverse method which is to solve the initial value problem.
The method diagonalizes H by first diagonalizingi(k) with which it
shares a common set of eigenvectors. |f (6.6) holds then the eigen-
values can be obtained from those of () by expanding in A . The

diagonalization ofd (A) is accomplished by solving an associated linear

problem given by

%-H = Lk (A) ‘ﬁ( (6.7)

the details of which can be found in ref. 24.

In the case of the XYZ model, which | am discussing, one correct

choice of LK(X), MK(R) has the feature that the trace of the monodromy
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matrix is exactly equal to the transfer matrix of the 8-vertex model
(3.5). Thus the charges derived before from the transfer matrix are
the same ones which result from the complete quantum integrability of

the system..

In simple terms, the QISM can be thought of as basically a trans-
formation to action angle variables Qi’ Pi’ such that H is a function of

the Pi only. Then it immediately results that

I? =0, (6.8)

An infinite set of conserved charges is therefore seen to be an integral

feature of the quantum inverse method.



VIl Construction of an Infinite Set of Conserved Charges

for Self-Dual Theories

In this section | construct an infinite set of charges for a
specific class of self-dual theories, namely those whose Hamiltonians

can be written in the form

H=xB+rkE (7.1)
26

where K and T are coupling constants and B is some operator. The
form of the dual transformation need not be specified beyond that it is
a linear operation which changes B to B and B to B. Only one additional
condition is needed to guarantee the existence of an infinite set of

charges. The charges are given by

Q,,, =K “"/nh - \:Zm-z) * P( ﬁ—zh - \"/Jh-'z)

n= '3233)"‘

(7.2)

where

Wne = 7 [B LB, Wan]] - W4, (7.3)

and WOEB, n=1,2,3,.... . The charges have been labelled with positive
even integers in order to match as closely as possible the notation of

reference22. In order for QZN’ to be a conserved charge,

- 4
it is sufficient to show that

[B, \'\/an] [ B, hﬂ/;,,_,] (7.5a)
fg,\ﬂ/zh] - [B’, \:\72,,] (7.5b)

for 1gngN. | shall prove (7.5) inductively for all N. In order to

perform the induction in N it is easier to consider (7.5b) with n>n-1

Lo
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as the natural partner to (7.5a), i.e. | shall prove the following set

inductively for all N:

[BJ Mh] = [-B, W/,,h_,] (7.6a)
[@) Mh_,] =7 [B, \/"Zh-z‘] (7.6b)
for 1<ns<N. First, consider n=l1.

[BW,]=-%I[B8[B[B &)I]- [8 81, (7.7)
One sees that (7.6a) will be true only if

[B,[B,[8, B]J]] =16[B,B]. (7.8)

This shall have to be assumed as an auxiliary condition to (7.1).
Equation (7.6b) is seen to be trivially satisfied for n=1. Going on to

(B Wil=-% [B,[B,[Bw.1]]- [B, ]
=g [B,[8, (B [B,[B 81]]] - [B ]
= &7 [B,[18 B, [B,08,83]7] + & (8,08 (8,5, (Z,811]]]~[8, % ]
= & [18B1,1818, (8, 511314 (5.5 (8 (5 15 BI113-[8, %]

(7.9)

Using (7.8), one finds

[B W, =% [B8, (5 8]]-[BF,] = [B\3 (7.10)



so (7.6a) is valid for n=2.
[Bwil=-3[85, (B,18B11)=- 5 [B15, [B,8113= - [BiZ] (7.1)

so (7.6b) is also valid for n=2.

It will be useful to consider an alternative formula for W2n+2,

valid when (7.6) is valid for a given n. From the definition (7.3),

\A/a.hn = ~%{BJ[§: \/‘/zh]]- \"\v/:m
= -5 [B.8), wa)- #[ B, [8 W4 ]]- ins, A

Applying (7.6) one obtains

L N\

Mhn: "'";T' [[B, 'é], L‘/:lh]- ?,.[8, [B: \"'2)4—2]]" L‘/zh (7.13)
Wahea = ..?,[_[BJ’BVJ) \"/?.h] + Mh—i .

