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ABSTRACT

In this thesis I am concerned with the dynamical properties, at the
molecular level, of binary fluid mixtures in equilibrium; binary £fluid
mixtures are fluids consisting of two different components. As for simple
(one component) fluids, the main experimental probes for the study of these
properties of binary mixtures are light and neutron scattering.

To connect the dynamics with scattering experiments one can use the
kinetic theory of fluids. I have applied the kinetic theory to binary
mixtures where the atomic masses of the molecules of the two components are
very different (disparate-mass binary mixtures). I have studied both dilute
(gaseous) mixtures and dense mixtures.

In the description of the dynamics of the fluid through the density-
density correlation functions, one can introduce modes, which can be thought
of as the different channels by which the correlations decay in time. Some
modes are propagating, in the sense that they describe propagating, and
damped, processes. Others are mnot propagating, and describe diffusive,
purely damped processes.

The results concern the appearance of a fast propagating mode, in
disparate-mass binary mixtures, in a vast range of densities, from dilute
gas mixtures to rather high (liquid) densities. This fast mode appears
beyond the hydrodynamic regime. One can call this mode fast sound, because,
like ordinary sound, it propagates, but it is faster. The most important
point is that the fast sound is associated with the dynamics of the 1light
component only. In the thesis I explain how this phenomenon could be
observed in light and neutron scattering experiments. If it is detected in
actual scattering experiments on disparate-mass binary mixtures it would be

the first time that a non hydrodynamic mode in a fluid is clearly "seen".
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1

Correlation functions and scattering experiments

Physics of fluids is a challenging subject that has received much
interest. With fluids I indicate both gases and liquids. Both equilibrium
and non equilibrium properties of fluids are important fields of application
of statistical mechanics, which provides a relation between, on the one
hand, the interaction laws among the fluid particles, and, on the other
hand, the macroscopic properties of the fluid. |

In this thesis I am concerned with the dynamical properties, at the
molecular 1level, of binary fluid mixtures in equilibrium; binary fluid
mixtures are fluids consisting of two different components. As for simple
(one component) fluids, the main experimental probes for the study of these
properties of binary mixtures are light and neutron scattering.

In the first section of this chapter I will describe the theoretical
treatment of fluids in equilibrium and I will briefly outline how from
scattering experiments one can get information on the dynamics on the
molecular scale in the fluid. To connect the dynamics with scattering
experiments I have used the kinetic theory of fluids: therefore in the
second section a short historical summary will be given of the development
of kinetic theory in the last several years. In the last section I will give
an outline of the contents of later chapters and I will mention the most

important part of the results.
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1.1 Correlation functions, light and neutron scattering

The fundamental laws that describe atoms and molecules are quantum
mechanical, but in the study of the dynamical properties of fluids at not
too low temperatures it is sufficient to use classical mechanics. A rule of

thumb to estimate the importance of quantum effects is to compare the

thermal wavelength A=h//2wkaT (where m is the mass of a particle, kB the
Boltzmann constant, T the absolute temperature and h the Planck constant)
with the average interparticle distance: if the former is considerably
smaller than the latter, then a classical treatment 1is sufficient. This
holds for atomic or molecular gases and liquids at temperatures not too
close to absolute zero. In addition, when we study dynamical properties,
quantum effects are mnegligible, if we consider times considerably larger
than M/kBT (M=h/27n). In general this condition is more stringent than the
first one, and quantum effects manifest themselves in fluids made of light
atoms like neon [1l]. When comparing experimental results with theoretical
predictions based on a classical theory, there are procedures, in the
analysis of experimental data, that can be applied to correct for quantum
effects. The possibility to estimate the quantum corrections and the fact
that these, at the conditions considered here, are not dominant, gives
confidence in wusing classical statistical physics, as I will do in this
thesis.

The dynamics of fluids in equilibrium is usually described in the
language of time correlation functions. They are defined in this section.

But first one has to introduce the canonical average of dynamical variables.






1.1.1 Dynamical variables

The dynamical wvariables considered here depend on the phase space
(namely on the coordinates and velocities [2] of some or all the particles
of the fluid) and in addition on a coordinate field variable ?; they also
depend implicitly on time through the phase space variables, which can be
collectively indicated with I'(t). So for a generic dynamical variable ;:

A = AG,T(E)

In systems at equilibrium one can perform the usual canonical average,

defined by: ' |
AR, t) = <£(¥,r(t))>N - E?E%VTE? fdr AZ,T(t))e PH(T)
where H(T') is the hamiltonian of the system with N particles in a volume V,
ﬁ=l/kBT, and Z(B,V,N) is the partition function:
z(8,V,N) = [dr e AT

From the properties of the canonical ensemble it follows that A(;,t)
actually does not depend on t. In fact, we have:

AR, T(t)) = e AR, T(0))
where L is the Liouville operator, which acts on the phase space variables
' (from now on I means TI(0)); etL is the time evolution operator that
transforms I'(0) into I'(t): etLT(O) =T(t). L is antihermitian, and we also

'ﬂH(P)=O, so that:

have the property Le
Jar ;(}’,I‘(t))e'ﬂﬁ(r) = fdr(etL ;(}’,p(o)))e-ﬁﬂ(f‘) -
= fdr AZ,T(0))e T e PHT) _ rar A r(0))e PHT),
therefore:

A(T,t) = A(T,0) = A(T).

As an example we can take the variable:
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N N
n(z,T) = = §(¥-T.) (1.1)
p=1
(where ;1, ;2, iabay ;N are the coordinates of the N particles in the fluid)

whose canonical average gives the local density:
n(;) = <;(;,F)>N.

The fluid will be considered homogeneous and isotropic. The reason for
this is the following. Strictly speaking, only a fluid in absence of an
external field is homogeneous and isotropic; the presence of the walls of
the container that encloses the fluid causes a departure from this situation
only in a very narrow layer near the walls, which can be neglected under
most practical conditions. Also in spite of the 1laboratory gravitational
field, the fluid can be considered practically homogeneous and isotropic; in
fact we can take kBT as a typical average value of the kinetic energy of a
particle, while as a typical value for the variation of its gravitational
potential energy we can take mgd, where g is the acceleration of gravity and
d is the linear dimension of the container. Their ratio, mgd/kBT, even for a
heavy particle like a Xenon atom, and for a low temperature of about 50 °K,
is around 3x10-3, if we assume d= 100 cm. Mathematically the walls, are
represented by a very sharply peaked external potential. One could get rid
of this surface effect only in the thermodynamic limit, N-w, V- with N/V
constant. The alternative approach which is most often used is one in which
one does not take the true thermodynamic limit, i. e. N and V are not sent
to infinity, but the wall potential is neglected. There are some practical
consequences of this approach. For example, due to the very large value of
the linear dimension of V with respect to the interparticle distance, each
time that 1in an integral of the type fd? f(?) a function f(?) appears that

decays to zero within a typical range of the order of the interparticle
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distance [3], then the limits of integration can be sent to infinity; but we
keep fd? = V. This is wused, for example, in the next subsection in the
expression of the space Fourier transform of CAB(;’t) defined by (1.2).
From now on, the fluid will be considered homogeneous and isotropic.
In a homogeneous system A(?) does not depend on ;; in particular:
n(?) =n= %

where n is the uniform density of the fluid.

1.1.2 Space time correlation functions

A
A space time correlation function between two dynamical variables A

and B is defined by:
Cpp(¥,t) = VKA(T',T(0))B(T+T',T(£))>y (1.2)
The factor of proportionality V is convenient for the specific functions

that will be considered later. for fixed ;, does not depend on ?',

CaB’
because of the homogeneity of the fluid. From the isotropy we have that it

actually depends only on r=|¥|. We have the following asymptotic properties,

for short range interparticle potentials:

A A

. - _ . - _
lim CAB(r,t) = lim CAB(r,t) = V<A>N<B>N.

HES e
Performing a Fourier transform in space we have that CAB(k,t), defined by:

- -
-ik-
Cpp(kit) = Jdr e 7T ¢\ (x,t)

is real and depends only on k=|§|. From the fact that the right-hand side of

(1.2) does not depend on ?' we have:

-_’ - A A
Cpp(k,©) = [aF e T°F vaa(Fr [ (0))B(FHE ,T(£))>y =

c_} -+ A A
= [aidtr o ik'T <AGE',T(0))B(2+2",T())>y =
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= [didD’ omik- (F-E1) <X(?',r(0))§(?,r(t))>N =
= <A(-E,T(0)),B(R,T(t))>,
where in the last integral the change of variable ?' - ?' and ; + ?' - ? has
been made, and where
-ik-T 4

AR, T(t)) = fdr e A(T,T(t)).

One can also perform a Fourier transform in time to obtain:

1 teo iwt 1 1 it 0, o Do
CAB(k,w) = E; {wdt e CAB(k,t) = E; {mdt e <A(-k,F(O))B(k,F(t))>N.

If <A<-ﬁ,r)>N and <B(E,r)>N¢ 0 it would be better to define C,,(k,w) by:

A

M . A A A
Cyp(k,0) = %; {mdt N [<A(-k,F(O))B(k,F(t))>N . <A(-k,r)>N<B(k,r)>N]

which for w=0 1is equivalent to the previous definition, but avoids a
singularity at w=0. However, for the variables of interest to us here, we
will always have that <;(§’F)>N = 0 for k=O0.

In the study of the equilibrium structure of fluids, the static (or
equal time) correlation functions are of great importance. They are defined
by the initial value of the (time-dependent) correlation functions just

introduced:

and

CAB(k) = CAB(k’t)|t=O'
In most of the cases the dynamical variables have a definite parity

A

with respect to time reversal; then we have the following properties: if A

A

and B have opposite parities CAB(r,t) and CAB(k,t) are odd functions of

time, and CAB(k,w) is purely imaginary and odd in w. If A and B have the

same parity (in particular if A=B) CAB(r,t) and CAB(k,t) are even in time,






iy

while CAB(k,w) is real and even in w. In this case, defining the Laplace

transform by:

-~ (-]

_ -zt
Cyp(k,2) = gdt e ™" C,p(k,t)
with Re z > 0, then we have:
- - & - .
CAB(k,w) = CAB(k,-w) = Re (CAB(k,lw)) (1.3)
1.1.3 Density-density correlation functions

Now I can introduce the correlation functions that are needed in my
study of fluids, and in the next subsection I will explain their connection
with light and neutron scattering experiments. It is useful to start with
simple fluids and then to generalize to binary mixtures; this both for
clarity and for later reference.

In a simple fluid the relevant dynamical variables are:
& 1 N - =
n(r,I(t)) === ) §(x-r (t)) (1.4)
JN p=1
(this definition differs from (1.1) by the factor of normalization), and its
space Fourier transform:
-ik-T_(t)

N
Zle P (1.5)
p:

a®,I(t)) =

> ||—'
21

A

We define 6n as the fluctuation of n around its average value:

~ N
- 1 - -
sn(@,I(e)) = = [ J 6T () - 1]

/N p=1
N - -
where n = < Z 6(r-rp(t))>N is the number density of the fluid, so that
p=1
<6n(?,F)>N = 0. For k=0 we have 6n(§,F(t)) = n(ﬁ,r(t)), and besides

<n(§,r)>N =0.
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We now define the density-density correlation function by:

F(k,t) = <ﬁ*(§,r(0));(£,r(t))>N (1.6)
(;(-ﬁ,r) = ;*(Q,F)) called, 1in the 1literature, intermediate scattering
function. F(k,t) is proportional to the probability of having a density
fluctuation, in Fourier space, of wavevector k, at time t, conditioned to

the presence of a density fluctuation of the same wavelength at time =zero.

F(k,t) is real and even in t. Its Fourier transform in time:

1 +o
S(k,w) = o f dt e

-0

10t pek,t) (1.7)

is called the dynamic structure factor. It is real and even in w; besides it
can be shown to be positive.

Important static correlation functions are the static structure
factor, defined by:

. N -ik-T )
S(k) = F(k,0) =< <| Ye PIos

3 (1.8)
NG

N
(the second equality shows that S(k) is positive definite) and the radial
distribution function:

g(r) = VA5 (-2 )6 (Fr 422> (1.9)
Because of the homogeneity and isotropy of the fluid g(r), which also is
trivially positive definite as the expectation value of a positive function,
does not depend on ?', for fixed ?, and depends only on r. Besides, it does
not depend on the choice of the pair of particles (in (1.9) particles 1 and
2), because of the symmetry of the hamiltonian with respect to the
interchange of any two particles. It is proportional to the probability of
finding any two different particles at a distance r between them. It is an
easy matter to derive a relation between S(k) and g(r):

o>

S(k) = 1 + nfd? e T (g(r)-1) (1.10)
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In an ideal gas, where the particles are spatially uncorrelated, g(r)=l and
S(k)=1.

All the quantities above can be generalized to binary mixtures. Now we
have a fluid in a volume V with N1 particles of species 1 (of mass ml) and
N2 particles of species 2 (of mass m2), so that the partial number densities
are nl=Nl/V and n2=N2/V; N=N1+N2. In the following, ¥éi) and $éi) will
denote respectively the coordinate and the velocity of particle number p of
species 1i.

We introduce the variables:

N,
AN 1 LN =(1)
n, (r,I'(t)) = — Y 6(r-r "7 (t)) (i=1,2) (1.11)
N. p=1 P
1
and their Fourier transforms:
. L Nk P
n(kI(t) =—= Je P (i=1,2) (1.12)
N, p=
1

p=1

Now we have four density-density correlation functions:
% oo N ..
Fij(k,t) = <ni(k,F(0))nj(k,F(t))>N (i,j=1,2) (1.13)
the partial intermediate scattering functions. The Fij(k’t) are all real,
even in t and Flz(k’t) = F21(k,t). Their Fourier transforms in time, the

partial dynamic structure factors:

+
_ 1 iwt .
Sij(k,w) =o-[dte Fij(k,t) (i,j=1,2) (1.14)

-0

are real, even in w, with Slz(k,w) = SZl(k,w) and with Sll(k,w) and Szz(k,w)

positive. From (1.3) we have:

1 =
. Re Sij(k’z)

Sij(k,w)

where Sij(k’z) is the Laplace transform of Fij(k,t):

-~ @

_ -z
Sij(k,z) = gdt e

t
Fij(k’t)
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The static correlation functions analogous to (1.6) and (1.7) are the

partial static structure factors:

co NNy sk Lped)
5;:(k) = F..(k,0) = y Y<e P e 9 g (i,j=1,2) (1.15)
J J /NiNj p=1 q=1

and the partial radial distribution functions, defined by:
= glerrts L)Yy o H, 2 (1) . g

gij(r) =V <(r ) Y6(xr'+r r, )>N (i,3j=1,2) (1.16)
which, like g(r) for a simple fluid (cf. (1.9)), depend only on r. We have
the properties that Slz(k)=821(k), glz(r)=g21(r) and that all the gij(r),
Sll(k) and Szz(k) are positive definite. Besides we have the Schwarz
inequality:

2
Sll(k)szz(k) - Slz(k) > 0. (1.17)

These properties of the Sij(k) will be needed in the next chapter in the
construction of our kinetic theory. The expression analogous to (1.10) is:

.o
-ik-r

S;5(K) = 6,5 + /ninj [dr e (g;5(r)-1) (1.18)

1]

1.1.4 Light and neutron scattering

Now I can explain the connection between light and neutron scattering
experiments and the correlation functions. As in the previous subsection, I
will begin with simple fluids and then I will generalize to binary mixtures.
The detailed calculations can be found in textbooksl’z).

I. Light scattering

When we perform light scattering experiments incident light (generally
light from a laser that has passed through a polarizer) with wavevector ﬁi

and frequency ws is scattered by the fluid. The scattered 1light is a

s . . > ;
superposition of waves with different wavevectors k. and frequencies w

£ In

£
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each wave the frequency shift is W e-ws and the wavenumber transfer is
> = o
k=kf-ki,

to) a photon. In the experiments one looks for the intensity of the

so that Hw (ME) is the energy gained by (the momentum transferred

scattered light at a given frequency and at a given scattering angle, a

quantity which defines the differential scattering cross section: dza/dwdn,

where dQ is an element of solid angle. One can prove thatl):

Lo o I
d20 ; }wdt eiwt . g 3 e1k-rp(0) N 3 e-lk-rq(t)
dwd st -1 q

- p—l q—l

>N (1.19)

In this formula the correlation function on the right-hand side contains the
vector k (but it depends only on k=|k|) and the polarizabilities o, of the
particles of the fluid. On the left-hand side the dependence on k is through

the solid angle @ and w (or wf=wi+w): if 6§ is the scattering angle and we

- — 2.2 _
the scattered frequency, than ki—wi/c, kf—wf/c, and k=/ki+kf-2kikfcosﬁ =

=/w§+w%-2wiwfcos0/c. But the frequency shift w, which is due to the
translational motion of the particles, 1is much smaller than W where
typically wi--lO15 s-1 (and ki~105 cm-l). Therefore WS, , SO that kfzki and
k=2kisin0/2. As a consequence, in general in actual experiments the
scattering angle is taken to define uniquely k. In (1.19) I have wused a
proportionality sign because I have neglected the factors in front of the
integral, which are not of interest here. In a simple fluid all the
polarizabilities ap are equal to a common value «, therefore from (1.19) and
from the definitions (1.5), (1.6) and (1.7) we have:

d20

dwd2

& aZSk,w) (1.20)
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In a binary mixture there are two different polarizabilities, @, and a,,

corresponding respectively to the two components. Therefore (1.19) can be

rewritten as:

a2e . qer 2 gi iﬁ';éi)(O) % gj -lﬁ'¥éj)(t)
« [ dt e <y e, E o, e >
and from (1.12), (1.13) and (1.14) we have:
o L2 (K,0) + %028, (K,0) +2/% %nes Sy (K,w) (1.21
Badny = T Yy Veved + Bl gn LKl 1%9%1 %9919 (K> -21)

where xi=ni/(n1+n2) is the relative number concentration of species 1i.

II. Neutron scattering

In neutron scattering experiments a beam of neutrons with momentum ;i
and energy €55 descibed by plane waves of wavevector ﬁi=§i/h and frequency
wi=ei/M=Mk§/2mn (mn is the neutron mass) 1is scattered by the fluid at
different angles, with different wavevectors ﬁf and energies we. To compute
the probability for a neutron to be scattered with a given energy and at a
given angle the golden rule formula of perturbation theory is used, and the
interaction between the neutrons and the particles of the fluid is described
by the Fermi pseudo-potential. An expression completely analogous to light
scattering is found for the differential scattering cross section. For

2),

simple fluids we have
dza
dwdQ

where now b is the scattering length of a particle in the Fermi potential,

« b2S(k,w) (1.22)

and, like in light scattering, kzlﬁf-ﬁil and w=wc-w;, and on the left-hand
side the dependence on k is through Q@ and w. The orders of magnitude of ws
and ki are different from those in 1light scattering. Neutrons used in

3 -1 8 -1

experiments are thermalized, and thus wi~101 s and ki~10 cm ~. Therefore

it is clear that 1light and neutron scattering experiments probe fluid
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dynamics at different wavelengths and energies. Now the frequency shift w is
comparable with wg [4], and, contrary to light scattering, the dependence of
k on w and the scattering angle # has to be considered more carefully. A

straightforward calculation yields:

2mw. E—
. w_ _w 1/2.
k= [2 "oy 21 w.cosﬂ]

1

With respect to light scattering, there is an additional difference
when the fluid is made of particles with non zero spin and/or different
isotopes (where it is assumed that different isotopes of a given atom are
dynamically equivalent; this is true, to a very good approximation, for the
isotopes of heavy atoms). In this case the scattering length depends on the
spin state of the compound system composed by the neutron and the particle
by which it is scattered, and on the 1isotopic species. Then a different
result 1is obtained for the differential scattering cross section. Before
giving its expression I have to introduce the so called self correlation
functions, which describe the correlations in the motion of a tagged
particle in the fluid. For the self intermediate scattering function we
have, if the tagged particle is particle 1 in a simple fluid:

. iﬁ-?l(O) -iﬁ-?l(t)
F7(k,t) = <e e > (1.23)

N
This result does not depend on the choice of the tagged particle, for an
analogous reason as for (1.9), namely the symmetry of the Liouville operator

as well as the hamiltonian with respect to the interchange of any two

particles. The Fourier transform in time of (1.23) is the self dynamic

structure factor:

Ss(k _ 1 e iwt _s
w) =5- [dte F~(k,t). (1.24)
-0
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Besides one has to introduce an average of the scattering length over the
different spin states and the different isotopes. Denoting this average by

<->q, we have that dza/dwdﬂ is divided in two parts:

dza _ (dza [dza (1.25)
dwd} ~ \dw coherent dw incoherent :
where:
« <b>2S(k,w) (1.26)
dwd(V coherent q ! ’
and
(L) « (<bZ> - <b>2)sS(k,w) (1.27)
dw incoherent q q ’ :

The second part, (1.27), 1is called incoherent scattering beause it is
proportional to the self dynamic structure factor, which does not confain
correlation between different particles. For a mono-isotopic fluid and a
scattering length independent of the spin state <b >q-<b>§--b2 the
incoherent part 1is absent, and we obtain (1.22), where d o/dwd gives
directly S(k,w). When there is also incoherent scattering it is possible to
determine both S(k,w) and Ss(k,w); this could be accomplished either by
using polarized neutrons or by varying the isotopic composition. This is
because 1in these cases one changes the values of <b>i and <b2>q; therefore,
comparing sets of data for dza/dwdﬂ obtained, for example, with different
isotopic compositions, one can extract both S(k,w) and Ss(k,w).
In binary mixtures the generalization of (1.22) is:

dza

2 b2s
dodn & xlblsll(k,w) + x,b 2S99 (k,w) + 2/x1 zblbzslz(k,w) (1.28)

whererbi is the scattering length of species i. When the scattering lengths

depend on the spin state (or when there are different isotopes) then we have

an expression like (1.25), where now:
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(

2

d‘e B 2 —

dwdn)coherent“ %<y >0 (K,0) + %)<by>( 8, (k,0) + 2jx1x2<b1>q<b2>q312(k,w)
(1.29)

and

2
d o 2 2, .8 2 2, .5
(dwdﬂ]incoherent < x1(<b1>q ) <b1>q)sll(k’w) * X2(<b2>q ) <b2>q)322(k’w)

(1.30)
where the self dynamic structure factors are given by:
s 1 iwt _s
5;;(k,w) =5 {wdt e F;;(k,t) (i=1,2) (1.31)
and the self intermediate scattering functions by:
. it 2P0 k2P (0
F ii(k,t) = <e e >N (i=1,2) (1.32)

which, analogously to simple fluids, do not depend on the choice of the
tagged particle of a given species. So we see that for binary mixtures the
situation is much more complicated, already for the case when there is no
incoherent scattering, because the measurements give informations only on
the expression (1.28) and not on the Sij(k,w) separately (of course this is
true also in 1light scattering). Here I will be concerned with neutron
scattering by binary noble gas fluid mixtures. For noble gases, with the
exception of Argon, incoherent scattering can be neglected, because the
scattering lengths for different isotopes are very similar. However, the two
isotopes of Argon, 4OAr and 36Ar, have very different scattering lengths,
because 36Ar is an exceptionally strong neutron scatterer. Since the two
isotopes can be separated, it is possible to perform experiments with mono-
isotope Argon, so that incoherent scattering is absent.

Another important point in neutron scattering is that, contrary to
light scattering, it is possible in principle to measure the Sij(k,w)

separately, using different isotopes in different experiments.
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1.1.5 Hydrodynamics

To make theoretical predictions to compare with experiments one needs
a method to compute the partial dynamic structure factors. In the
hydrodynamic 1limit, that is in the region of small k and w, small compared
respectively to the inverse of any typical microscopic length and to the
inverse of any microscopic relaxation time, the motion of the fluid is
governed by the hydrodynamic equations. They describe the evolution in time
of the thermodynamic variables plus the local velocity of the fluid, making
use of linear phenomenological laws that relate the momentum and the energy
fluxes to the gradient of the local velocity and the local temperature,
respectively. In the case of binary mixtures, among the thermodynamic
variables there is the relative concentration of one of the two components;
then the phenomenological laws contain also the gradient of the 1local
concentration. Transport coefficients appear in the hydrodynamic equations,
which can not be computed in the framework of  thermodynamics  and
hydrodynamics; their wvalues must be given experimentally or be computed
using kinetic theories. In the hydrodynamic description use is made of the
local equilibrium assumption, that means that at each point in the fluid the
thermodynamic variables are related by the same thermodynamic relations as
in total equilibrium. This is the reason why hydrodynamics is good only when
k and w are small in the above sense. Linearizing the hydrodynamic equation
around total equilibrium (the 1linearization is harmless in the study of
microscopic fluctuations) one can get formulas for the dynamic structure

factors for small k and w.
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When k and w are mnot small in the sense mentioned above, and
hydrodynamics ceases to be a good theory for the study of the dynamics of
the fluid, and a more microscopic point of view has to be wused. Kinetic

theory provides a possibility to do that.
1.2 Kinetic theories

In this section, which gives a short summary of the developments of
kinetic theories, I will restrict myself to simple fluids, to avoid
unnecessary complications. All the definitions can be generalized to binary

mixtures without change of the basic concepts.
1.2:1 The Boltzmann and Enskog equations

The first milestone in kinetic theories is, without any doubt, the
celebrated Boltzmann equation. For a simple fluid, we define the one-
. . . . . - = . -+ = - = '
particle distribution function f(r,v,t) in such a way that f£(r,v,t)ArAv is
the average number of particles that lie at time t within a volume element
> . > . . nd ot .
Ar around point r and have a velocity in the element Av around v. Making two
basic assumptions, Boltzmann was able to derive a closed equation which
3 3 . -+ = 3 . . -
describes the time evolution of f(r,v,t). The first assumption is that in
the dynamics of the particles only binary collisions are taken into account,
which are considered local in space and time. The second assumption, called
molecular-chaos assumption, states that the average number of pair of

. > = : < o3 <
molecules in the element Ar around r and with respective velocities in the
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element AV around v and Az’ around 3', which can participate in a collision
at time t, is given by:

£(T,V,t)ATAVE(T, V' , t) ATAV (1.33)
The first assumption can be justified in dilute gases, where the range of
the intermolecular interaction 1is much smaller than the average distance
between molecules. Then it follows that it is very wunlikely to have more
than two molecules in their mutual range of interaction. The second
assumption means that the velocities of the two colliding molecules are
uncorrelated. This also can be justified in dilute gases; two molecules that
are going to collide will come in general from different regions of space
and have collided before the collision with many other particles, so that it
is reasonable to assume that their velocities are completely uncorrelated.
Following these assumptions the Boltzmann equation for a fluid in the
absence of an external field is derived to be3):

3 - = -+ 4 - - - - - - = - =, - =,
predCAMON v-gf(r,v,t) = [av; [da a(8,]v-v D |V-¥, | [,V O,V L) -

£(2,V,0)£(F,V,,1)] (1.34)
In this equation V' and zi are the final velocities of a binary collision of
1’ and they depend on 3, 31 and

on the scattering angles 6, ¢, defined as the angles, in polar coordinates

. . 3 3 . . 3 => =
two particles with initial velocities v and v

with the polar axis parallel to 31-3, which give the direction of 31-3’;
=(60,¢) and a(a,|$-$1|) is the differential collision cross section which
depends on the modulus of the relative velocity, on the scattering angle 4,
and, of course, on the assumed intermolecular potential. Perhaps the most
important point concerning the Boltzmann equation is the existence of the so

called H theorem, which proves that, for any given initial distribution

function f(?,%,O), the solution of (1.34), making very general and
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4)

reasonable assumptions about the shape of the container ”, will approach the

absolute equilibrium Maxwell distribution function:

vaz

£Z,9,0) » £,(3) = n(%l:]3/2 e 2 (1.35)
where n is the uniform density of the fluid and the value of the temperature
T in ﬂ=1/kBT is defined by the average kinetic energy of the particles of
the fluid:
%kBT = %m<v2> = % fav vszG;) (1.36)
The problem of finding a solution of (1.34) is a field in its own right,
which is mnot of interest here. However, one important poiﬁt must be
mentioned. Following a solution procedure, due to Chapman and Enskog, in
which f(;,z,t) is expressed as a sum of an infinite series, it is possible
to derive hydrodynamic equations with  transport coefficients given
explicitly as functions of the intermolecular potentia13).
From the basic assumptions it follows that the Boltzmann equation 1is
valid only in the 1limit of dilute gases. It was Enskog who proposed a
kinetic theory for dense systems, restricted to fluids consisting of
particles interacting through a hard sphere potential. If r is the distance
between two particles, the hard sphere potential is such that U(r) is equal
to zero for r larger than a constant o, the diameter of the hard spheres,
and U(r) is infinite for r<o. With this interaction the particles can be
visualized as spheres of diameter o; when two spheres come at contact, so
that the distance between their centres is o, they bounce rigidly off each
other. Therefore the collision is instantaneous, and in a fluid of hard

spheres there is no approximation in considering the collisions purely

binary, because the probability for more than two molecules to interact at
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the same instant is zero. This is the main characteristic of hard sphere
fluids, together with the fact that, at the moment of a binary collision,
the velocity of the two particles changes discontinuously (this fact 1is
important for the determination of the proper time evolution operator for
hard spheres, which replaces the Liouville operator for smooth potentials,
and that will be introduced later).

Also the derivation of the Enskog kinetic equation makes wuse of the
molecular chaos assumption. Of course, also for hard spheres this assumption
is not expected to be fulfilled when the fluid is dense, because two
colliding molecules could be correlated if they collided before with each
other or with the same molecule. Nevertheless, comparison with computer
simulations of hard sphere systems shows fairly good agreement 5).

There are two changes in the Enskog equation, with respect to the
Boltzmann equation. The first one is to increase the frequency of binary
collisions by a factor which depends on the local density of the fluid; this
can be understood from the fact that the moleules occupy a finite portion of
the total volume. This decreases the volume in which the center of any given

molecule can 1lie, and therefore increases the probability of a collision.

The second change is that one takes into account that the centers of two

colliding spheres lie at a distance o. Then the Enskog equation is3):
a - = - d - - 2 A A > 7
Ezf(r,v,t) + v-;gf(r,v,t) =0 fdclfda [(31-3)-0]0[(v1-v)~a]x (1.37)

A A

{x[n(u%,t)]f(?,{?',t)f('r’+aa,$i,t) - x[n(?-gg,t)]f(?,%’,t)f(‘r’-aa,?zl,t)}

A

o is a unit vector characterizing the geometry of the binary collision, and

A
. . . -> - . -
the final velocities v' and v'1 are expressed in terms of v, 31 and o by:
AL A
- - - =
vl =v + [(vl-v) a]a
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The factor x determines the increase in the frequency of binary collisions;
it has been chosen equal to the equilibrium radial distribution function at
contact, x=g(o), evaluated, as shown in (1.37), for the density at the point
of contact.

An important consequence of (1.37), absent in the Boltzmann equation,
is the instantaneous transfer of molecular properties (like momentum and
energy) over a finite distance; this comes from the fact that in (1.37) the
f's are evaluated at different points in space. Finally, it should be
mentioned that also from the Enskog equation one can compute explicit

expressions for the transport coefficients of a hard sphere fluid.
1.2.2 Linearized equations and correlation functions

Both equations (1.34) and (1.37) can be linearized assuming that the
distribution function f(?,z,t) is close to its absolute equilibrium wvalue
(1.35). Then one obtains linear equations governing the evolution of the
fluctuation of f(;,s,t) around fM(z). It is these linear equations that can
also be used to study the time correlation functions. One proceeds as
follows.

Defining first Af(T,v,t) by f(?,(r’,c):fu(iz’)Mf(?,(’r,t), and linearizing
the Boltzmann equation (1.34) one gets an equation for Af(;,z,t):

el

TafE 0 + T-OAf(R,3,8) = AAE(E,Y,t) (1.38)
t 8; B

where Ag is a linear integral operator which acts only on the Vv dependence
of Af. This equation describes the approach to zero of Af(?,z,t). Af(?,?,t)
is an external perturbation of the fluid from its equilibrium state;

therefore it 1is a macroscopic perturbation. Next one wuses a general
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assumption of statistical mechanics, the Onsager regression hypothesis,
according to which, on the average, the decay of microscopic spontaneous
fluctuations, or of the correlations between fluctuations, follows the same
linearized equation, 1in this case (1.38), as a small external disturbance.
This result could also be reached, somewhat more satisfactorily from the
mathematical point of view, using linear response theory6).