Equation (7.14) can be extended to n=0 by defining

(7.14)

L

W, =-W, . (7.15)

It can be further extended to n<Q by defining

Wiay -Vér-: (7.16)

for r=1,2,3, ... , as can be seen by taking the dual of (7.14). Thus
if (7.6) is valid in the range IgngN, (7.14) will be valid in the
range -N-IsngN. Instead of proving only equations (7.6), it will be
conceptually easier to prove a more general equation (7.17). Further-
more, proof of (7.17) results in not only [H,QZn]=O but also

[an, Q2m]=0 , i.e. the conserved charges all commute, a hallmark of
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exact integrability. | will prove:

D’,‘Z.e, Mn-u-:] = [\"’Zx—a, \’\/nh—ﬂ—ej (7.17)

for all n>0, 2>0. The equation then follows for all & , since if one
lets &=n+p in (7.17), p=1,2, ... , and takes the dual of the equation

one obtains

[M"”P’ Q"“"] = ).—\"4:-»2[’-2, 17/-:)97 P

which is (7.17) with 2=-p. It then also follows for n<0 since with
use of (7.16), (7.17) is equivalent to

[-MM’% \:‘Z:hnzj = [M?ﬂu W-ﬂb *7—2-2] . (7.19)

Letting n'=-n,%'=-2, and taking the dual of (7.19), one obtains

,2,3--- (7.18)

[\:\2—2', Mh'~2£’-—:] = [\”‘Zz’—-z, L‘/zh'-a—e'y (7.20)

which is valid for n'g0, =-w<gf'<o. Thus if (7.17) is proven for n20,
220 it will also be true for all integral n and 2. If one sets 2=0 in

(7.17), one obtains

["é, W,h_:_]-_- -fg) \,./%] (7.21)

which is (7.6a) plus (7.6b). When (7.17) is added together for 2=1,
2=2, ... , 2=n-1, the result is

[Mh-?, B] = [-B.; Mh-ﬂ] (7.22)
which is (7.6b). Thus it is sufficient to prove the more general equa-
tion (7.17).

For n=0, (7.17) is trivially valid for -w<g<w. The case (n=1;

2=0,1) follows from (7.8) as shown earlier. | also have proven the



case (n=2,0=0,1,2) explicitly: (7.10), (7.11).

Assume (7.17) to be true for

by induction.

h=N 5
h=N-| ,
h=V-2 ,
h=NV-3 |
h= V-4 |
h=NVM-j

h= 2
h =
h =0

O=s 2<N

Os < V-I
Os L=< -
Os £< V-9
O<X &< -9

L4

0 X< V-zk=3(M+n)

O 2< L v+
Ose< ip+4
O <L 3NV

(n and 2 are always integral).

Eq. (7.17) has already been shown for

base level for the induction.

i.e.

N=2.

| now must prove

(7.23) for

| must show (7.17) to be true when

| now prove (7.17)

(7.23)

This will serve as the

N->N+1,

il



]

h=M+l , OSLs M+]
h:,\/ ) OS-@S'\/

h = NM-] , OsXsN

h =N-2 , OSs LsWV-

h =NM-3 s, OS Z=V-1

h=NM-Y )y O0SL<NV-2

h=VM-k , OSL<N-dk+l =3 (Wen+)
=2 O<=<3V+E

h= | 0525%/\/1"

h=o osL< invrt o,

(7.24)

Note that in addition to adding a new level to the induction (the

first equation of (7.24), n=N+1) one must also raise the limit on ¢
on half of the previous levels.
First | will prove (7.17) for n=N+1, 1<2<N. Then | will extend this

to 2=0 and #=N+I. Finally | will raise the limit on & for the pre-

vious levels, n<N.

Part |, Commute --%[B,@] with (7.17) for m=N.

—.;— [[BJ gj’ [\;\v/:.eo \"/ﬂv-a-e—‘l]] =T -S!’-[[BJ El [Qz-z) Mv-zz]] 7-28)

Then,

’f:" [[[B) gJ, \7\;:-11 \/‘/mv—z-eﬂ] B L? [\;79‘) ,-—[BJ gl \A/""’“"J]

< - ']§ [([B,EJJ Q“"l "‘/21\/-2{] - E’i [\:\22_71 [[B; B"JJ \"/2»—9.2]] (7.26)

45

The proof will consist of three parts.
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For 0g2< N, (7.14) allows one to write

- [ wun, L‘/w-:e-z] * [ W/ze—:,\ﬂ/au-nz-z] ¥ [- "72-2, \"/zw-u]' [ C‘Z-ﬂ._, \"/w-:e—v]

_ _ _ (7.27)
=T [\'{/z-eg\"/zv-: e—J + TMZ-V, M”-ﬂl] +[ \A/"e'7’ ‘A/’""‘ "’"] } [ \A’Ze-,) L‘/w-u —‘J .

With the assumption (7.23) for n=N-1, Equation (7.27) gives, for
1<2gN-1,

2 ]:\:}“J MV—:,Q ]= [%l#b \4/2,,_,,2- ] + [.\:792-1, MM-?-EJ—?] . (7.28)

Each of these equations is the sum of two adjacent equations in the
desired set ((7.17) with n=N+1). Equation (7.17) with n=N+1 and

1<2<N is a system of N equations in N+l unknowns (it states that all

of the considered commutators are equal). Equation (7.28) is a set

of only N-1 equations in the same N+l unknowns. The former set implies
the latter set. To prove (7.17) (with n=N+1, 1<2< N) from (7.28)
therefore, one more condition is needed. There are two cases, depend-

ing upon whether N is odd or even.

Case 1: N is odd, N23. | will now prove the additional equation

~

[WN+I’WN-I] = [B’WZN]‘ From the assumption (7.23) with n=N

[_'é,ld/,,,_.a__{‘-‘[‘l:\v/”_,) \A/A/—l] . (7.29)
Then

-3 [B,[8[Bw0)]= - 3 (B8 [, W, ]]] (7.30)

[BWi] +[B W J=-5[B I8, W) Wo -3 [B [,.[5w_][J7-30
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[E, VQV‘} * fﬁ) i‘v/’v‘?‘] = [WN-H,WP—I]- ,?' [[B: l:;w—r], IB; Vu—:]]
'é ffa V~-3], fB) WN-3]] + [l:/;,-,) Wy-3] (7.32)

where | have made use of the Jacobi identity, definition (7.3), and
the assumption (7.23) with n= %—(N—l). Using this same assumption

again | obtain

(B wand * [B Wi ) = [ Waosgy Woes J# [ W Wi ] . (739

%—(N-l), one gets

[E WW] = fﬁ_/t\f+:,w -»] (7.34)

which is an equation derivable from (7.17) with n=N+1, 1<2<N and in-
dependent of (7.28). Together (7.28) and (7.34) prove (7.17) with
n=N+1, 1<2<N, N odd. The crucial step in this proof is the cancella-

tion of the second term on the right hand side of (7.32). |If | had

Finally using the assumption (7.23) with n=N-1, &

chosen an arbitrary equation from (7.17) as the starting point, in-

stead of (7.29), then the corresponding term would not have cancelled.

Case 2: N is even, N>2. For this case, the extra condition de-
rived is [E,WZN]=-[B,W2N]. To prove this | first show an intermediate
result, based on assumptions (7.23):

£ (18,1, (8 Winpa]]= ) (T8, +[Bg,]) 139
for integral p, O0s2psm-1 and 1€mSN. First, (7.35) is true for p=0.

L 21 TR -1 N —~ g ~

8 [[B’ 8’\]"[8‘ M:-:.]]- g [BJ [81 [B) MM‘J]]—é[BJ[BJ[BI\A/ZM'J]]
- [8,0]+[B Wi g
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| have used the fact that [B’WZm-Z] is anti-self-dual (a.s.d.) as a
consequence of the assumption (7.23) with n=m-1. Since (7.35) is true
for p=0 and all m, l<m<N, the desired result is true for m=1 and m=2
(for these cases p is restricted to the value zero). | shall now prove
(7.35) inductively in m. Assume (7.35) for lsmsK-1 for some K, 3<K<N
and show it is true for m=K. Assume p>0, since the result for p=0 has

already been shown, and also that the restriction on p following (7.35)

holds.