To introduce the proper correlation function which follows (1.38) I

first introduce the dynamical variable:

5 N
£(2,9,T(t)) = ¥ 6(F-T_(£))6(¥-V_(t)) (1.39)
pl. P P

If the average 1is taken over the canonical ensemble [5] one obtains the
equilibrium value:
<%(¥,3,r)>N = £,(%) (1.40)
Then, defining the fluctuation as the dynamical variable:
SE(E,3,0(8) = £2,9,0(1)) - <§(?,$,r)>N (1.41)
we have that (1.38) is satisfied if 6f(?,;,t) is replaced by the following

correlation function:

.
1'V1°

(where the factor V, the volume of the fluid, has been wused for

C(JZ-T,1,v,v;,t) = V<6£(x T(0))6£(T,V,I(t))> (1.42)

convenience), i. e.:
a4 - - - = -3 - = -+ = _ —)_—v - -
atC(|r-r1|,v,v1,t) + v-a¥C(|r-r1|,v,v1,t) = ABC(|r rl|,v,vl,t) (1.43)

Then one defines the spatial Fourier transform of (1.42):

=y

- - - - -ik- (;;-:-E]_) - - - =
C(k,v,vy,t) = [d(r-ry) e c(lr-r |, v,vy,t) =
ik (T-T,) A
= [aE-2)dt; e 1 <£(F, 9, T0)6EE,3,T(0)> =

= <6%*(§,31,r(0))5f(ﬁ,3,r(t))>N (1.44)
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(which depends only on k=|§| because of the isotropy at equilibrium) where,
from (1.39) and for k=O0:
-iR-T_(t)

A N
§E(R,V,T(t)) = ¥ 6(v-V_(t)) e P
p=1L P

The equation for C(k,;,z t) is then obtained from the Fourier transform of

l’
(1.43):

a_ - - .—b.—b - > _ -+ -

atC(k,v,vl,t) + ik-v C(k,v,vl,t) = ABC(k,v,vl,t) (1.45)
From a solution of this equation the intermediate scattering function F(k,t)

can be obtained (see (l1.4) and (1.6)):

_ l - - - -
F(kyt) - N dedVlc(k,V,Vl,t) (146)
1.2.3 Later developments

Most of the recent theoretical work has been aimed at the derivation
of kinetic equations for the correlation functions, these being the
quantities of greatest interest for the reasons explained in section 1.1. I
will mention only what is of interest here.

In this thesis I have used the hard sphere model for the interaction
between the molecules, because this is the only model for which a kinetic
equation is available for mixtures both at low and high densities. Therefore
I will briefly outline the latest developments concerning the kinetic theory
of hard spheres.

In 1969 Ernst et a1.7) derived the time evolution operator that
describes the dynamics of a hard sphere fluid. Its expression will be given

8)

in the next chapter. Later, Konijnendijk and van Leeuwen ’, starting from
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this operator and making a binary collision approximation, have derived a
linear kinetic equation for the correlation function (1.44):

&0, 7,7,,0) = 1KV €, ¥, 9,,0) + BE)C(K,V,9,,0) (1.47)
where B(ﬁ) is a linear integral operator, depending parametrically on k and
acting on the v dependence of C(k,z,sl,t). They also showed that for short
times this equation is exact at all densities [6].

9)

Successively, van Beijeren and Ernst derived a modified Enskog
equation. The difference from (1.37) is that the factor x is no more the
equilibrium radial distribution function, but it 1is the exact radial
distribution function in a non uniform fluid, which is a functional of the
density of the fluid at all points. This exact radial distribution function
is then evaluated at the point of contact. Their motivation was that in the
case of mixtures (1.37) 1led to inconsistencies with irreversible

thermodynamics. They also showed that the 1linearized version of their

equation leads to an equation identical to (1.47).
1.3 Outline of later chapters

In this section I summarize the contents of the following chapters.

In Chapter 2 I will derive the kinetic operator which will be used for
the calculations. I will first derive the operator for simple fluids, and
then its extension to binary mixtures. The fundamental quantity in my
analysis will not be the correlation function C(k,z,zl,t) of (1.47). This
will be replaced by an infinite set of correlation functions, obtained by
integrating C(k,3,3l,t) over the velocities, analogously to (1.46). The

reason for such a choice is explained in the first section of the next
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10) for deriving our kinetic operators

chapter. There I discuss a method
(both for simple fluids and for mixtures) which is relatively fast, and
shows clearly that the corresponding kinetic equations are exact, for short
times, at all densities. One requires that the kinetic equation reproduces
exactly the values at time zero and the first time derivatives, at time
zero, of the set of correlation functions, that will be introduced in the
next chapter, where also the details of the procedure will be given.

Chapter 3 1is technical. It contains some details of the actual
computation I have carried out to obtain numerical results for the density-
density correlation functions.

In Chapter 4 I will show these results. They concern the application
of our kinetic theory both to dilute (gaseous) mixtures and to dense
mixtures. The main subject of the results is the study of the characteristic
behavior of binary mixtures where the atomic masses of the molecules of the
two components are very different (disparate-mass binary mixtures). I will
also explain how the predictions presented can be tested in scattering
experiments.

As will be explained in the following chapter, in the description of
the dynamics of the fluid through the density-density correlation functions,
one can introduce the modes, which can be thought of as the different
channels by which the correlations decay in time. Some modes are
propagating, in the sense that they describe propagating, and damped,
processes. Others are not propagating, and describe diffusive, purely damped
processes.

The results concern the appearance of a fast propagating mode, 1in

disparate-mass binary mixtures, in a vast range of densities, from dilute
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gas mixtures to rather high (liquid) densities. This fast mode appears
beyond the hydrodynamic regime. One can call this mode fast sound, because,
like ordinary sound, it propagates, but it is faster. The most important
point 1is that the fast sound is associated with the dynamics of the light
component only. In Chapter IV I will explain how this phenomenon could be
observed in light and neutron scattering experiments.

In Chapter 5 I will give the conclusions of this work.

Notes

[1] At equal density and temperature, the lighter the atoms of the fluid

are, the larger the typical frequencies associated with the dynamics are.

[2] To be precise, the variables of the phase space of a system are the

coordinates and the momenta. But using cartesian coordinates the relation

between velocities and momenta is trivial.

[3] T refer here only to short range intermolecular interactions; the actual

computation will be in fact performed for a hard sphere interaction (see

text below).

[4] In the interaction with a neutron, the recoil of a nucleus can in

general not be neglected.

[5] In a hard sphere system by definition the energy is only kinetic. The
. . _ -BH(T) . .

meaning of the canonical average <--->N—(1/Z)fdre (-++) is that in
5 . - - -

configuration space (rl, r2,--°,rN) one has to  exclude all the

configurations in which the centers of at least one pair of particles are at

a distance smaller than the diameter. This could formally be achieved
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-ﬂH(P)=We-ﬂK(F), where K(I') is the kinetic energy, and W a factor

writing e
equal to one for the allowed configurations, and equal to zero for the
forbidden configurations.

[6] Perhaps it is necessary to make the following clarification. The fact
that in hard spheres the collisions always involve only two particles does
not mean that a binary collision description of the dynamics 1is exact.
Binary collision approximation means something else; it is an approximation
(for hard spheres as well as for smooth potentials) in which any two given
particles collide at most once. Therefore, for example, an event in which
particle 1 collides successively with particle 2, particle 3 and again with
particle 2, is mneglected. From this it is easy to understand why the

approximation is exact at short times for all densities, and improves, at

finite times, decreasing the density.
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2

Kinetic theory of correlation functions

In this chapter I show how the correlation functions of interest,
namely the partial dynamic structure factors Sij(k,w) are computed in our
kinetic theory. In the first two sections I will treat simple fluids: in the
first one I will derive the kinetic equation, while in the second I will
describe the actual method of computation, with the kind of approximation
involved. In the third section the kinetic equation and the method of
computation will be generalized to binary mixtures. In the fourth section I
will show how the kinetic theory of binary mixtures reduces properly to that
of simple fluids when the two components become equal; an interesting result

of this limiting procedure will be given.
2.1 Kinetic equation

The time evolution operator for a simple hard sphere fluid, called the

pseudo-Liouville operator, is the following:

N
Yy T (2.1)
=1l q©>p Pd p=1 P o7 p=1 q=1 pd

The first term on the right-hand side of (2.1) describes the free streaming
of the particles, while qu describes a binary collision between particle p
and particle q. In the second equality, which follows from the fact that
qu:qu, as will be shown below, I make the convention that T p=O (i. e., a

particle does not collide with itself). qu is given by:
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-;l[bpq(;)-l] (2.2)

A

2 A - - - Ao

= do 6 +0)8(v__-0) |V
Tpq = 0 Jd7 8(5pqta)0 (v Vg

where o is the hard sphere diameter, o is a unit vector, 3=aa, f(x) 1is the

- - - - -

r =r -r , V_ =V -3 , and b_ (o) transforms the
P9 P 4 PQ P 9 Pq

precollisional velocities into the postcollisional velocities:

Heaviside step function,

A A A

- - - —
b = L — ={v .
pq(Vp = Vp' = Vpm(Vpq 07
bpq(a>zq = Gq' = 3q+(3pq-a)a (2.3)

By definition, the substitution operator bpq’ acting on any function of v
and/or Gq, transforms these velocities into those given by (2.3). The §
function and the step function in qu account respectively for‘the facts
that the two particles collide only when they are at a distance o and when

they move towards one another. From (2.3) it 1is easily seen that

b_(o)=b_ (-0)=b_ _(o), and therefore, from (2.2) it follows immediately
Pq Pq qp A
(with the change of wvariable o-+-0) that T_ =T and thus the second

Pq 9p’
equality in (2.1).

The psuedo-Liouville operator (2.1) enters the definition of the
correlation function C(k,z,zl,t) through 6f(§,$,r(t)) (see (1.44)). 1In
(1.45) or (1.47) C(k,z,zl,t) is obtained as the solution of an equation
that, in the spirit of kinetic theory, approximates the exact full N-body
dynamics with  2-body dynamics (binary collision approximation). As
anticipated in section 1.3, our hard sphere kinetic operator will be
obtained for a set of correlation functions, to be defined shortly, rather
than for C(k,;,zl,t). The reason to make this different choice 1is the
following: the two approaches are equivalent, as will appear below, but our
formulation offers a straightforward way to derive the kinetic operator
which will be given below; also, it is immediately clear how to make

successive better and better approximations in the application of this
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operator. Besides, one can easily point out the direction taken in improving
the hydrodynamics description. In the following of this section these

assertions will be clarified.

2.1.1 The set of correlation functions

Let me introduce a real Hilbert space whose elements are functions of
31: f(zl). The scalar product between two functions f(zl) and g(zl), denoted
by <f(v;),g(¥{)>, is defined by:
- - — - - -
<f(v1) ,g(V1)>1 - fdvl ¢0(V1)f(V1)g(Vl) (24)
where ¢o(3) is the Maxwell velocity distribution function for particles of

mass m at temperature T=1/kBﬂ:

n 2

b = (8> e 2 (2.5)
differing from (1.35) by the absence of the factor n, the fluid density, so
that - fd3¢0(;)=1. On the left-hand side of (2.4) we can also drop the comma
between f and g, interpreting the scalar product as the expectation value of
the product fg, with weight ¢0. In this sense also the expression <f(§;1)>1
acquires a meaning, as the expectation value of f. Before proceeding
further, let me make the following remarks, useful for the manipulations in
the next subsection. There is a close connection between (2.4) and the

canonical average <--->=(1/Z)dee'ﬂH(r)(---). In fact, the canonical average

can more explicitly be written (for smooth potentials) as
N -+ - N — -ﬂ\];; N - -ﬂ\[t

<-o>=(Qf(n e b0V )J(mdr Je P (--v), with @=f( 1 dF Je ¥, where ¥
p=1 p 1% q=1 p p=1 P

is the potential energy of the fluid; for hard spheres the configurational
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N
integral 1is replaced by (l/Q)f( II d;p]W(---) (see note [5] of Chapter 1).
p=1

Then for example, the canonical average of a function depending only on v

1
is <f(vl)>N=<f(v1)>1.
I introduce a complete orthonormal set of functions ¢2(3) (£=1,2,---),
whose explicit expressions will be given below; therefore:
- - - - - -
Using this complete set I can expand (l.44) in terms of the ¢£(3):
- = - - — -
CUe,¥,%,6) = N T L Fyy (60N (3%, (79 (D (2.7)
where the coefficients Fﬁm(k’t) are given by:
_ l - - - - -+ -
F, (k,t) = § fdvdv1¢£(vl)wm(v)c(k,v,vl,t) (2.8)

(the factors N and 1/N in (2.7) and (2.8), respectively, are introduced for
convenience). Therefore the knowledge of all the coefficients Fgm(k’t) is
equivalent to the knowledge of c<k,$,$l,t). From (1.44), (1.45) and (2.8),
one has that the Fﬂm's are the following correlation functions:
* - -
Fzm(k,t) = <a£(k,1"(0))am(k,I‘(t))>N (2.9)

where the dynamical variables az(ﬁ,r) are given by:

N
a, (k1) = R TISAL P (2.10)
=1

_1
/N p
Therefore I have justified the statement that if we find a kinetic equation
for the correlation functions (2.9) we solve a problem equivalent to that of
constructing an equation of the type (1.48) for C(k,z,;l,t). Anticipating
that ¢1(3)=l, F(k,t), the intermediate scattering function (1.6), is given
by Fll(k,t). The expression (2.9) can be rewritten as:

F,o(k,t) = <a,(k,Me a_(K,T)> (2.11)
with L the pseudo-Liouville operator (2.1). All these correlation functions

depend only on k, therefore for computational convenience I choose the
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vector K parallel to the z-axis. Then a complete orthonormal set of

functions ¢£(3) is:

" Y(m)( yS s+l/2)(

() =¥, n() =N ) (2.12)
where £ stands for the three indices r,s,m; c=(ﬂm/2) /2;, c=|z| and ;=Z/c;
Yém) is the spherical harmonics of order s and index m, and S (e+li2) is the
Sonine polynomial of degree r and index s+1/2; Nr,s is the normalization
constant:

N, = /4 [ar ) /rirese3s2)] 2 (2.13)

with T'(x) the gamma function. For reference I give the standard definitions.

For the spherical harmonic, if c=(sinfcosé¢,sinfsing,cosf):

Y™ ) = CLT Qe (em1/2 ing [ 2ym/20 &ystmy2.1)%])|

2S¢1 4 (s+m) ! xX=cosf
(2.14)
and for the Sonine polynomial:
(a) _ 1 RIS 4 \r -X_r+a
(x) = e*(55) e x (2.15)

I note that the Sonine polynomials are closely related, through a
proportionality factor, to the associated Laguerre polynomials.