3 [[8 W), [8, Wawap-a 1] = -5 [ [8,(,[8, 7,111 [B Whr,o]]
-?’ [[B; \:ZP-H] ¥ [éz \"/21(-3[3-3]]

= Z':l [['él [BJ \:‘ZP-:]J, fB; [—/B: \"/21(—2,9‘2]]]
'g'q [8, [[ @:, IBJ L"ZF-Q—]], [B) \"/2K-Qp- ]]]
"5 [[8, Wpa) [B Wirapmn ]

(7.37)

If p>2, then one can apply (7.35) with m=K-2, to the last term in (7.37).
It can then be shown to be zero by the appropriate assumption in (7.23)
(specifically in the form (7.6b) with n=K-1). If p=1 this term is

zero, since w_2=-B. Therefore,

¢ (16,72 ) [B Wanpa]] = 3[[817,..] (B, Wiezp)]

+ol08 W] (8 vt ] 15 B 1877, [6 5 i
SBEI8% B, )
@ [Bl1Ba], [5,08,0,..,.]]])

(7.38)
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One can apply (7.35) with m=K-2 to the second term, since
2p-2<K-3, the condition for applicability, follows from the restriction
on p for m=K: 2p<K-1. The second term is then zero by (7.23). Similar-
ly, the fourth term is zero by (7.35) with m=K-1 and (7.23) with n=K.
Also note that the third and fifth terms are the duals of each other.
So

P HB \’\/ap] IB 2k—3r-2-]] g[ 1,0-:] [6’ Wo- QP]]

= -z B \’\/: - 2k-2 - W i
7 (8118, Wap-a], Waese] -2 [B[6,17,,2] 7y - .

where d. indicates the dual of the expression. Consider the right hand
side (RHS) of (7.39):

RHS= 5 [B, [\/\/zp-n (B, nk-:p]:” {B [B A% Wap-a, Wzk-apﬂj

7 :p-n:, [B \"/2k 2p- ‘I]] HB [B ’f"] Ak=2p-2 ] (7. uo)

As before the third term is zero.

RHS" [[B w-_[ {Bl\/ﬂe—zf-]:{ S[MP 2 [B 2—8 Mk-np 27]]
-3 r [B [8 K- 7-]]] [\"/ﬂp; aK-2p- 9] I- p=-2, \T/,' 1}

“(7.41)
Again, the first term vanishes. Consider the fourth term:
D’\/*P’\"/“"ZP-’_J - [_\"/"‘"F"‘J \A/"/’”] . (7.42)

Let g=K-p-1, n=K-2p-1. Then

r\/A\?aP, C‘//:k-ip-'J] = [\”‘7‘11; \"/’Jh-?'e"l] . (7.43)
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If one eliminates p, then

g=%(ken-1)s 5 (v+n-1), (7.44)

Since n<N (7.43) is therefore covered by the assumption (7.23) which

implies that it is a.s.d.

1'(-2’3—1

7 W = 4
(Wap, Wi [+d. =0 (7.45)
The fifth term of (7.41) is also a.s.d. by (7.23) with n=K-1. So

RHS - IC\ZP‘:) \;‘Zk—:p] - [\/T/;'f-ﬁl \A/Q.‘k-:f)-ai[
+[B, Wai] + [g;\’\/:k-q] +d. (7.46)

The first term can be disposed of in the same fashion as (7.42). The
second and fourth are a.s.d. by assumption (7.23). Therefore, re-
calling the LHS (7.39) one has

% [-[BJ w:p], IEJ W'zk-zp-'z]] B %[[B, "‘7’?'2], l—gl L‘/lk-zp]]
= [B, Wi ] *+ 18, gﬂk] . (7.47)

If one adds this equation for successive p's: p=1, p=2, etc. up to p=q

and uses (7.35) for p=0, m=K, one gets

116,701, [, WaemgaT]= (100 (616,22

which is (7.35) for m=K. Thus the proof by induction of (7.35) is

(7.48)

complete.

Returning to the main proof, | am considering the case when N is

even. As the additional equation from the set (7.17) with n=N+1, for



51

the present case | choose to prove

[8 W] = - [B, Wi ] (7.49)

i.e. [B, WZN] is a.s.d. This is linearly independent of the equations

(7.28). Consider the quantity [Qn,wn], which is a.s.d. by construction.