For £#=1=(0,0,0), as mentioned above, we have ¢1($)=1. As can be easily
seen from (2.1), (2.14) and (2.15), all these functions are polynomials in
c,c_,c_,c_.

x'y'z
Next I show that we need to consider only the dynamical variables with

m=0. By symmetry arguments one can show the following: we take two of the

dynamical variables a, defined in (2.10), say a, and a, with
1 2
£l=(rl,sl,m1) and £2=(r2,sz,m2), if ml#mz, the corresponding correlation
function F£ P (k,t) (see (2.11)) is identically =zero, 1i. e., the two
172

dynamical variables a, and a, are uncorrelated at all times. I am
1 2
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ultimately interested in the density-density correlation function Fll(k’t)’
which has m=0. Therefore I need to consider only the dynamical variables
with m=0. Thus, from now on, the index £ in ¢£(3) will stand for the two
indices (r,s), and we will use only the set of functions:

2 =9, 0@ =8, Y @s{FD (P (2.16)
This orthonormal set is complete for functions of v that depend only on
v=|v| and v,, i. e., functions that possess cylindrical symmetry around the
z-axis. Now we can see in which sense the hydrodynamic description has been
improved. The first three polynomials [1l], which are given respectively by
(r,s)=(0,0), (r,s)=(0,1) and (r,s)=(1,0), are:
O =1 M =Sy 3, = Gopd) (2.17)

J6

From (2.10) we see that the corresponding dynamical variables az(i,r) are
proportional to the space Fourier transform of, respectively, the local
density, the local velocity and the local energy (more precisely ¢3(3) is
the combination of the density and the energy which is orthogonal to both
¢1(3) and ¢2(3)). These correspond to the dynamical variables considered in
hydrodynamics, and for which the hydrodynamic equations give the evolution
neglecting their coupling with other wvariables. In our kinetic
approximation, instead, the set of three functions ¢1(;),¢2(3) and ¢3(3) is
extended to a complete orthonormal set of functions ¢£(3), and the coupling
of all the corresponding dynamical variables a, in (2.10) is considered

(although, as remarked, we need only the functions (2.16)).
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2.1.2 The kinetic operator

The basic ingredient of our kinetic approximation is to find a function

. -
¢2(3) corresponding to each ag(ﬁ,r) (or, which is the same, to each ¢£(v))
and an operator LE(ﬁ) acting in the Hilbert space of functions of 31 with
the scalar product (2.4), such that each one of the correlation functions
(2.11) is approximated by:

. Lt
F, (k,t) = <4,(v)) e $_(v))> (2.18)

We require that the kinetic operator LE(ﬁ) be symmetric, since it can be
shown that Fgm(k,t) is symmetric in the indices 4£,m (both for smooth
potentials and for hard spheres). As stated in section 1.3, we want that
both the wvalue and the first time derivative, at time zero, of (2.11) are
reproduced exactly by the approximation (2.18). From the orthonormality of
the ¢£'s, and the fact that the first of them is ¢l=1, we easily see from
(2.10), (2.11), (1.6) and (1.8) that:

F, (k,0) =5, [1+5,, (S(k)-1]] (2.19)

Therefore, if we take:

- - ———

6,(¥) = ¢, (Vik) = [5(K); $,(V) = $,(¥) 22 (2.20)
where ¢1(3) is a constant function that depends parametrically on k, then
(2.19) will be satisfied if Flm is replaced by F%m. The second requirement,
that the time derivative of the correlation functions, at time zero, is

reproduced exacly, is expressed by the equation:

<a(¥,T)La_(B,T)>, = v k)¢ (¥

ay(K,D)Lla (K,T)> = <$,(¥)), L B4 _(F))> (2.21)
In the rest of this section the kinetic operator LE(ﬁ) will be derived from

the equality (2.21). I will have to treat separately the case where £,m>2
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and the case where £ and/or m is equal to 1. This is due to the particular
role played by ¢1(3;k): it is the only ¢£(3) for which <¢£(31)>1¢0. I will
treat first the case £,m>2.

To shorten the following expressions, let me rewrite (2.2) as:

A - - A
T = [do 6§(r_ +0)® 2.22
bq = 30 8(GE vre, (@) (2.22)
where:
A _ 2 - A - A A
6,,(0) =0 o(qu-a)|qu-a|[bpq(o)-l] (2.23)
Next I compute the left-hand side of (2.21) for £,m>2. Then:
. R 1 1ﬁ-?p N o, o, . -iﬁ-?q
<a,(k,Mla_(k,D)> =y {< ¥ Z ¢£(v Ye ( § v ]¢m(vq)e >q *
p=1l g=1 s=1 ars
kT, N . -iﬁ-?q
+ < Z Z ¢£(v de 5 ; Z T J¥. (v )e >N} (2.24)
p=1l q=1 =1 t=1

In the first term on the right-hand side s must be equal to q, and then, for
the orthonormality of the ¢£'s, p must be equal to q. So this term is equal

to (recalling that K is parallel to the z-axis):

1
§ < Z Yo (V) kv )% (V> = <P, (V) (-ikvy )P (3> (2.25)
p=1
In the second term, since Tst acts only on the velocities vS and vt, either
s or t must be equal to q; since also T tth , I write this term as:
, N X ik-(F_-T )
ley e P a ¥, ( Z T )¥n ) (2.26)
p=1 g=1 d

which, again because of the orthcnormality of the ¢£, is equal to:

1 { E N N N N ik- (rp-rq)

= <

TR R b)) ( LT Gy + < §1 q§1 e ¢£<vp>qu¢m<vq>>N}
(2.27)

The first term of (2.27) is:
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- N N(N- 1)<¢£(V1)T 1%m (V1)> = (N- 1)<¢£(V1)T 2¥n (V1)>
= (N- 1)fda<8(r12+a)> <¢£(V1)912(a)¢ (v1)> (2.28)
Now, from (1.9) we have that:
; -+ =, - =, > _ —»'_1_ _l
<5<¥12+3)>N = [dr <6 (Ty-T')8(T -T'+0)>y = [dT /2 g(o) =5 x  (2.29)
with x the radial distribution function at contact. Therefore, (2.28) is
equal to:
~ -+ A -
ny [do<y,(v1)8,,(a)¥ (v])>g (2.30)
which, with (2.23), can be written as:
- (]_) - -
<Y, (V) AT (V> - (2.31)
with:
AV EE ) = nxo?[aod¥,8, (3,06 ,-0) 19,01 [by,(@)-1]£G)  (2.32)
1 X 2%0V277 V12 12 12 1 :

The second term of (2.27) is:

R
1 1k-r12 N N
N N(N-1)<e ¢£(V1)T12¢m(v2)>N =
AL, -iked N
= (N-l)fda<6(r12+a)>Ne <¢£(V1)912(0)¢m(vz)>N (2.33)
which is equal to:
- (2) -
b0 (D> (2.34)
with:
AE f(vl) = nyo fdadvze ¢0(v2)0(v12-a)|v12-a|[blz(a)-l]f(vz) (2.35)
Therefore, defining A =A{14A(2), (2.20) will be satisfied, for £,m>2, with:
k k
—' 3 .
LE(k) = -1kvlz + Aﬁ’ 2, m=>2 (2.36)

To define completely LE(ﬁ) I have to consider also its matrix elements
containing ¢1(31). To this purpose I define the projection operator that

projects onto ¢1(31); using bra-ket notation:
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P = [$(v))> <6, G (2.37)
1. e.
PE(Vy) = [dvy4q(vE()) (2.38)
With Q=1-P, I can write:
Ly (K) = PLL(K)P + PLL(K)Q + QL (K)P + QL (K)Q (2.39)

The last term, as I have established, is equal to:
Q(-ikv, + AE)Q (2.40)

From (2.20), (2.21), and the facts that qu al(E,P)=0 and that <vlz>N:O’ we

have that PLE(ﬁ)on. To compute PLE(E)Q and QLE(E)P I use the equality
(2.21) with £=2 and m=1. We have then, for the left-hand side of (2.21):

* = . . N N ike(rT)

<ap@Dlay Dy =y <X L e 7 w0 (i), =
N

<p§1 ¢£(Vp)(-ikvpz)>N = <P, (vq) (-ikvy )>y (2.41)

Z =

and for the right-hand side:
<4, (v, Lg (R4, (3> = /S(K) <, (¥)),QLg (R)PY, (¥))>) (2.42)

The last term of (2.41) is equal to 822(-ik/jﬁa), so that:

- ik 1 -
QL (K)P = - 5= —=— |, (¥,)>; <, (v))] (2.43)
E Jam 5@ T2 U111
Since, as remarked below (2.18), Fzm(k’t)szI(k’t)’ we also have, from
(2.41), that:
<ar (K,T)La,(®,I)>. = <, (3.)(-ikv, )>. = - K (2.44)
7 b FARRREA 2\ 1z’°N Jam 22 '
which, by using (2.21) is equal to:
JS(K) <y (v)),PLL(R)Q, (¥)>; (2.45)
Therefore:
- ik 1 -+
PL(k)Q = - += [, (¥1)>; 1<, (V1) | (2.46)
E R
JBm Jsao 1017117
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The last step is to compute more explicitly (2.40); with the definition

(2.37), we have:
Q(-:'Lkvlz + A)Q =
k
- . -
= 10 GP>) (b P DGk, + A A-14 GP>y 1 D 226D
Since <vlz>1=0 and A4¢1(31)=0, this expression becomes, remembering that
k

¢1(31)=1 and ¢2($1)=JEE v, (see (2.17)):

kv, + —j—l‘:(lrpz(w?l»l [ D]+ 1B B> <hy ) +

Bm
-

+ A, - |1,b1(v1)>1 1<¢1(v1)|A# (2.48)

k k

The last term can also be written as Xﬁ, where:
k

AE(V) = AE(,) - <A £(v,)> (2.49)

o 1 2 1 e 171

Finally, combining (2.39), (2.40), (2.43), (2.46), (2.48), (2.49) and that

PLE(Q)on, we arrive at:

LE(k) = -ikvlz + Aﬁ +
1 ik - nd
+ (1 - ==) = (19, (3> 1<, (v |+ 83> <p,(v)]]) =
JS(k)] jﬂm ( 1*'1°71 17721 11771177201 )
= -ikv, + A+ A, (2.50)
1z 2 2

The first term corresponds to the free streaming of the particles; the
second term is the collision operator. The last term may be seen as a
correction to the free streaming operator, involving the static structure
factor S(k); it can be called a mean field operator, because it corrects the
free streaming of a particle by a term that depends on the average behavior
of the other particles, as contained in S(k). The operator (2.50) is used in

(2.18) in our kinetic approximation to the correlation functions.
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A remark should be added. Our kinetic approximation is such that the
approximated and the exact correlation functions ((2.18) and (2.11)
respectively) have the same initial value and the same first time derivative
at time =zero. But for the particular density-density correlation function
Fll(k,t)=F(k,t), it is easy to show that Ffl(k,t) gives exactly also the
second and third time derivatives at time zero. In fact from (2.1), (2.10),
(2.11) and (2.12), it follows that:

a%Fy | (i, ©) 2

-— F

> = - pm Fpp(6,©) (2.51)

dt
The same equality holds if we replace Fll(k,t) and F22(k’t> with their

corresponding approximations given by (2.18), as follows from the explicit
expression of LE(ﬁ). Therefore, since the initial value and the first time
derivative at time zero of F22(k,t) are reproduced exactly, so will be the
second and the third time derivatives, at time zero, of Fll(k,t). This means
that the function we are interested in, the intermediate scattering function

F(k,t), is approximated better than the other correlation functions.
2.2 The BGK method

For computational convenience it is better to use the orthonormal set
¢£ rather than ¢2. So, instead of (2.18) I consider the functions:

- L tp®
Fy (k,t) = <p,(V)) e ¥ (3> (2.52)

Then, we have F(k,t):Ffl(k,t)=S(k)F§1(k,t). In the calculations I compute

the Laplace transforms of (2.52), i. e.:

-~

E F: -zt = - -
Spu(ko2) = [ dc e 2CFL () = <p,(35),—1=, 3> (2.53)
2-Ly (R)
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Therefore to compute the E?l(k,t) one has to be able to invert the operator
z-LE(ﬁ). In order to do that, the Bhatnagar-Gross-Krook (BGK) approximation
is used for LE(ﬁ). Then, in the BGK approximation of order M, the free
streaming and the mean field operators are taken into account exatly, while

the collision operator is approximated by:

M M i - -
A, = 1$,(3,)> 8, (k) <p (v,)| + d&) ¥ |$,(3,)> <¢ (v,)]
ﬁ Ezl mzl 2171 "Aim 1 "m*'1 0=M+1 £Y71°71 1 "™m 1
(2.54)
where:
8, (k) = <¢2(v1),Aﬁ¢m(v1)>l (2.55)

In other words, the first MxM block of the matrix of the collision operator,
with respect to the set ¢2(3), is taken 1into account exactly, while the
other matrix elements are set equal to zero, except for the diagonal
elements, A£=m=M+1,M+2,--., which are all set equal to a constant d(k),

chosen to be -equal to It can be shown that all the diagonal

By, w1 (K0 -
elements sz(k) are real and non positive. The precise choice of d(k), as
long as M is not very small, is not expected to affect appreciably the
results. This is in agreement with what I found, also in the case of binary
mixtures [2].

With a little manipulation, the operator LE(ﬂ) so approximated can now
be written in the form:

L (k) = £(&) + F(K) (2.56)

where:

£(k) = -ikv,  + d(k)

1z

is a multiplicative operator, and F(ﬁ) is a finite dimensional MxM matrix

operator:
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M M
FR) = T 3 [9,(3)> Hy () < (V)| (2.57)
2=1 m=1
with:
Hy() = <63, (B wh ¥, (V> - 4005, (2.58)
From the operator identity:
1 =—1— L@ - (2.59)

z- (£(R)+F(K)) B z-£(k) z-f(k) z- (£(R)+F(k))
we get, for £,m<M:

E 1 1
S, (k,z) = N = n A(k,z) (2.60)
£m [Z-LE(k)]ﬂm [1 A(k,z)H(k) ]Zm

where H(k) is the MxM matrix with elements (2.58), and A(k,z) 1s the MxM

matrix with elements:

_ - 1 -
Apm(ki2) = <¢£(V1)’z+ikvlz-d(k)¢m(vl)>1 (2.61)

The operations implicit in the last term in (2.60) have to be understood as

—
operations between MxM matrices. The fact that F(k) is a finite dimensional

~

MxM matrix operator allows to compute the S%m(k,z) for £,m<M using only an
MxM matrix, although this matrix implicitly contains the contribution of the

© dimensional operator f(ﬁ).

—

It is also possible to evaluate the functions S%m(k,z) in terms of the
discrete eigenvalues of LE(ﬁ). These are associated with the poles of the
resolvent operator [z-LE(ﬁ)]-l, namely with the M  values z=zn(k)
(n=1,2,.--,M) for which:

D(k,z) = det [I-A(k,z)H(k)] =0 (2.62)
Then, it is shown in Appendix I that (2.60) is replaced by:
~ M Mﬂm n(k)

E - dm.n: 7
Sy (k,2) = L a® (2.63)
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where the zn(k) are the eigenvalues and the Mo n(k) are the corresponding

amplitudes, given by:
e
My 2 = 5K, 2 (00) [6(k,z_(k))A(k,z_ (k)] , (2.64)
where G is the transpose of the matrix of cofactors of I-AH and

, _db(k.z)
D (k,Zn(k)) = dz lz=zn(k) (2.65)

The difference between (2.63) and the exact expression (2.60) 1s that in

-~

(2.63) the essential singularity of S%m(k,z) for Re z=-« has been neglected.
This singularity stems from the matrix elements (2.61), as will be shown in
the next chapter, dedicated to the calculation of the matrix elements.