\__\:\7,‘,1 W, ] = -_;?. [[’B:[B;Ww-a]], \"/lv] - [_—\A/f\/-i] Wv] (7.50)

The second term can be reduced to -[B,B] by assumption (7.23) with n=1,

o= %—N, %-N—l, «e. 5 1. One can therefore write

_Jé[[é»)[s/\:;u-a]], WM] = a.s.d

(7.51)

(801 18wI]- 5 (B8] Wl eed

The second term is

-3 [, [[BW,a ], Wo ] =-3[BIBI,, W + & 8.V, [5 14377

"5 (B IBIB w0 J07 + $ [[ BT [8 ]+ £ [wn, [B LB, M)
= [EJMH-} + [B: \:ZA,_

-—

S LB T 0T [ o [, ] 759

With use of (7.35) with 2p=N-4, m=N-2, on the third term of (7.53) and
(7.23) again on the last two, (7.53), except for the first term, can

be shown to be a.s.d. Thus, returning to (7.52), one finds

' -~ -~ L g
n [‘(B)%_,J, [8’1\/»]] + [B, L/,“j = a.5.d. (7.54)
The first term can be reduced with the help of (7.35) with 2p=N-2, m=N.

(30) (1B, W3 + [ B wsnT) +[B uhn] = a5, (7.55)
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Adding to (7.55) its dual, one obtains

(I\/-H) (EBJWQVj +IBJL‘/QU])=O . (7.56)
Thus (7.49) has been proven. Together with (7.28), (7.49) implies
(7.17) with n=N+1, 1<2sN, N even. Part | is now complete.

Part Il. | now extend this result for n=N+1 to include 2=0 and

2=N+1. Since (7.17) with 2=N+1 is just the dual of (7.17) with 2=0,

there is only one equation to prove, namely n=N+1, 2=0, i.e.

[.B) “/au-nj = - Z-EJ M*’j (7.57)
or, with the result just established
[5’) \A/;wr;] = ZB) 1‘"72":( . (7.58)

| expand [B, W2N+2] in the by now familiar manner.

[BWarsa) = -+ [BIBIB,WII]-[B W]
=-7[B (18 B, wu]]-+ [B.[B, [B 1suT]] - [B W]
= 5 [B,IIBB, [B,I8, Whw-aJ1[] + £ [B, [18,53, ea]]

+ [B) L‘/ZV—‘J]
(7.59)

where (7.23) has been used for n=M, 2=0, i.e.

rB)"‘/?H] = [BJ E‘\-—/ZA/—'Z .
(7.60)



The first term on the right hand side of (7.59) is

o1 [B118,BL,18[8, wsurI11]= 35 (08 [BEIL,IG,IB, i)
& [[5,8] [BLB,[B W-]]T]

=~z [[BIB,BBI]] [B by - 1+ (8,18 811, [8 Wan-a]]]
"3 (8818 W]l - 118,81, [B, .. 1]

=% [[B8] I8 Wi, ]l +4 [8,18,[1B,83,18, Wou-21]]]
"% [BIIBE], [BT8 hen.T3T] - 7 [[B,87,[8 T,,.]]

" L8, (I8 B 8 0011158, (6 Wiy,
% [8,[[8,81,[8L8, ws,-.]71]

=5 (806, ([82.1+18, waw] # [B ]+ [B, W]
% [8,[18,87,[8,[F w,. 1777,

(7.61)

The first term in (7.61) is zero due to the assumption (7.23) and
(7.56). Thus the expression on the left hand side of (7.61) is equal

53
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to its negative and is therefore zero. Returning to (7.59),

[—Bl \A/=N+2 = -é_’- [-BJ [BJ fgj \”‘71”—‘2]]] -_g!_ [-B) (.—B: [’BJ\’;}QN-TZ]]J
+ [TE% bvé”*'g]

= —[Byq/zw-w]"'[B)\:’/nw] +[B, \A/QV-Q]
= [B,Wa] .

(7.62)
Thus (7.58) is true and (7.17) holds for n=N+1 and 2=0 or 2=N+1.

Part I11. The final step involved is to raise the limit on & for
n=N-1, n=N-3, .... . Commute - %{B,é] with (7.17) with n=N, 2=N to
obtain (7.27) with 2=N.

[Wavsa, B J-[ Wi BT+ [Wh, B]+[ W4, W, ]
(7.63)

} —[Mv: B] * [_\A/;N-q,Bj+[-\A/1vu—2,\"/=7*[W:V—Q,B]-
Using the results of the previous sections ((7.17) with n=N+1, 2=N+1 and

2=N) and the assumption (7.23) with n=N-1, 2=N-1, one finds that

f\;\\izr\/,\’"\/;] = I—_\A’ZV'?; §] (7.64)

which is (7.17) with n=N-1, 2=N. This is the desired result for n=N-1.
The same procedure can be applied to the lower levels, namely, if one
commutes - %-[B,é] with (7.17) with n=k=N-2j for integral j, 0<2j<N-1,
and for &= %-(N+k)=N-j one gets (7.27) with N+k,z+% (N+Kk) :

- [ G’/N*W’Q ) \"/k-v-'lj + [\/‘AZHk—Q,\’\/k-v-a] + [-\AA}NW, \"/k—U]
- (27 e WL = -\ ~
(ot o] = "I, ] [ ]
* [Wovi-k-‘l, W—UM] - 2—\’\71\/-} k-2, L\/k_.u_qj . (7.65)



55

The right hand side can be seen to be zero from the assumption (7.23)

with n=k+1, 2=N-j and n=k-1, 2=N-j-1, leaving

mek+1J \"/k—y-:] - fwka \"/k-lv] == [WANRJWI(-V-J - [ka-z) Wk—V-Ij-
(7.66)

The left hand side of (7.66) is zero if (7.17) with n=k+1,
9= —{N+k)+1— —-(N+l+(k+l)) is true. The right hand side is zero if
(7. 17) with n=k-1, 2= —(N+k)= —(N+l+(k 1)) holds. |If one adds (7.66)

times (-1)J for j=0,1,2,...., q successively (recall k=N-2j) one obtains

- [\'T/:w-n, BV] - [W/?"J B]

g . ~

= (0 (= [ Tararg, Weagee] + T Woncnga, Woag-a]) (7.67
for 0<q<%(N 1). The left side is zero by (7.62). Thus

CMM-’LZ ,\“/—27—*4] = [l"z»—zz—z) W—?z—zj (7.68)

for 0<qs< —(N l) Setting n=N-2q-1, 2=N-q in (7.68) yields (7.17) for
n=N-2q-1, &= (N+n+l)

[ —a.e—z—J { ae -2, 2h—127 .

Looking at (7.24) one can see that the desired result has been achieved,

Q

(7.69)

i.e. the raising of the integral limit on 2 by one for n=N-1, N-3, iy
(0 or 1). This is equivalent to raising the half-integral limit on %
given by 2= %-(N+n) by %—for all nsN. All entries in (7.24) have
now been derived. The proof by induction of (7.17) is complete.

Thus, (7.17) holds for all n andg and charges Q2n defined in
(7.2) are conserved for all n (n=1,2,3,...). This result requires

only two assumptions. The first is that the Hamiltonian can be
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written in the self-dual form (7.1). The second assumption is (7.8),

which states that the first charge in the.set, i.e. QZ’ is conserved.

In addition to the conservation of charges [an,H]=0, it is also

possible to show that the charges an commute with each other.

[Q2n’Q2m] will vanish if

[ (\'\/Qh = \:72}'\-7 )) (Wzm = Wzm—a)} =0
and

[ (Wan = Whnea ), (Wom = Wima)] = @- 5.4

Consider [W By (7.16) and (7.17)

2n’w2m]'

[Mh, Vm\j = - I—th, l:zzh-z__,( = - [B) L\Zh “2m-2],

Also,

—~

[Wones, Wainea = =L Wina, W J = =B Wan 22 |
= 1B Wipegmosl.

So,

[Wan, WamS = = Ll Whn] |

By a similar argument (7.17) shouws that
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