The above shows that there is a natural way to make successive
approximations, by increasing the number M, thus treating the collision
operator better and better. This proves one of the assertions made at the

end of the introduction to this section.
2.3 Extension to binary mixtures

Everything that has been explained so far in this chapter for simple
fluids is readily generalized to binary mixtures. The introduction of the
kinetic approximation follows the same procedure, and also the method of
computation (the BGK method) is the same. However, the notation, for obvious
reasons, becomes wunavoidably more cumbersome. Here I will reproduce the
basic formulas for the case of binary mixtures, corresponding to those of
the previous section, but I will not repeat the derivations. The main
difference from the case of simple fluids is that the elements of the

Hilbert space are now two component functions.
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2.3.1 The correlation functions and the kinetic operator

The hard sphere potential between two hard spheres, of diameter o, and

9, respectively, is infinite for distances between their centers smaller

than or equal to 012=(01+02)/2, which is the distance at contact.
For a hard sphere fluid with N1 particles of mass my and diameter o9

and N2 particles of mass m, and diameter 995 the pseudo-Liouville operator

that generalizes (2.1) is:

2 N 2 2 Ny N
(i 3 1 i
1= 1 13 Syt oL LY e
i=1 p=1 arp i=1l j=1 p=1 q=1

The collision operator Té;’J)

describes a binary collision between particle

p of species i and particle q of species j. It is given by:

V) S (L,3) A
o pq ooy 0 (0)-1]  (2.67)

2,9, 21,21 2(3) 3, D) *(J)

where o; =(a +a )/2, .0, ¥ =r - R and
1J Pq P q Pq P q
the substltutlon operator b;q J)(a), which transforms the precollisional
velocities into the postcollisional velocities, is given by:
5 % ; p
p (L J)(a)v(l) =3 o), Tl (g3 7
Pq P P s, Pq
CT DISETE DINE 6 DRI ISP £ NPT B% DRe 5 683
q q q mj Pq
with pij=mimj/(mi+mj).
Now, instead of (2.11), our set of correlation functions will be:
Fi) (k,6) = <a{D¥ @, metald @ 15 (2.69)

where the dynamical variables agl)(ﬁ,r) are:






bl -

Ny ik
D @m=-L 3 pPEDye P (2.70)
/N p=1 P
The set of functions 1/)}(2 )(3) is given, for each i=1,2, by (2.16), with

z=(ﬁmi/2)l/23. The orthonormality relation is:

&8 sSP @ oD@ =5, (2.71)
where ¢( )(v) is the Maxwell distribution for particles of species i:
i
. m. - ey
s$D @) = [%]3/2 e ? (2.72)

The partial intermediate scattering functions (1.13) will be given by
(k t:)--F(1 J)(k,t). The initial values of the correlation functions

(2.69), using (2.70), (2.71) and (1.15), are given by:

om[855%8 21 (855 -1]] (2.73)

For later use, in section 2.4, 1 remark that, with the wuse of

(1,3) -
Fo'” " (k,0) =6

aél)(ﬁ,r) and aiz)(ﬁ,r), one can build the dynamical wvariable:
N .2 =(1) N Lo -)(2)

V(P py= —L (1) 2(L) P (2) 2(2) *q
k,DD)=—= [ ) ¥, /(v ""e + ) ¢ (v Ye (2.74)
2 /N [p=1 2 P =1 2 ]

a
5
analogous, in a certain sense, to az(k,F) for simple fluids.
Since for each £ we have two dynamical variables, we are led naturally
to the introduction of a Hilbert space whose elements 3 are two-component

functions, in order to make a kinetic approximation of the correlation

functions (2.69):

. NS
$(v v, = [4,2(:2)] (2.75)

where the components ¢1(31) and ¢2(v2) depend on 31 and 32 respectively. The
scalar product <<--->1>2 is defined by:
= 2 e giins (1) (2)
<EELVY), 3 FI)> >, = Jd 80 GIEv,807 3, x

x (4, (V)81 + 6,(3,)85(,) ] (2.76)
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In analogy with simple fluids, with this scalar product, also the expression
<<$(v1 2)> has a meaning, as the expectation value of g(vl 32).
A general operator C in this Hilbert space, that transforms a function
3(31,;2) into 3'(31,32)=C$(31,32) has the following matrix notation:
-
$1 ()

: SE I CIO
3" (V,) )

)= (1 (2, 2)] ( ) (2.77)

c C
It should be kept in mind that the 2x2 matrix nature only applies to the
component indices 1i,j of C(l’J), but that each C(l’J), and thus also C, if

expressed in a matrix representation, requires an «oxo matrix.

I note that the set of functions:

1) -
¥ (37)
(1) » > . _ (2 1
By (v vy = ( . )
£=1,2,... (2.78)
0
(2) = = _
3,7 v = )

(2) 2
$,7) )
constitutes a complete orthonormal set (in the scalar product (2.76)) for

. - - . - -
functions $(v1,v2) depending only on v1=|v1|, v v2=|v2| and v

2z°

In a completely similar manner as for simple fluids I want to find a

1z’

function $§1)($1,32) corresponding to each ail)(ﬁ,r), and an operator LE(ﬁ)
such that the FE;’J) of (2.69) are approximated by:

tL (k)

3(3)(v V5)>1>, (2.79)

where the initial wvalues and the first time derivatives, at time zero, of

Féi’j)E(k t) = <<$(1)(v *z)e

(2.69) are reproduced exactly. Here I only give the results. For £>2 we have

that:

OG5 <0G @ e
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with ¢§i)(31,32) given by (2.78); for £=1 we obtain two (constant) functions
depending parametrically on k [3]:

(5,,(0) ?cos a(x)

1) » -
3§ )(Vl’vz;k) ((Sll(k))l/zsin a(k)]

(2.81)
1/2 .
S,,(k)) "/ “sin a(k)
(2¥:2 2 on ( 22
31 (Vl’VZ’k) - ((Szz(k)]l/zcos a(k)]
where:
S. (k)
a(k) = % arcsin 12 . (2.82)
/51,08, (1)

In the matrix notation (2.77) the "elements" of the kinetic operator LE(ﬁ)

are given by:

(i,3) 2y — 3 =(is]) (i,3)
LE (k) = 6ij( ik Viz) + A + A (2.83)
k k
I note that, in transforming any function 3(31,32 into

3,(31’32)=LE(E)$(;1’32)’ Lél’J)(ﬁ) acts on the component j of 3, which
depends on Gj, and yields a function of Gi that contributes to the i-th

component of z'; i. e.:

p: ) = LD ag ¢ + LD ®4,6,)
¢,y = L&D @g, 3 + LD @4, (2.84)

Expression (2.83) is the analogue, for binary mixtures, of (2.50). The first
term represents free streaming. The second term contains the collision

operators; we have:
_(i1j) = _ (i,j) i > (i) o (i’j) 2
Aﬁ f(vj) = Aﬁ f(vj) - fdvi ¢O (vi)AE f(vj) (2.85)

with:






oy

A D) o (DD @, 0D 1,

k k
At 3) = @5y (2.86)
¥ -
where:
(1) (1 l)f(V ) - z n. 'x i1 lllfdad (l )¢él )(*(l ))l (1 i ) | X
ir=1
x a(v(l i), )[bgé’i )(a)-l]f($i(1)) (2.87)

with ni=Ni/V the number density of particles of species i and xijzgij(aij)

the radial distribution function at contact;

-ik-o
(2) (l J)f(V ) — /n fda dV(J) 1J¢(J)(V(J))|V(l J) |

k i J 1J 1J
{5 T & SRt B ol 2(3)
X ﬁ(vi3 a)[b13 (o) 1]f(v3 ). (2.88)
The superscripts (1) and (2) on the left of the A's correspond to parts
which are, respectively, independent of kK and dependent on K. The third term

in (2.83) represents the mean field operators:

Aéi:j)f(;j) - fd$§j)¢éj)(;§j))[m(i’j)(k)¢§i)($§i))¢{j)(;j(j)) +

(j,i) (1) 2(1)., () 2 () 2(3)
O CH I g CAS] I 0 (2.89)
with:
i) -5 Ak gD (g (2.90)
Y /Bm,
1
and:
. S,,(k)
B(l’l)(k) = - iE_ 22 2 ]1/2 cos a(k)
Jﬂml Sll(k)SZZ(k)-Slz(k)
. S,,(k)
B(1:2) gy = Ak 22 > 1Y% sin a(k)
Jﬂml Sll(k)szz(k)'slz(k)
. S, (k)
82Dy = Ak [ 11 12 sin a(e)
Jpm, 1(k)s 5 (k)-8 2(k)
. (k)
B(2:2) 3y = . dk “11 1Y% cos a(k) (2.91)

e 2
/ﬁmz Sll(k)szz(k)'slz(k)
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(2.82) and (2.91) I have used the Schwarz inequality (1.17) and that

Sll(k) and 522(k) are positive.

Like for simple fluids, the approximation F11

(l’J)E(k,t) reproduces

exactly also the second and the third time derivatives, at time zero, of the

iy k. t)-F(l 3k vy

2.3.2 The BGK method

In analogy with simple fluids, let me define:

FLIEa e = <<$§i)(31,32)etL (k)l(J)(v V)55 (2.92)
Then, from (2.81), it follows that:

o= e ey = s a0 [F T PE®, ycos?atn) + FE 2Bk, t)sinak) +

+ 25 F (k, t) sina(k)cosa (k)]
Fpp(k,0)=Fi 1 280y = 5,0 (0 [FE DEk, oy sinak) + F2 20, ) cosa(i) +

+ 25 DE (1, t)sina (k) cosa (k) ]
F ok, 0=k DF e, 0)=(s, (05, (10) 2] P PP, 04F 2 DBk, £)) cosa (k)x
xsina(k) + Fi1"DF (k,0)] (2.93)

The Laplace transform of (2.92) is:

Sgn'VVE(k,2) = gdt e %" fﬁi’j)%,c) -

)> (2.94)
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In the BGK approximation of order M, the first 2Mx2M block (£,m=1,2, .., M;

i,j=1,2) of the = matrix representation of the collision operator Xﬁ (A4 is
k k

=(i,3)
k

account exactly, while the other matrix elements are set equal to zero,

the operator whose "elements" are the A , like in (2.77)) is taken into

except for the diagonal elements, f=m=M+1,M+2,--., and i=j, which are all

set equal to a constant d(k); i. e.:

2 M 2 M . .
a,= 3 3 33 BPESsetDa odB G T+
T i21 9= j—l =1 2 1’ 2 1 12 "m 1’72

+ d(k) Z Z EISRASE 2)>1>2 RRASRICAR Y (2.95)
with:
n§;’j)(k) - <<$;i)(31,$2),Xﬁ%éj)(31,$2)>1>2 (2.96)
The constant d(k) is chosen to be:

o) = R, WG+ O RE, W, @

where,in this formula, A denotes the simple fluid collision operator in
k 1

(2.50). There are other possible choices for d(k); for example, we could
have chosen two different d(k), i. e. dl(k) and d2(k), respectively for the
diagonal matrix elements with £=m>M and i=j=1, and £=m>M and i=j=2. However,
the results for the dynamic structure factors Sij(k,w), the quantities in
which I am interested, are not sensitive to this choice, in the sense that
its effect is negligible, already for M>5.
In analogy with (2.56) we have:

Lp(®) = £(k) + F(K) (2.98)

The "elements" of the operators f(ﬁ) and F(ﬁ) are given by:
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and:
2 M 2 M A oL
Fd = 3 3 L L BPEI, a1 B80G53, 2100
i=1 =1 j=1 m=1
with:
(2.101)

i3 ) = <<$;i)(31,32),(X§+Aﬁ)$;j)(31,32)>1>2 - (k) 848,

In the bra-ket notation employed in (2.95) and (2.100) |$§l)(31,32)>1>2 is a
column vector with the two elements ¢§1)(31) and wﬁz)(zz), and

1<2<$éj)(31,32)| is a row vector, with the same two elements. In analogy

with (2.60) and (2.61), we have:

S(i,5)E — 1 (i,3)
Sgm’> :2) = [T25G, yrcn A2 (2.102)

where:

a 1
1'V2) Z4ikv, -
1Z

alld) e 5y = aij<<$§i)($

i) ,» =
Apm Ky s ¥

"
) $m (2.103)

172
and A(k,z) and H(k) in (2.102) are 2Mx2M matrices.
The discrete eigenvalues of LE(ﬁ) are given by the 2M wvalues z=zn(k)
(n=1,2,---,2M) for which:
D(k,z) = det[I-A(k,z)H(k)] =0 (2.104)
so that (2.102) is replaced by:

(i,3)
-~ .. 2M M (k)
(l’J)E _'Q___
S om (k,z) = L 7oz (B (2.105)
n=1 n

with:

(1,3) _ 1 (i,i)
“min' = D k2 0] [6(k.z_(0))a(k,z_()])] 5 (2.106)
where G is the transpose of the matrix of cofactors of I-AH and:
[k z (k)] _D.(.k_x_zll

z—zn(k) (2.107)

Like for simple fluids, in going from (2.102) to (2.105) the essential

singularity for Re z=-» has been neglected.
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In the approximation (2.105), the correlation functions Fé;’j)E(k,t),

which are the inverse Laplace transform of SE;’J)E(k,z):
itz

Féi’j)E(k,t) =L dz sgi’j)E<k,z) (2.106a)

2xi 4
-ictz
0

where z, is a real number larger than the real part of any singularity of

SALDE

om (k,z), are given by:

zn(k)t

2M
Foo (k,t) = nzl Mzm,n (k) e (2.106b)

The eigenvalues obtained from (2.104) and the corresponding amplitudes

(2.106) will be important quantities in the exposition of the results.
2.4 Simple fluid limit

In this section I want to verify that the above formulas properly
reduce to those of a simple component fluid. This section is not needed for
the rest of the thesis. It has been included because it presents the
interesting result, in the second subsection, that together with a proper
reduction to the simple component, we get also the self correlation
functions, to be introduced below, that, in the usual kinetic theory of
simple fluids, require the use of a kinetic operator different from (2.50).

I will show how the simple fluid correlation functions are recovered
when, in the binary mixture, we take the limit of single component. There
are formally two ways in which this can be achieved: either one of the two

partial densities, n; orn goes to zero, or the two components become

2 ’

identical, 1i. e. al=02=a and m, =m,=m. In this section I use the notation L1

to denote the simple fluid pseudo-Liouville operator (2.1), while I keep the
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notation L for the corresponding binary mixture operator (2.66).
Accordingly, I use A, A and L. .(k) for, respectively, the simple
%1 k1 E,1

fluid collision, mean field, and full kinetic operators in (2.50). For

binary mixtures I retain the notations of the previous section.

2.4.1 Limit n2 -0

Here I will show that it is straightforward to verify that, when n, -0,

2

we recover immediately the correlation functions Flm(k’t) for simple fluids.

First I will derive the limit for the kinetic operator LE(ﬁ) when n,-»0; then

2
: : s e . (i) ,» - . .

I will derive the limiting form of the functions $2 (Vl’v2)’ This will lead

immediately to the conclusion stated at the end of this subsection.

When n2+0, it is easy, from (2.35) and (2.49), and from (2.87), (2.88)

and (2.85), to verify that:

Xil’l) =r Xil,Z) = XEZ,I) = i
k k,1 k -
2.2 1) (2,2) _ 2+ (1) ,(1) 2(1) e =(2,1)
Aé V= A = g poTpfaodtiPegh G5 1955 ol x
x a(3§§'1)-a)[b§§'l)(o)-1] (2.108)

;éz,z)f(;z) “DNRDG g, g Gy DA DG, = DFD)

Next, using (1.10) and (1.18), it follows that when n2=0 we have
Sll(k)=S(k), Slz(k)=521(k)=0 and 822(k)=1’ where S(k) is the simple fluid
static structure factor. Therefore, for the factors m(l’J)(k) involved in

the mean field term Ail’J) in (2.89), we find, from (2.82), (2.90) and
k

(2.91):






-53-

a1 D gy = 2 (1.

/ﬁml Js(k)
n P a0 =2 Py = 2P ) =0 (2.109)
Combining (2.108), (2.109), (2.83), and the definition of A, in (2.50), we
k,1
obtain:
(1,1) 2, _ . - _ s
L7’ (k) = -ikv + A + A =L (k)
E 1z ﬁ,l ﬁ,l E,1
Léz'z)(ﬁ) = -ikv, + (13(2,2). Lél'z)(ﬁ) = Léz'l)(ﬁ) =0  (2.110)
Besides, the functions 3{1)(31,32;k) and 3%2)(31,32;k) in (2.81) reduce to:

VG 30 = 5@ ()
1 1’72’ 0

3D E 30 = [O] 2.111

1 (vl’VZ, )- 1 ( J )
A (i) ,» - . R .
while the other 32 (Vl’VZ)’ for £»1, are still given by (2.80):

(i) = = _ (i) - = .

85 (V) = (v 21 (2.112)

Comparing (2.110), (2.111), (2.112) and (2.20) we see that the dynamics is

now divided into two independent parts. One reproduces exactly the kinetic

theory of a simple fluid of particles of species 1, which will give the

correlation functions (2.18). The other part, represented by Léz’z)(z),

describes the dynamics of particles of species 2 with a collision operator

(1)A(2’2) that takes into account only the collisions with particles of

species 1; thus it can be interpreted as the dynamics of a single particle

of species 2 imbedded in the simple fluid of particles of species 1.

2.4.2 The case 0,=0,=0 and m, =m,=m

The proof of the reduction to the simple fluid dynamics is, in this

case, more elaborate. But as a reward we get something new and very
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interesting, because we obtain not only the simple fluid correlation
functions (2.18), that I write again here:

tL. - (k)
E _ - E,1

$,(v)> (2.113)
(which are the kinetic approximations for the exact expressions (2.11)), but
also the simple fluid self correlation functions, which I will define
shortly, and that are the analogous of the self intermediate scattering
function (1.23). As mentioned in the introduction of this section, in the
usual kinetic theory of simple fluids, a separate calculation is necessary
to obtain the correlation functions (2.113) and the self correlation
functions.

Before proceeding to the proof, I introduce these self correlation
functions, and explain how they are computed in the usual kinetic theory of
simple fluids. They are defined by:

Lo >

Lo
1k-r1 th 1k-r1

s _ > 1 > )

Fﬂm(k’t) = <¢£(vl)e e ¢m(v1)e >N (2.114)
where ¢£'s are the same functions (2.16) (I am always taking k parallel to
the z-axis), and the right-hand side does not depend on the choice of the
particle (here particle 1). The initial values of the F;m(k,t) are:

s —
Fﬂm(k’o) = 8£m (2.115)
Following a procedure completely analogous to that of subsection 2.1.2, in

kinetic theory one approximates these functions by:

S -
tLE,l(k)

ij(k,t) - <¢£($1),e ¢m($l)>1 (2.116)

Here the kinetic operator L; 1(ﬁ) is given by:
S N _ 3 s
LE,l(k) = 1kvlz + Ay (2.117)

where the self collision operator is:
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2 AL N - A < A A
A = nxo” [dodv, ¢,(vy) |V, a|6(vy,-0)[by,(0)-1] (2.118)
which is identical to (2.32). AS we have seen 1in section 2.1, this

expression plus (2.35) constitute the simple fluid collision operator A
k,1

I

disregarding for a moment that the real collision operator is X* , defined
k,1

in (2.49) (I will show below that in the matrix representation only one

matrix element 1is different between Aq and A ), one could say that the

k,1 k,1

]

self collision operator A1

is "half" of the full collision operator A,
k,1

In order to show that, in our binary mixture kinetic theory, we get
both (2.113) and (2.116) of simple fluids, when we put 0,=0,=0 and m, =m,=m,
I will construct two suitable linear combinations of the functions $§1) and
$$%) for each 2 (the 31 are defined in (2.78), (2.80) and (2.81)).
Therefore the matrix representation of the operator LE(Q) will change. The
point of the proof will be to show that, regardless of the values of X and
x2=1-x1 this transformed matrix of LE(ﬁ) is divided in two blocks, one with
the matrix elements of LE,l(E)’ and the other with those of Lz’l(ﬁ).

As a first step I will build the linear combinations mentioned above,
then, as a second step, I will compute the transformed matrix of LE(i)‘ The
two steps will be separated using roman numbers. In turn, step II will

consist of different steps, separated using latin characters.
I. The two linear combinations of zél) and $§2)

To build the needed two linear combinations of zil) and $§2), I start

5 : . . . . 1
constructing two linear combinations of the dynamical variables aé ) and
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I

aéz) defined in (2.70). The combinations for zél) and $§2) will then
follow automatically from our kinetic representation of the correlation
functions (2.79).

Comparing the definitions (2.10) and (2.70) for a, and aﬁi), and the
definitions (2.11) and (2.69) for FB and Fg ’J), we see that, when the two

components are the same, we have:

-« p(LD F(2,2) p(1,2)
Fon(Kit) = X F o277 (k,£) + x,F, 7 (k, t) + 2Jxl o Fpr' 7 (k1) (2.119)
This same expression is obtained writing:
F, (k,t) = <at*(&,myea_r (&,I)>y (2.120)
if I define:
-ik-T
> — 2 1
ay® D) = /g alP @D + Jx, o@D = r 21 SAL P (2.121)
N p=

The other linear combination of aﬁl) and aﬁz) will be denoted by aE(ﬁ,F). I

claim that, if I define:

an(®,1) = Jx, aD @) - Jx] P&, 1) (2.122)

then:
<ay*(®,Dyelar (B, 1> = <a¥ (&, D) ay®, 0> =0 (2.123)
In order to show this I have to use the following property of the Fgm(k’t)
(expressed by (2.124) and (2.125)). Since the hamiltonian and the (pseudo)-
Liouville operator are invariant with respect to the interchange of any two

particles, we have:

- - - -
1 ik-r L -ik-r
Fpn(k,t) = § < ) by(vye P Z INCALI
p=1 q=1
_ S
= Fzm(k,t) + Fﬂm(k’t) (2.124)
where F;m(k,t) is defined by (2.114) and:

ik-T -ik-T

d > % > =
Fpa(ot) = (-D<p, (3 T ey e >y (2.125)
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From this, and remembering that the sums in the definitions of aél) and aéz)
run over two disjoint set of, respectively, Nl and N2 particles, with

N=N.,+N,, one obtains, after some manipulations:

172
ll* b tL ’ b —
<ajy (k,INe am(k,l‘)>N =0 (2.126)
In a similar fashion, one can also prove that:
ll* b tL " EM — S
<ay (k,T)e am(k,P)>N = Fzm(k,t) (2.127)
Actually one obtains:
WX 7 tL_,, 7 _ =S d )
<ajy (k,T)e am(k,l")>N = Fgm(k’t) - Fzm(k,t)/(N 1) (2.128)

s . d . .
o 2T€ of order one, and so is Flm’ and since N 1is an

But since F£m and F
extremely large number, one can neglect the second term on the right-hand
side of (2.128), so that one obtains (2.127).

Since each aéi)(ﬁ,r) is associated with the two component function
$§i)(31,32), also each ak(ﬁ,r) and az(ﬁ,r) will be associated with a two

component function. More precisely, according to (2.121) and (2.122) I build

the two linear combinations:
22 _—(]_)-»—» —(2)—>—>
30 V) = Sxy 3,7 (V) + Sy 857 (V)

w2 i 1y ,» = — 3(2) = -
II. The transformed matrix of LE(E)

I will now prove the following four equalities, which show that our
kinetic theory reproduces correctly the simple fluid when the two components

are equal, and in addition gives the (kinetic approximation of the)

s
Fgm(k’t)'
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T B @ 3y = FE (k6
<<¢£(v1,v2),e ¢m(V1,V2) 1 2 - £m )
" (3. ,V tL(k)"""’>>--1~“SEkt 2.130
<<¢£(V11V2),e ¢m(V1,V2) 172 ~ £m( , t) (2. )
- - tL (TC’) - = - - tLE(ﬁ) - -
<<¢k(v1,v2),e ¢I'I'l(v1,v2)>1>2 = <<¢&(v1,v2),e ¢k(vl,v2)>l>2 =0

This will be accomplished in the following steps: a) I will prove that the
set of functions $k, zz (£4=1,2,---) is orthogonal; b) I will show that only
Zi is not of wunit norm, its norm being S(k); c) I will build the matrix
representation of LE(E) for the orthonormal set Jk, $E obtained from gk, 32
(so that actually the only difference is that between Ji and gi); and then
the equalities (2.130) will be finally proved showing that:
<Py (¥, V) L (P (V) ,¥))> >, = <¢2(31),LE,1(E)¢m(31)>1
<Py (v, V) L (0P (v, ¥)> >, = <¢2(§;’1),L§’1(E)¢m(3l)>1 (2.131)
<<y (1,9,), L (RO (v, V,)> >y = <P (1,9,) L ()P (v ,¥,)>1>, = 0
a)
First I have to find $k and 32 in terms of the $§i), defined by
(2.78), since the matrix representation of LE(z) has been built for that

orthonormal set. From (2.80), which shows that $§1)=$§1) for £>2, we have

that:
$,G.Vy) = g BPELI) + U 3P G

ISR I S SN CAR S R EU A (2.132)
For #=1 I have to use the relations (2.81) between 3{1), 3{2) and $§1),

${2). Then it follows that:
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3G, = [jxlsll(k)cosa(k)+/x2522(k)sina(k)]Jfl)(31,32) +
+ (g5, (B sinak)+/x,8 22(k)cosa(k)]'vi( )(vl v,)

Fr @V, = (/xzsll(k)cosa(k)-jxlszz(k)sina(k)]zil)(31,32> +

+ [/§;§IIZE§sina(k)-/§I§;;?E3cosa(k)]$§2)(31,32) (2.133)
Since $§1) and $§2) are an orthonormal set, it follows immediately from
(2.132) and (2.133) that, for (£,m)=(1,1):
<@y G V> >) = <RG0 (0> = 6y
<<y (V1,75) 81 (¥, Vy)> >, = 0 - (2.134)
b)

In order to compute the scalar products involving 31 and Zi I need
first the following relations. Since in a simple fluid which has been
artificially divided in two components all gij(r) (cf. (1.16)) are equal, it
follows from (1.10) and (1.18) that:

Sll(k) = xls(k) + X,
SZZ(k) = x25(k) + % (2.135)
51,00 = Jxx, (s(k) - 1)
from which one can derive:
2 -
Sll(k)SZZ(k) - Slz(k) = S(k) (2.136)
Using (2.135), (2.136) and the definition (2.82) of a(k), one obtains, from

a tedious but straightforward calculation:

<G (V1,9,5K) 81 (¥, 55K)>1>, = S(K)

1l

”" e > . " =+ = .
<<$1(v1,v2,k),zl(vl,vz,k)>l>2 1

<< (V1,9,5K), 85 (3] ,9,5K)> >, = 0 (2.137)

1° V2"
c)

Using (2.134) and (2.135) the orthonormal set zk, JE is given by:






-60-

vz 2 ___l_ v T ® wio . _ /2 2. .
By Y,k = — PACARIN Y IS S LI OY
3,05 = 35(3,.,9,) and P39y = 353G, el (2.138)

Next I proceed to the matrix representation of LE(Q) in this orthonormal set
and to the proof of the equalities (2.131). A convenient way to do this is
to separate the contributions to the matrix elements of LE(E)’ LE,l(E) and
Lé’l(ﬁ) that come from the free streaming, the collision operator and the
mean field term, respectively. It will only be necessary to indicate
formally (i. e., with symbols) the various terms. I will begin with LE,I(E)'

Before I do so, I first show a property which is used in the formal
manipulation that I will make, and which is also useful in the computation

of the matrix elements of the operator LE(ﬁ), treated in the mnext chapter.

The property is that the operators A, and A , related by (2.49), that I

—

k,1 k,1

rewrite here:

AE() = AEG
K K

D - <A_Ef(31)>1 (2.139)

differ only in the matrix element (1,2). In fact, since A, ¢1(31)=0, we
k,1

have, first of all, that:

<¢£($l),X§ l¢1((’rl)>l = <¢£(31),AK 1¢1(31)>1 =0 (2.140)

Then since the second term on the right-hand side of (2.139) is proportional

to ¢1(31), we also have that:

- - - - -
<¢E(v1),A* ¢m(v1)>1 = <¢£(v1),A* ¢m(v1)>1 £,m=2,3,--- (2.141)
k,1 k,1
Therefore the difference between the matrix elements of X* and A, can only
k,1 k,1
come from the matrix elements:
- - - - -
<¢1(V1)’Aﬁ 1¢£(V1)>1’ <¢1(v1),AIE 11/)£(vl)>1 2=2,3,--- (2.142)
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From the definition (2.139) of A, it follows that:

k
W v)>, =0 2=2,3 2
<'4/)1(V1),A_’ ¢£(V1) 1 - =Lyd, " ( 143)
k,1
To compute the second set of matrix elements in (2.142) I use that the
transpose of A,  can be shown to belz):
k,1
T _ 2 . 1 - - ) - -
A, = A, - inxoani (ko) ——= (¥, (V> <y DI - 19 D> 1B,
k,1 k,1 JBm

(2.144)
where jl(x) is the spherical Bessel function of index 1. Therefore:

<¢1(31),AIE l¢£(31)>1 = <¢£(31),A§ 1¢1(31)>1 = inxo’4nj, (ko) ;%ﬁ § o

’ I

(2.145)

thus proving that A, and Xq differ only in the (1,2) matrix element. I
k,1 k,1

have also shown that A has vanishing matrix elements <y (3 ),X ) (3 )>
21 201 pqom 1771

when £ and/or m is equal 1 (cf. (2.141) and (2.143)), and that in computing

the non vanishing matrix elements, with £,m=l, one can replace Xﬁ with
k,1

A, . In a completely similar manner it is shown that the matrix elements:

k,1

(2.146)

of the binary mixture collision operator Xé, vanish when £ and/or m is equal

1, and that when £,m#l we can replace X» with A, [4]. This property is also
k k

used in the computation of the matrix elements in the next chapter.
Now I proceed, as mentioned above, to the separation of the different
contributions to the matrix elements of LE 1(TE). I begin with the matrix
’

elements with £,m<l. For those the contribution comes from the free
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streaming and the collision operator, while the mean field operator does not

contribute. I formally indicate, for £,m=l:
- . - _
Wp(v1), ik )8 (V))>) = ey

-+ —
<¢£(V1),Aicb 1¢m(v1)>1 =a,+ bﬂm 2, m=1 (2.147)

where a and bim correspond, respectively, to the separation of A, in the
k,1

two pieces (2.32) and (2.35). Next I consider the matrix elements where £

and/or m is equal to 1. The mean field operator A, has only the elements
k,1

(1,2) and (2,1), as follows from (2.50), which are both equal to:

ik .49  (2.148)
JBm JS(k)

Also, among the matrix elements of the free streaming operator that involve
¢1(31), only the (1,2) and (2,1) elements are different from zero, and they

are given by:

=
e

l N

<y (), (-ikvy I, (V)>) = <, (v)), (-ikvy )y (V)>) = R (2.149)
which, combined with (2.148), gives:
<z/)1(§;1),(-ikle+Aﬁ’1)¢2(§;l)>1 = <¢v2(§;l),(-ikvlz+AE’1)z/;1(31)>1 =
= —ik (2.150)
JBmS (k)

Next I apply the same separation procedure to L;’l(ﬁ), defined in (2.117)
and (2.118). The free streaming term has obviously the same matrix elements
of LE,I(ﬁ); also, it follows from (2.117) and (2.118) that the collision
operator Ai has elements:

P, (v)) AT (V))> = a, 2,me1 (2.151)

s
1

With this I have formally computed the matrix elements on the right-

and all the matrix elements of A7 with £ and/or m equal to 1 vanish.

hand sides of the first and second expressions in (2.131). To compute also
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the left-hand sides I make the same formal evaluation for the binary mixture
kinetic operator LE(E). Here also I begin with the case £,m=l.

From the structure of LE(ﬁ), shown in (2.83), one can obtain the
following results, when the two components are the same. For the free
streaming the matrix elements are:

<V G, G DI vy vp> >, =
- <<$§2)(31,32),(-ikv22)$é2)(v1,v2)>1>2 =c, 2wl (2.152)
while the elements involving $§i) and $éj) with 1i#j wvanish. For the

collision operator we have:

<<$}(21) ~

ol

N
A + x.b
1!V2)1 ey
k

1+V2)>1>9 = apy + Xiby,
2) =2 = (2) _
<<, (Vl’VZ)’Aﬁzm (V1:V9)>1>y = ap, + b,y
(1) ,= = (2)
<<, (wpvy,%gm (vy,v

)>.>

172

) - <<$§2)(31,32),Aﬁzél)(vl,v2)>1>2 =

= Jxlx2 bﬂm £, m=1 (2.153)
Like for LE 1(ﬁ), the mean field operator does not contribute when £,m=1.
Now I can prove the equalities (2.131) for 4£,m#l. From the definitions
(2.138) and (2.129), we have, using (2.152) and (2.153):
, 22 >3, ,2 _
<<$£(vl,v2),LE(k)Jm(vl,v2)>l>2 = x (¢, +a, +xb, ) + X,(c, +a, +x,b, ) +

+ 2/x %, Jx X,b, = ¢, da, +b, (2.154)
which is equal to the right-hand side of the first expression in (2.131).

Then:

<<'pi"(v1 Vy),L (k)$ (v1 v2)>1>2 = x,(c, +a, +x;b, ) + X (c, +a, +x,b, ) +

- 2Jx1x2 ./xlxzb£m = c£m+a£m (2.155)
which is equal to the right-hand side of the second expression in (2.131).

Finally:
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-+ - > =2 = = - = >3, > _
<Py, 9)  LgBOOR (V] ,¥,)>1 >y = <P (v1,9,), Ly (0P, (v1,9,)> >, =
= Jxxy(cy Hay dxiby ) - Jxixy(cy tay #xoby) + (XpoXp)/xyxoby = 0 (2.156)
thus proving the last expression in (2.131) for £,m=l.
It remains to prove the equalities in (2.131) for the case in which £
or m is equal 1. The only non vanishing matrix elements of the mean field

operator are:

<<${1)(31,$2),Aﬁ$§1)(31,32)>1>2 = <<$§1)($1,32),Aﬁiil)(3l,32)>l>2 -

(k)
= = [1-¢ S () cosa(k)]

m .
<<$§1’<31,32>,Aﬁ$§2)<31,32>>1>2 - <<$§2)<31,32>,A§${1)<31,32)>1>2 =

$11(k)
S (K)

H-
|F
<

sina(k)

<<${2’<31,32>,AE$§1><31,32>>1>2 = <<$§1)(31,32>,AE$§2)<31,32>>1>2 =

822(k)

ik

Jpm
<P G 3,8 B DG 35>, = <P G383 G850, =
1 1’72 i 2 1727172 2 1’72 T 1 127277172
L A
Y78 (k)

sina(k)

ik

Jpm

Also the matrix elements of the free streaming, when £ or m is equal to 1,

O

cosa(k)) (2.157)

involve only the elements with £=1, m=2 and £=2, m=1. They are all equal to:
- ik (2.158)
JBm
Therefore, from the definitions (2.138) and (2.129), and using (2.157),
(2.158), and (2.136), we find, after some manipulations:
> - G P T - - e P T
<<' . ’ =' ’ . =
1 (V19,500 Ly BB (31, 7,)>>, = <P (3,,7,), L@ F,9,500>>,
ik

. (2.159)
JBmS (k)
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This expression is identical to (2.150), thus completing the proof of the
first equality in (2.131). The proof of the second and third equalities is
completed in an analogous way by the following expressions:
<Py (99,9550 L (R)P5 (V) ,¥,)>1 >, = <Py (v, ¥,) L (0P (), ¥, 500> >, =
ik
JBn
<<y (V195510 L5 (v, 90> >, = <3 (v V) Lp(R)PL (3, ,9,510>)>,

(2.160)

= <Py (31,9,3K), L (KB (V1 ,¥,)> >y = <<Bs(31,7,), L (0B (V) , ¥, 5K)>>, = 0

I have therefore completed the proof of: a) the separation of the
matrix representation of LE(ﬁ) in the orthonormal set (2.138) into two
blocks, a separation that is expressed by the third equality in (2.131); b)
the recovery of the simple fluid correlation functions, when 0,50, and
my=m,, with, in addition, c¢) the possibility to compute the simple fluid

self correlation functions. Points b) and c) are contained, respectively, in

the first and second equality in (2.131).

Notes

[1] Of course the way of ordering the polynomials is not unique; there are
different criteria that one can follow to choose an orderingll); this
problem is not of concern in this thesis, since the results are not affected
by the choice. In all orderings the first few polynomials are the same.

[2] In binary mixtures in principle one could introduce two constants, dl(k)
and d2(k); see text below.

[3] The particular form of (2.81) comes from the special role played by

(£,m)=(1,1) in the 1initial values (2.73). Actually, different choices for
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3{1)(31,32;k) and 3{2)(;1,32;k) are possible, in the sense that one can
choose other constant functions depending parametrically on k which satisfy
the requirements of our kinetic theory, namely the exact reproduction, at
time zero, of the correlation functions and of their first time derivatives.
But it can be shown that all the possible choices lead to identical results

for the correlation functions.

[4] Similarly to the situation that occurs in simple fluids for X* and
k,1

A, , the difference between Xﬁ and A, comes only from the matrix elements

k,1 k k :

with (£,m)=(1,2). Here I also note that K4 and Xﬂ are symmetric operators,
k,1

while A, and A  are not symmetric.

k,1 k
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3

The computation

The main purpose of this chapter is to sketch the numerical evaluation
of the matrix elements of the kinetic operator LE(ﬁ) needed in my
computation of the Sij(k,w). I will also show how the static structure
factors sij(k)’ which enter some of the matrix elements, are computed. At
the end I will mention the phenomenological equation of state which is used
to compute the velocity of sound in a hard sphere mixture (or simplé fluid);
the velocity of sound will be an important quantity in the discussion of my
results. This phenomenological equation of state has proved, by molecular
dynamics simulations of hard sphere fluids, to be very successful for hard
spheres up to high densities.

All the formulas that I have obtained have been evaluated by computer.
I should also mention that the zeros of the function D(k,z) (cf. (2.104)),
needed in the calculation of the eigenvalues of the the operator LE(ﬁ), were
computed numerically by a computer subroutine.

I will begin with the evaluation of the matrix elements of LE(ﬁ). As
follows from our method of computation, the BGK method, three different
types of matrix elements have to be computed: two that concern the kinetic
operator LE(ﬁ), namely the collision operator and the mean field operator

(cf. (2.83)), while the third concerns the matrix elements (2.103).






-68-

3.1 The matrix elements of the mean field operator

This is the easiest part of the calculation. As is clear from (2.89),

there are only 8 non vanishing matrix elements, that are given below:

<<${1’<31,32>,Aﬁ$§1)<31,32>>1>2 - <<$§1)<31,32),A§${1><31,32)>1>2 =

. S,,(k)
=2k 1.y 22 5 cosa(k)]
Jﬂml sll(k)szz(k)'slz(k)

<<$§1)<31,32>,Aﬁ$§2)<3l,32>>1>2 = <<$§2’<31,32>,A§$§1)<31,32>>1>2 =

. S, (k)
=k 11 5 sina(k) (3.1)
/ﬂmz Sll(k)szz(k)'slz(k)

<<_y’§2) (3.9, ,Aﬁ;}:él) (31.9,0> >, = <<‘v7§1) (3.9 ,AR}](_Z) (31.9)>1>,

. 5,7 (0)
= 22— sina(k)

Jﬂml Sll(k)szz(k)'slz(k)

<<_p/§2)(§r'1,32),Aﬁ$§2)(31,32)>l>2 = <<$§2)(31,§;2),Aﬁiiz)(31,32)>1>2 =

. S,4(k)
_ ik [1 - 11 > cosa(k)]

Jﬂmz Sll(k)szz(k)'slz(k)
3.2 The matrix elements of the collision operator

I will give only a few details about the computation of the matrix
elements of the collision operator, because the calculations are lengthy and

not very enlightening.

As I have noticed in section (2.4), the collision operator A, has
k

vanishing matrix elements between Jii) and $éj) when £ and/or m is equal to
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1. In all the other cases, A and A, have the same matrix elements, and the
k k

latter can replace the former in the calculations.
To compute the matrix elements of A, for £,m#l it 1is convenient to
k

write them in the following form, using the "elements" Ail’J) of A, and

—

k k

their subdivision in (1)A(i’i) and (Z)AEI’J) given by (2.87) and (2.88)
k

(D

A has only diagonal "elements"):
(1) ,» = 1) ,» - _
<<$£ (vl,vz),AE—pfm (vl,v2)>1>2 =

=P E, Pab DG s DG, DD G s

<<$§1)<31,32>,Aﬁ$;2’<31,32>>1>2 <¢§1)<31>,(Z)Aé1’2)¢é2’<32)>1 (3.2)

<<$§2)<31,32>,Aﬁ¢é1)<31,32>>1>2 = <¢§2’<32>,(2)A§2'1)¢;1)(31>>2
<<$§2)(31,32),Aﬁiéz)(31,32)>l>2 =
=< P@), PaB DG s+ D E,), PNEDD Sy

Therefore, in principle, I have to compute the matrix elements of 6
D, (LD (@, (@,L2) (2,21 (1),(2,2),
k K k

. But this number can be reduced. First of all, because of the

operators:

(2),(2,2)
k
- (2),(1,2) .
symmetry of A, (or A for £,m=1), the (£,m) element of A is equal to
k k k
the (m,£) element of (Z)A(Z’l). However, I will now show that I need the

-

k

matrix elements of only two operators.
(L),(1,1)

To do this, let me first consider the subdivision of into

two parts, given by the two terms on the right-hand side of (2.87):
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2 A 4 . A
(L, 1)z 2 2(17)  (1') 2(1')y12(i,1")
A £(v;) = iz=1ni,xii,aii,fdadv3 ¢ (V5 )Ivi3 co| x
2(L,17) S5 (E,10) 0 < (i)
X 0(vi3 a)[bi3 (o) 1]f(vi ) (3.3)
where one term has i’=i and the other has 1i’=i. The first term (i’'=l)

describes collisions between 1like particles, the second term (i'=i)

collisions between unlike particles. In the same way, (Z)Ail’l) describes

collisions between 1like particles, while (2)A£1’3), with i=j, accounts for
k

collisions between unlike particles. From all this follows that it is

sufficient to compute the matrix elements of the second term of (1)A(1’1),

which, in (3.3), is the term with i'=2, and of (2A{1+2) . both of which
k
involve collisions between particles of species 1, with mass m, and
particles of species 2, with mass m, . Apart from overall factors (like
2

Ny X5509550 in (3.3)), the matrix elements of the other operators will

follow easily. For the term of (1)A(1’1) with i’=1 and for (Z)Ail’l) we can
k

obtain its matrix elements replacing the masses m,, m, by the masses my, m,
since we have a general expression for any m, m,; for the term of
(1)A(2’2) with i’=2 and for (Z)AéZ,Z) one replaces the masses m, m, by m,,
my; for the term of (1)A(2’2) with i’=1 one replaces m, m, by m,, m. The
operator (Z)Aiz’l), as mentioned above, follows by symmetry from (Z)Ail’z).

k k

Next I will give some details on how the computation of the matrix
elements is performed.

The first few matrix elements, involving the first few polynomials,
could be computed by direct substitution of the expressions of the
polynomials in the integrals. But this direct evaluation becomes very soon

unreasonably long, with increasing the value of the indices (r,s) of the
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polynomials ¢r,s(2). Thus it is more convenient to use a procedure involving
generating functions, that gives the possibility to obtain a general
expression that will depend on the indices r, s and r', s’ of the two
polynomials involved in the matrix element.

The functions ¢r,s(z) are polynomials in c=|¢| and c,, resulting from
a product of a spherical harmonic Yéo)(cz/c), proportional to the Legendre

(s+1/2) 2

polynomial P_ of degree s, a Sonine polynomial S- S

), and ¢~ . As
mentioned in Chapter II, the Sonine polynomials are related to the
associated Laguerre polynomials through a multiplicative factor. General

13)

expressions are known both for the Legendre and Laguerre polynomiéls, with
coefficients given as a function of, respectively, the 1index s of the
Legendre polynomial, and the two indices r and s of the Laguerre polynomial.
Therefore it is possible to write down general expressions for the functions
¢r,s(2). This expressions is a sum of terms, each of which is proportional
to a product of powers of c2 and c, respectively, i. e., each term is of the
form:
(c%)Pe 1 (3.4)
Therefore, if I compute the matrix elements involving terms of the form
(3.4) for general values of p, q, I can derive the matrix elements involving
the functions ¢r’s(2).
In the computation of the matrix elements between two terms of the
form (3.4), I have employed generating functions. In fact (3.4) can also be

written as:

2
t.c +t,c
[5%1)8(5%;)8 el 22 (3.5)
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where the subscript zero in the derivatives means that after differentiation
the corresponding variable is set equal to zero. Then, computing the matrix

elements between the two functions:

t102+t2CZ 2
e ; e (3.6)

the matrix elements between two terms of the form (3.4), with p,q and p',q’

respectively, will be obtained differentiating, with respect to t1s ty, ta,

t4, the matrix elements between the two functions (3.6), respectively p, q,

p' and q' times, and putting successively t1‘t2‘t3‘t4‘°

3.3 The matrix A(k,z)

I am left with the computation of the matrix elements (2.103):

(1,3) _ (), 2 1 (1) 2
Agp D (e2) =6y <P (V) z+ikv, _-d(k) bo (V> (8 d)
they vanish if i=j. For i=j we have:
AL — (1) 1 (1)
Mg (kyz) =<y (V) z+ikv,_-d(k) ’m (¥1)>)
g o P2 ) 1 1)\
= [in] Jave Yo (D) Tk, _-ak) ¥y (V) =
PMh1/2 1
SV L e 6.5
with:
O 7 S | .
Ay (€)= ()77 Jae 7 4,0 o -8, a®)
1172 1
£ =1 (9 =M% (z-a0) (3.9)

In the same way:

CBN1/2 1
'1(27)/ k lm(f)

m
€, = iéz)l/z L(z-d(K)) (3.10)
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The functions Azm(g) (§=§1,§2) are closely related to the plasma dispersion

function Z(¢), which is defined, for Im £>0, by:
2
-X

1 e e
2(6) == [ ax 7 (3.11)
n -

For Im <0 the plasma dispersion function is the analytic continuation of

(3.11). The function, so defined in the whole complex plane, is analytic

2
everywhere with an essential syngularity for Im £--«, of the form e-g . Also

the functions Aﬂm(f) are to be understood as defined by (3.9) for Im £>0 and
by its analytic continuation for Im £<0. Since d(k) is always a (negative)
real number, it follows from the definition of & (cf. (3.30) or (3.31)) that
a1 (e 2) are defined by (3.9) (for i=j) if Re z>d(k), and by its analytic
continuation for Re z=<d(k). This interpretation has to be preferred above
the other possible one in which ASl'") are defined by (3.9) for both the
regions Re z>d(k) and Re z;d(k); in this case the two functions so defined
(one for Re z>d(k) and the other for Re 2z<d(k)) are not each other’s
analytic continuation, and they tend to different limits when Re z-d(k).
Alternatively, we can speak, in this interpretation, of a single function
Aﬁi’i) with a 1line of discontinuity for Re z = d(k). The reason to choose
the former interpretation rather than the latter is the following. The value
of d(k) has nothing special from the physical point of view; we could have
chosen another wvalue, and this would have changed, in the second
interpretation, the 1line of discontinuity for Aii’j)(k,z). Besides, it can
be shown that in this case, for that value of k for which the real part of a
solution (i. e. an eigenvalue) of the equation (2.104) (D(k,z)=0) reaches

the value d(k), then the solution of that equation for that particular

eigenvalue can no longer be obtained. We would therefore find ourselves in a
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situation in which the eigenvalues exist only in a limited range of k, that
would in addition depend on the value of d(k). I therefore adopt the
interpretation that Agi’i)(k,z) are defined by (3.7) for Re z>d(k) and by
its analytic continuation for Re z=d(k).
In this case a general result has been derived for the Alm(E), which
is the followingll):
a, (&) = BSD ) + B2 (©)2(8) (3.12)
where B(l)(g) and B(z)(ﬁ) are polynomials, that I do not reproduce here.
This formula is exact for all values of £. From it we see that Aéi’i)(k,z),

as anticipated in the previous chapter, has an essential singularity when

Im é--o (since Z(£) has one), i. e., when Re z--w,
3.4 The static structure factors Sij(k)

The computation of the static structure factors Sij(k) (or,
equivalently, of the radial distribution functions gij(r)) can in general be
performed only approximately. For the hard sphere potential, like for other
short range potentials, a good approximation is the Percus-Yevick equation.
I will say only the following about this equation, referring to the
literature for details. The Percus-Yevick equation leads to explicit
expressions for the partial direct correlation functions, to be defined
shortly, and these, as will be explained below, allow to compute the static
structure factors Sij(k).

The partial direct correlation functions Cij(r) are defined by the

following equations:

2
815 (X)-1 = €y (r)+ £§1 npJdE (gy o (x')-1)C) (IE-E"]); i,j=1,2  (3.13)
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This definition may seem quite arbitrary; its meaning becomes clear, for
example, in a systematic study of the radial distribution functions gij(r)
through the method of diagrammatic expansions, which is not of interest

2)

here, and for which I refer to the literature™” . The functions gij(r)-l are
usually denoted by hij(r)’ and called pair correlation functions. To solve
(3.13), one wuses Fourier transforms. If hij(k) and Cij(k) are the spatial

Fourier transform of, respectively, h..

1J(r) and Cij(r)’ then the spatial

Fourier transform of (3.13) gives:
hij(k) = Cij(k) + zil n, hiﬂ(k)clj(k) , (3.14)
Written in matrix form, this equation is:

h(k) = C(k) + h(k)C’' (k) (3.15)
where h(k) (C(k)) is the 2x2 matrix with elements hij(k) (Cij(k))’ and C’ (k)
is the 2x2 matrix with elements cij(k)znicij(k)' On the other hand, if I

denote with S’ (k) the matrix with elements Sij(k)’ (1.18) shows that:
S'(k) =1 + h'(k) (3.16)

where I is the wunit matrix, and h’(k) the matrix with elements

hij(k)zjninj hij(k)' Therefore, knowing C(k), and therefore C’'(k), one can
find h(k), and h’'(k), and then S’'(k). Explicitly, if p is the diagonal

matrix with elements pij=aijni and q the diagonal matrix with elements

435=8;5/n;, so that C'(k)=p C(k) and h'(k)=q h(k) q, ve have from (3.15):
h(k) =c(k) (I-pc(i)) (3.17)
Then, from (3.16) we find:
S’ (k) = I+qh(k)q = I+qC(k) [I-pC(k)]'lq =

[a7* (z-pe()) +ac ()] (1-pc(k)) “2q = q 1 (1-pc0)) "1q (3.18)
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where in the last equality I have used the obvious relation q-lpzq, This

shows how, from the knowledge of Cij(k)’ one can compute the Sij(k)'

3.5 The velocity of sound and the Xij

Although for consistency I should use the Percus-Yevick equation also
for the velocity of sound and the Xij’ better results are obtained using a
phenomenological equation of state, given below. This equation, however,
cannot be used to compute the Si'(k)’ since it does mnot provide the
functions gij(r), whose Fourier transforms are the Sij(k)'

With the method of diagrammatic expansions, mentioned in the last
section, one can derive different approximate equations of state. For hard
spheres, however, computer simulations have shown that the most successful
equation of state, wup to high densities, is a heuristic equation of state

proposed by Carnahan and Starling. For binary mixtures it gives the pressure

p as a function of the temperature T and the number densities n; and n, by:

3 3
_ bkgT - mg 3091y 3n5 n3M5
PF=z [(1-,7 y * 2 t 3 " 3] (3.19)
3 (1"73) (1"773) (1"73)
where
(“1 &y Figs 2] (3207

From (3.19) one can compute approximately the velocity of sound Cg» which is
defined by:

=11, (3.21)
where p=n m 1+n2+m2 is the total mass density and c=n1m1/p is the mass

concentration of species 1; y is the ratio of the specific heats at constant

pressure and volume, respectively, for fixed mass concentration:






-77-

C
T = E§*§ = (GT P, c/[aT)V c (3.22)

Both vy and the derivatives on the right-hand side of (3.21) can be computed

from (3.19). In fact, it follows from the theory of Jacobians that:

n

2 ap
= (3.23)
(ap Lie  mmydu,m, ( myfmysd  Bymy AW, ‘9“2]“1'T

For v I use the following thermodynamic relation between the specific heats

per particle ¢, =C, /N and cy =Cy /N:

pP,¢
— Im
Cp,c = %,c + p2 aT)p c (ap T,c (3.24)

where m=(n l+n mz)/(nl+n2) The second term on the right-hand side can be

computed from (3.19). For Y ¢ I use that for hard spheres the internal
energy is purely kinetic, so that Cy c=3kB/2.
Finally, I should note that also for the Xijzgij(aij)’ the radial

distribution functions at contact, that appear in the collision operator, I

have used the Carnahan-Starling approximation. The X;; are then given by:

30.0.
1 i j
Xp: ST+ + 2[0 (3.25)
R TS A NG E n3) J (1- 773)

and are such that, if introduced into the exact relation:

_ 2 3
p = kBT [n1+n2+3w iz E nanalelJ] (3.26)
(that would give the exact equation of state if the xij were exact), they

give the Carnahan-Starling equation of state (3.19).
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4

The results

It is natural to expect that binary mixtures offer a richer variety of
features than simple fluids. The reason is that more parameters occur in
the specification of the state of the system. In a simple fluid one has to
know the temperature T and the density n [1] (or the reduced density n*=na3,
which 1is proportional to the fraction of the total volume occupied by the
spheres). In a binary mixture, besides the temperature, one has to specify
the two partial densities n; and n, (or, equivalently, the total density
n=n, +n, and the relative concentration of, say, the particles of species 1,
xl); in addition, one can still wvary the ratio 01/02 between the two
diameters and the ratio ml/m2 between the two masses.

In this thesis the interest has been focused on properties of binary
mixtures for which the masses of the two components are very different; they
are called disparate-mass binary mixtures. The main point of the results can
be summarized in the following.

In Chapter 2 I have introduced the discrete eigenvalues of the kinetic
operator LE(ﬁ), and the corresponding amplitudes (cf. subsection 2.3.2). The
eigenvalues can be divided into two types. One type is made of complex
eigenvalues, and the other type of real eigenvalues. For both types the real
part is always negativelz). The eigenvalues belonging to the first type come
in complex conjugate pairs. The complex eigenvalues describe propagating,

and damped, processes: the real part represents the damping, while the

imaginary part represents the propagation; two complex conjugate eigenvalues
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represent propagation in opposite directions. The real eigenvalues represent
purely damped (diffusive) processes. As will be explained later, in all the
cases studied in this thesis the computation of the density-density
correlation functions using only the discrete eigenvalues gives results
which are identical to those given by the "exact" computation, as given by
the matrix inversion formula (2.102). Therefore the dynamical processes that
determine the Sij(k,w) can be explained in terms of only the discrete
eigenvalues and the corresponding amplitudes, that describe the different
modes by which the correlations decay in time. What I found, in disparate-
mass binary mixtures, is the appearance of a fast propagating mode, i. e., a
mode associated with an eigenvalue with a large velocity of propagation. The
main properties of this mode are the following. It is present in a vast
range of densities, from dilute gas mixtures to rather high (liquid)
densities. This mode appears beyond the hydrodynamic regime, mnamely for k
values for which the hydrodynamic description is not good. Most important,
the fast mode is associated with the dynamics of the light component only;
in fact it gives a visible contribution only to Sll(k,w) (if 1 is the light
component), and not to Slz(k,w) and Szz(k,w). The fast mode can be called
fast sound, because, 1like the ordinary sound, it propagates, but it is
faster.

In section 4.1 I will say something about previous results on
disparate-mass binary mixtures. In section 4.2 I will show the connection
between the density of the mixture and the kind of experiments necessary to
test the predictions on fast sound made in this thesis. In section 4.3 more

details will be given on fast sound. In sections 4.4 through 4.6 the results
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for dilute mixtures will be presented, while the sections 4.7 through 4.9

will treat dense mixtures.
4.1 Some previous results on disparate-mass binary mixtures

The fact that the particles of the two species have very different
masses causes a characteristic behavior that was noticed already many years

ago by Gradla)

for dilute gas mixtures. He pointed out that for such
mixtures the exchange of kinetic energy between light and heavy molecules is
very slow, so that the approach to equilibrium occurs in two stages. First
each one of the two species reaches 1local equilibrium with its own
temperature, and then equilibration of the two different temperatures takes
place. As a consequence, Grad's suggestion was to use, as a first step
beyond hydrodynamics, a set of hydrodynamic equations in which one
additional variable would be present; namely instead of one temperature for
the whole mixture, one should distinguish two temperatures: one associated
with the light component and one associated with the heavy component (two-
temperature hydrodynamics). This idea was further developed by others,

2 and by Kamgar-Parsi and Cohenl6),

especially by Johnson and co-workers1
who studied the behavior of forced sound modes, as a function of the
frequency w of an external disturbance [2] in dilute binary mixtures of He
and Xe. For He concentrations x1>0.45 and frequencies w>108 Hz, a sharp
increase in the forced sound velocity was found.

A computer simulation on a liquid alloy17), which has a bearing on the

results of this thesis, will be mentioned in somewhat greater detail later

in the chapter.
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4.2 Neutron scattering and light scattering in disparate-mass mixtures

From the previous studies of disparate-mass binary mixtures it is
clear that characteristic phenomena would occur outside the hydrodynamic
regime; for sufficiently small k and w the mixture behaves according to the
usual hydrodynamics equations for mixtures. For an experimental study of the
range of wvalidity of the hydrodynamic equations in dilute He-Xe mixtures
see, for example, Letamendia et a1.18)

I gave already some indications, in subsection 1.1.5, of the range of
k and w values for which one expects hydrodynamics to hold. The purpose of
this section is to give more quantitative arguments, so that I will then be
able to explain the relation between the density of the disparate-mass
binary mixture, and the kind of experiment (i. e., the choice between light

scattering and neutron scattering) one has to perform in order to test the

predictions presented later in this thesis.

4.2.1 Mean free path and mean free time

I said that in hydrodynamics k and w must be small in the sense that k
has to be small compared to the inverse of any typical microscopic length,
and w has to be small compared to the inverse of any microscopic relaxation
time. As a typical microscopic length one can take the mean free path of a
particle, i. e. the average distance travelled by a particle between two
successive collisions. However, while in simple fluids this 1is a wunique
quantity, in a binary mixture the average distance between two successive

collisions will be different for particles of different species. I will give
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now explicit expressions. In a simple fluid of hard spheres of diameter o
one can show that the mean free path is given by:

e (4.1)

Janazx

where I recall that x is the radial distribution function at contact:
x=g(o). We see that £ is inversely proportional to the factor nazx and that
it does not depend on the temperature (g(r) for hard spheres depends only on
the density and not on the temperature). Since, when n-»0, then x~1l, in first
approximation in the density £ is inversely proportional to naz, which could
have been guessed on dimensional grounds.

In a binary mixture one has two mean free paths, one, 21, for

particles of species 1, and one, 22, for particles of species 2. They are

given by the following generalizations of (4.1):

1/2
1
+(+2]

" (1+—2] 1/2
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2
Like £ in a simple fluid, also £1 and 22 do not depend on the temperature,

but only on the partial densities ny and n, (xij's depend only on n n

1 M)
The results (4.2) and (4.3) are simple generalizations, to high densities,
of the mean free paths in dilute hard sphere mixtures, which can be found in
the first of Ref. 3; the only difference is the presence of the Xij' The
first term in (4.2) is the inverse of the average distance travelled by a
particle of species 1 between two successive collisions with particles of
species 1, while the second term is the inverse of the average distance
travelled by a particle of species 1 between two collisions with particles
of species 2. These two distances can be denoted, respectively, by £ and

;1

21,2, so that we have:
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21 i 21
1 1,1 1,2

That 21 is given in terms of £1 1 and Bl 2 by (4.4) can be understood in the

S

(4.4)

following way. If a particle of species 1 travels a distance L, then it
experiences L/.21 1 collisions with like particles and L/l1 2 collisions with
particles of species 2; therefore the average distance 21 between any two

collisions is given by L divided by the total number of collisions:

L
21 =1 L (4.5)
Y
1,1 1,2
which is exactly (4.4). The same kind of analysis holds for £2; we write:
1 _ 1 1 '
T 7 + (4.6)

2t 1

where the two terms on the right-hand side correspond to the two terms on
the right-hand side of (4.3). The first term involves 22’2, the average
distance travelled by a particle of species 2 between two successive
collisions with particles of species 2, and the second term involves 22’1,
the average distance travelled by a particle of species 2 between two
successive collisions with particles of species 1.

With these definitions I can give a more precise meaning to the
smallness of the wavevector k. One can say that k is small when the products
k£l and k£2 are both small numbers compared to 1. This means that the

wavelength A\ associated with k, M=2n/k, is large compared to £, and £ [3].

1 2

This assures that inside one wavelength many collisions can take place, a
necessary condition for 1local equilibrium and the wvalidity of the
hydrodynamic description. The other condition is that one has to consider
times large enough that these collisions have actually taken place. This

will be satisfied if we study frequencies w such that wt_ is small compared

E

to 1, where tg is a convenient average time between collisions (mean free
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time). I wuse the subscript E because, as will be explained in a moment, tE
is derived from the kinetic operator LE(ﬁ). An average time between
collisions is provided, in our kinetic theory, by the collision operator; in
fact the matrix elements of the collision operator are proportional to the
average frequency of the collisions, or to the inverse time between
collisions. The calculation of the matrix elements of the collision operato

shows that a convenient definition for tE is:

_J2Bu

£, = 2 (4.7)

E 4/ 2
m™MI12X12

where p=m1m2/(ml+m2) is the reduced mass. The factors are chosen in such a

way that tg reduces to the simple fluid mean free time when the two

components are identical.
4.2.2 Rarefied and dense mixtures

~The change of the value of 21 and 22 with the density is at the basis
of the kind of experiment one has to perform to test the predictions
presented in this thesis. Throughout this chapter I will use the reduced
(dimensionless) density n* defined by n*=nlai+nzag. I want to show that for
dilute mixtures the appropriate experiments are those of light scattering,
while for dense mixtures experiments of neutron scattering are necessary.

In a dilute mixture n* is a small number compared to 1l: the volume
occupied by the particles is very small compared to the total volume. When
n*<<1 the mixture is very close to a mixture of ideal gases; in fact in
this case all the approximate equations of state, in particular also (3.19),

approach the 1ideal gas equation of state, p=nkBT, with n=n1+n2. To give an
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example, a fluid (simple or binary mixture) at a pressure of 1 atmosphere at
*

room temperature is practically an ideal gas, and has n of the order of

3

magnitude of 10 ~. If one computes the mean free paths 21 and 22 for such

values of n*, one finds that they have an order of magnitude of 10'5 cm. I
will be primarily concerned, both for dilute and for dense mixtures, with
phenomena occurring at a wavelength comparable to the mean free path.
Therefore we see that for dilute mixtures we mneed to have probing
wavelengths of the order 10-S cm, which is in the range of visible
electromagnetic radiation. So 1light scattering experiments will be
appropriate in the study of such mixtures.

On the other hand, for densities in the range of dense gases or
liquids, where n* is of order 1, the mean free paths are of order 10-8 cm,

which is in the range of wavelengths of thermal neutrons. Therefore for

dense fluids the appropriate experiments are those of neutron scattering.
4.3 Fast sound propagation: an introduction

In this section I introduce the main subject of the results in this

thesis, namely the fast sound propagation in disparate-mass binary mixtures.
4.3.1 Hydrodynamic limit

One can represent the density-density correlation functions Fij(k’t)
with the discrete eigenvalues of LE(ﬁ), as mentioned in subsection 2.3.2,

where the BGK method is explained. Then one has:

zn(k)t
Fij (k,t) = rzl Aij,n(k) e (4.8)
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where, with Aij,n’ I have 1indicated the amplitude corresponding to the
eigenvalue zn(k). The number of terms in the sum depends on the
approximation employed, i. e., on the number of polynomials wused (in the
approximation of order M, 2M polynomials are used), and the Ai',n(k) are
related to the M{i:i) of subsection 2.3.2 (I recall that
Fij(k,c)=FS'j)(k,t)); the relation is obtained with the use of (2.93). For
k-0 we recover the results of hydrodynamics, in the following sense. With
the use of the hydrodynamic equations one gets expressions for the Fij’s
like (4.8), with the sum running from 1 to 4. Two -eigenvalues are each
other’s complex conjugates and correspond to sound propagation in the two
opposite directions parallel to k:

z](_t}%(k) = +ic_k - Ik’ (4.9)
where the superscript (h) means that this is a result from hydrodynamics; g
is the adiabatic velocity of sound and I' is the sound damping coefficient.
The other two eigenvalues are real and correspond to purely diffusive (non
propagating) behavior:

2 2

2{™ (k) = -p K% 2™ (k) = -D,k (4.10)

The coefficients T, D1 and D2 are combinations of the thermodynamic
quantities and transport coefficients of the mixture, which are not of
interest here. For a description of the hydrodynamics equations in mixtures
see, for example, Ref. 19. The point is that, when k£1 and k£2 are much
smaller than 1, four of the eigenvalues of LE(Q) in the sum (4.8) reduce to
the values (4.9) and (4.10) (with explicit expressions for the transport
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